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A New Class of Symplectic Methods for Stochastic
Hamiltonian Systems

Cristina Anton®*

?Department of Mathematics and Statistics Grant MacEwan University,
5-103C, 10700 104 Avenue NW, Edmonton, AB T5J 452, Canada

Abstract

We propose a systematic approach to construct a new family of stochastic
symplectic schemes for the strong approximation of the solution of stochastic
Hamiltonian systems. Our approach is based both on B-series and generating
functions. The proposed schemes are a generalization of the implicit midpoint
rule, they require derivatives of the Hamiltonian functions of at most order
two, and are constructed by defining a generating function. We construct
some schemes with strong convergence order one and a half, and we illustrate
numerically their long term performance.

Keywords: stochastic Hamiltonian systems, stochastic Runge-Kutta
methods, generating function, symplectic integration.

1. Introduction

For deterministic Hamiltonian systems, symplectic schemes give lower
errors for long time simulations [8], and similarly, for stochastic Hamiltonian
systems (SHSs), it was illustrated through long time numerical simulations
that symplectic methods produce more accurate results than non-symplectic
ones (see, e.g., [7, 15, 14 [18]).

In recent years, several derivative free symplectic stochastic Runge-Kutta
(SRK) methods for strong approximation for the solutions of SHS were pro-
posed, but, unless a special type of SHS is considered, these methods have
strong order 0.5 or 1 [3, O, 111, 14 15 18]. Alternatively, in [7] we present
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a systematic way, based on generating functions, to construct symplectic
schemes, but the schemes with high strong order depend on high order deriva-
tives of the Hamiltonian functions. Here we extend to the stochastic case the
approach used for deterministic Hamiltonian systems in [12, 13|, and combin-
ing ideas used for stochastic Runge-Kutta methods and for methods based
on generating functions, we construct a new family of schemes that are sym-
plectic by construction and requires derivatives of Hamiltonian functions of
at most order two.

Symplectic stochastic Runge-Kutta (SRK) methods for SHSs are con-
structed using only the first derivatives of the Hamiltonian functions, but
require a large number of conditions, so it is difficult to obtain symplec-
tic schemes of high strong order. In [3| 1T, 18] symplectic SRK schemes of
strong order 0.5 are constructed for general SHS with multiplicative noise,
and symplectic SRK methods of strong order 1 are proposed for SHS with
separable Hamiltonians or with commutative noise. For SHS with additive
noise, symplectic SRK methods of order 1.5 or 2 are constructed in [9] [T5] [1§].

On the other hand, following the approach based on generating functions
proposed in [7], we could obtain methods of strong order 1.5 or higher that
are symplectic by construction, but they require high order derivatives of the
Hamiltonian functions (e.g., for general SHS with multiplicative noise, for
symplectic schemes of order 1.5 we need 3rd order derivatives of the Hamil-
tonian functions). Here we propose a new family of symplectic schemes con-
structed by defining a generating function similar with the ones associated
to symplectic SRK methods [I4) 1T, @]. We also incorporate ideas used to
construct computationally efficient SRK methods in [17]. Since they require
derivatives of Hamiltonian functions of at most order two and are symplec-
tic by construction, the proposed schemes are a trade-off between the SRK
methods and the symplectic methods based on generating functions.

Let (£2, F,P) be a probability space with a filtration {F;}t>0. A 2d-
dimensional SHS [15] in the sense of Stratonovich has the form:

dP = —VoHo(P,Q)dt — ) VoH,(P.Q) o dW,(t), P(0)=p,

r=1
m (1)
dQ = VpHy(P,Q)dt + >  VpH,(P,Q) o dW,(t), Q(0) = g,

r=1

where t € [0,T], P(t), Q(t), po,qo are d-dimensional vectors, H, : R? x
R - R, r=0,...,m, VoH, and VpH, denote the gradients with respect
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to @ and P respectively, and W,,r = 1,...,m are independent standard
Wiener processes with respect to {F;}i>0. We suppose that H, are differ-
entiable functions with bounded second order partial derivatives such that
H, € C&(R* R) := {g € C*(R%,R), |0ig(z)| < K(1 + |z|*") for all x € R?
and any partial derivative d.g of order i < k, where K > 0 and n € N
depend on g}. Here, and in the rest of the paper, |- | denotes the Euclidean
norm. The order k£ will be specified later and it depends on the numerical
scheme applied to approximate the solutions of the SHS . The solution

X(t,z0) = (P(t,x0), Q(t,70))" € R* x5 = (po,q0)" € R?%, of (1) preserves
the symplectic structure [14]:

(9X<t,$o) T aX(t,l’o) . 0 Id
— | J|—= ] =J th J=
( Oxo Oz W —I; 0)°
where I; denotes the d-dimensional identity matrix.
Notice that we can re-write as a 2d— dimensional autonomous SDE

dX(t) = J 'VHy(X(t))dt + i JIVH (X (1)) o dWi(t), X(0)=xzo. (2)

=1

We denote g; := J 'VH;, 1 =0,...,m, and with this notation becomes

dX(t) = igl(X(t)) o dWi(t),X(0) =zo € R*™ Wyt)=t.  (3)

We consider the generating function

s

Zzaw (™) 1 iibgzm[{ CENE

i=1 pu=0 i=1 [=1 pu=0
where forv=1,...,5,1=0,....,m
s M
V9 g ST S A0 py (v 0)
j=1 v=0
s m M
L) (k,v)
S BT ) g
1 k=1 v=0



s

m M
—Z‘i‘ZZA(lu DV) + ZZB(lu kl/ (ku)) (6)

j=1 v=0 j=1 k=1 v=0

The random variables a{”*), b Ag’“ 0¥ “and Bgfﬂ k) are chosen such
that we have

(@) = om*), (AFPONE = om®), B =0, (@)
(BUEN2E _ o(p2 ), (8)

ij
where the O(-) notation refers to the L?(2) norm and the time step h — 0,
[6]. The one-step approximation y* = v, (y) of the proposed method is
defined as

Y =y+J1V5((y+y)h) 9)

For any index oo = (j1, 72, .- -,71),7i € {0,1,...,m},i =1,...,1 we denote
by J, and I, the multiple Stratonovich and Ito integrals respectively [10]:

t S] S2
Ja — / / .../ OdV[/th(S]_)"'Odmlfl(slfl)odI%l(Sl)
0 0 0

t Sy 52
Ia — / / cen / dVle(Sl) R del_l(Sl—l)del(Sl)
0 JO 0

Let Ay = {a : l(a) + n(a) < 2k} and By, = {a : l(a) + n(a) < 2k or
l(a) = n(a) = k + 0.5}, where [(«) is the length of the multi-index a and
n(a) is the number of zero components (e.g. 1((0,0,1)) = 3, n((0,0,1)) = 2).

The same formula (9)) is used in [7] to construct symplectic schemes based
on generating function, but the generating function S is defined as a trun-
cation of ) G,J,. The coefficients G, are defined by a recurrence [7], and
include derivatives of the Hamiltonian functions of maximum order equal
with [(a) — 1. For example, for a scheme of strong order k = 1,2,..., we
have S =" 4 Gado. For k=1/2,3/2,..., we use the relation of the Ito
stochastic multiple integrals and the Stratonovich stochastic multiple inte-
grals [10], and we replace in the expansion of S each Stratonovich integral
in terms of Ito integrals I,. We truncate the series by keeping only terms
corresponding to Ito integrals I, with o € By.

In the next section we present the proposed methods. Section [3] include
results regarding colored trees and the B-series associated with the proposed



schemes. Based on these results in section [4] we study the convergence order
and show that for these symplectic schemes only one order condition per
unrooted tree remains to be satisfied. In section Bl we construct some schemes
of strong order 1.5 and section [f] includes numerical experiments illustrating
the performance of the schemes. The last section contains the conclusions.

2. The methods

’ a:l?k
the gradient of f and by V2f = ( afi;;) € M., (R) the Hessian ma-
¢ J Z‘?j:17"'7k
trix of f.
To implement the scheme given by the one-step approximation @ with

the generating function defined by and we need to compute the gra-
dient of S(z, h):

T
For any function f : R¥ — R, f € C?(R*), we denote by V f = (8361 . ﬁ)

VS(Z, h) _ Z ago,#) éz VH()(Y;(O,M))
; =0

m M y (L) T
() a [ 7 H (Y(l l/«))
+ E g by’ V D
: ’ 0z At ’

=1 =1 p=0
where forany i =1,...,s,1=0,...,m, u=0,..., M, the Jacobian matrices
()
6Y3; are given by
ay(l,u) L0 (0 v)
5y = latJ” Z Z Al
7=1 v=0
s m M (k,v)
8K
DB
1 k=1 v=0 0z
with ) )
KO — vy, 9K " v, (Ya,m) oy "
! ! ’ 0z ‘ 0z
(D)
To avoid the expensive computation of the Jacobian matrices Yazu and

e (br)

a— we proceed as in [12]. Firstly, for arbitrary column vectors YZ( H )




o) € R2 we have

aYO“ !
ZZ e V Ho (v,

i=1 pu=0
s m M 3Y(l’“) T
- ZZZW"” (?) VHZ(Y;‘(L#))
i=1 I=1 p=0
s m HM s M (‘)K(.O"’) T
15309 3 (¥ 9 oL S IS
i=1 =0 p=0 j=1 v=0

S m

>

(L) (kv
ij

(ko)\ T L\ T
VA ya
)

)
Ly

B! :
—0
T T
& 8Y( (L) 8K-(l’“) (L)
+Z ( i ) V2H1<Y;:H>_ i 'Uz'“u'
i=1 1=0 p=0 ( 0z 0z
Here we have used (J1)T = —J~1. Reordering terms we obtain
L e (YN o (0.0)
o-(1, i 0, 0,
EEUED 9 9 SUEED 9 of L= I (R TS
i=1 1=0 =0 i=1 =0
s m M T
> O, (0) _ -0 oy, an (L)
i=1 1=1 p=0 o
s M (0)
v (v m) L) o Lw) 3 oK; ™" 0
7 8Z 7
=1 pu=0
s m M s m M (D)
y y 0K
—EZZ@WWMWy 5 (%) (-
J=1 k=0 v=0 i=1 I=1 p=0 o
s m M
ZZBle,u 1Y(k1/)>
J
j=1 k=0 v=0

Next, fort=1,...,s,l=1,...,m, u=0,..., M we define
Y(Ou#) — OH)VH (Y 0#)) V2H0 (Y(07#)> Ul(oyli) (10>
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v = o Hy (v

i

,#)) + VQHI <Y(l,ﬂ)) U(l,ﬂ) (11)

ZZZAkV(OH)J 1y(k’/)

jlkOVO

ZZBkV lu 1YA;(k,V)’
k=0

v=0

S

j=1

such that we get

S m

VS(z,h) =Y S > v,

i=1 1=0 p=0
Let us denote the Jacobian of g; by g,(z) := J™'V2H,(2), | = 0,...,m,
Replacing from and we get

s M
@(Z, h) = J*lvs(z’ h) _ Z Z (al(O,M)go(}/'i(O,#)) + gé) (Y;(O’N)) UZ(O,;L))
i=1 p=0
s m M
33T () g (1) ) »
=1 [=1 pu=0

m M
0,v)(0, 0,v 0,v k,v)(0, kv kv
_ZZAE‘Z' )( “)ag )go(Yj( ))_ Z A§i ) “)b§- )gk(Y}( ))
jfl v=0 j=1 k=1 v=0
CE SN A (1) 19
j )
j=1 k=0 v=0
s M s m M
_ (0,v)(1,n) (0 v) (0,v) (kv) (L) g, (Kov) (k)
=22 B oV =32 2 B g (1)
j=1 v=0 j=1 k=1 v=0
s m M
ko) (1 k,v kv
3 B( ) (Yj< )) o), (14)
j=1 k=0 v=

Thus the one-one step approximation @ can be expressed as
1
y=y+0 {5ty h
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where O(z, h) is given by and (6), (13), (14). Notice that if for any
Il =0,....m k= 1,....m, u,v = 0,..., M the matrices (AZ(-;’“)(O’“)>,

Bi(évy“)(kry)
For arbitrary matrices, the method is fully implicit and we can also express
it as

) are strictly lower triangular, the scheme is only implicit in y*.

s M s m M
* N ) !
=y D a4 303D o ey
=1 ,u—O i=1 1=1 p=0
/ l
+ZZZ%( ) ol (15)
=1 [=0 p=
s M 1
(L) (L) (0,v) (0v) (O,v)
M=y DI (A S ) )
7j=1 v=0
s m M
(L) (k) (k.v) (k.v)
£ S0 (B ) )
j=1 k=1 v=0
1 s m M
/ kv k,v
S () 10
j=1 k=0 v=0

and v!" glvenln, (14), withi=1,...,8,1=0,...,m, u=0,..., M.

3. Stochastic B-series

We construct stochastic B-series for the solution of the ODE (3)) and the
numerical approximation , , , .

Following [4, 6, I7] we define the set T of m + 1—colored rooted trees
recursively as 7 = {0} UT, U Ty ..., T, where

1. The graph e; = [})]; with only one vertex of color [ belongs to T;.

2. If ry,...,7x € T then 7 = [, ..., 7%|; € T}, where 7 is the tree formed
by joining the sub-trees 71, ..., 7, each by a single branch to a common
root of color [.

The number of nodes of a tree is denoted |7|, and the order of a tree is given

p(D) =0, p([m1,. .., 7)) = ZP(%‘) I { 1forl=0,

1/2 otherwise.



Similar to [6] we also define a : T — Q given by a(0) = 1, a(e;) =1,

al[r, ..., Tel) = R Ha(fj),

where 7, ...,r, count equal trees among 7, ..., 7.

For the SDE and for every tree t € T we define the corresponding
elementary differential recursively: F(0)(z) = z, F(e;)(xz) = g/(x), and for
any v =€ R?

F(lm,...,m))(z) = gl(k)( V(F(m)(z),...,F(e)(x)), l=1,...,m.
In [6] a stochastic B-series for (3) is defined as a formal series
B(¢,:h) =) a(r)- ¢(7)(h) - F(7)(2).

From [6, Theorem 5] we know that the exact solution X (h, o) can be written
as a stochastic B-series: X (h,z¢) = B(y, xo; h) with

PO)B) = 1. p(o) = Wilh). o)1) = | (me)(s))oms) 1)

where 7 = [11, ..., Tk]:.

For example, for the tree 7 = [oy,[01]¢]1, let ®0€ T (deterministic),
ele Ti, and #2€ T, (stochastic). The graphical representation of 7 and
its corresponding terms are given below

\2) oI =4p(r) =5/2,a(7) = 1,
1 F(7) = d{(92, 9091),
h s
o(1)(h) = / (WQ(S)/ Wy (u)du> o dWi(s).
0 0
Let Y(h) = B(¢y,xo; h) and Z(h) = B(¢z, xo; h). From [6] (see Lemma
3 and its consequences on page 187) we know that

=Y a(r) - ¢, (7)(h) - F(7)(wo), (18)

7T

where ¢, (s1)(h) = ¢!, ([0],)(h) = 1 and

g (1) () =[] ov(m)(h) it 7= [m,..., 7l € Th. (19)

j=1



From [0, Lemma 4] we have

g (Y(R) Z(h) = a(r) - T'(7)(h) - F(7)(xo), (20)

rl(ﬂ(h):Z [Tevm) ) | ez(m)h) it r=[m..... 5l €T (21)
= \JE

Proposition 1. The numerical solution y* as well as the stage values can
be written as B-series

y* = B0,y h), Y =B@" yn), o =B y n),

[ 2

foralli=1,...,8,1=0,....m, u=0,....,M, with 6(0) = 1, @51’“)(9)51,
(@) = 0. Form=[r,...,Thlo

)

s M ko s M ko ko
Y T+ 33 | T 80 | )
i=1 p=0 ji=1 i=1 p=0i1=1 \ ji=1
Ji7i
(22)
s M ko
l 0,v l 0,v 0,v
9(0) = 33" (307 + a0 [ 05,
j=1 v=0 Ji1=1
1 s M ko ko
0,v 0,v
—I—§ Z H(I); )(le) v )(Tzl)fOTl: ...,

\IJ(-OM) ZZAOV Ou) 01/) ﬁ(p(O,V)(Tj)
i j 1

Jj=1v J1=1
s M ko ko
0,v)(0 0,v 0,v
=22 A T o) | v ).
] 1 v=0 i1=1 j1:1
J1#n
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\I/(l #)

s M

s M

ZZBOV)UM

7=1 v=0

ko

H (I) T]l

Jj1=1

_ZZBOVI#)Z Hq) () ;0 (1), forl=1,.
=1 v=

0

i1=1 j1=1
J170

For = [7—1’"'7Tko]k; k:]} .

s

i=1

M

ko
bgk’“) H q)l(k,
0

H= J1=1

,m, we have

(15,) +ZZZO H@(ku (73,)

i=1 p=01i;=1 | j1=1
N1

s M
ZZ (;bgku)+B(lu)ky)) H <I> Th

@ (r) =
j=1 v=0
1 i kO ko
+ —
24 : ,
7=1 v=0141=1 j1=1
J1#i
s M
\IJEO’“)(T) _ A (k) (0.2)
7j=1 v=0
s M
SR A
j=1 v=0 =1\ j1=1
i
s M

Jj1=1

M
Z H ¢§k’”)(711) \I'g'kW)(Til) forl=20,...,m,

Iw H (I)(k V) (75)

j1=1

(I) TJ 1

i_ZZBkul,ub(ky)Hq) ()

S

_Zi

j=1 v=0

j=1 v=0

ko

Jj1=1

BJ('?V)(I’M Z H q> T]l §-’“” (15,), forl=1,.

i1=1 \ j1=1
J1F0
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Proof. We write y*, ¥;*") and v"*) as B-series:

v =B0,y:h) =Y alr) - 0(r)(h) - F(r)(y), (24)
v = B@M yh) =3 a(r) - o (7)(h) - F(r)(y),
o = By h) =3 alr) - B (r)(h) - F(r)(y).

Using the definition of the method , , and we get

y' —y+zza0“ > am) o (T)(R) - F(7)(y)

=1 p=0 7€Ty
s m M
22D 0D S aln) - (k) - F(7)(y)
i=1 = 1,10 TET,

Where,fromand.foranylzo,...,m,z': o, S, .
we have ¢/, (¢1)(h) = & o, ([01:)(h) = 1, T*(e1)(h) = T'([0]:)(h) = 0, and

k3

ifr=[m,...,7 )i €T

(1 u
q><l “) H ®; (7 )(

Jj1=1
ko ko

1, I, L

e @) =30 | T e @om) | v () k).
i1=1 J1=1

J17#i

Comparing this expansion term by term with we get and .
Similarly we can prove the formulas for the coefficients for Y;"*) and v\, O

For example, for the tree 7 = [o, 8|1, the corresponding terms are
h
= 3,0(r) = 2,a(r) = 1 F(7) = gi{gg0). (7)) = [ sWalo) o Wi (o)
0

12



[\Dlr—t

T SR I €T

L)\ (1 ©om) | 4w
+ Bj; ) (5% YA 1)
4,J,71=1 p,v,v1=1

e, (1 owm) | @)
Z Z BJ b] <§ ]1 ' +AZ]1 1)

1,7,J1= 1;“/1/1 1

00)(Lw) (0n) (1i20) | pawewy)
- S g (L pgaen),

4,7,J1=1 p,v,v1=1

4. Convergence order

A time discrete approximation X;mo (t)) converges strongly, respectively
in mean square, with order n to the solution X (¢, x¢) of the SHS (3)) as h — 0
if there exist C, 8y > 0 such that we have E [| X}, 4, (tx) — X (t, o)|] < CR™,
respectively \/E [ Xh20 (te) — X (tk, 20)[2] < Ch", for any fixed t, = kh,
k=0,...,K and for all 0 < h < dyg. Notice that by Jensens’s inequality
mean square convergence implies strong convergence of the same order.

Theorem 1. We consider the SHS written as the 2d— dz’mensz’onal au-

tonomous SDFE and the scheme given by . ., ,and . Let
p € Ny and assume that H, € CH (R, R) and H, has bounded second or-

der partzal derwatives, r = 0,...,m. Suppose that the scheme is constructed
such that we have - . [f
0(r)(h) = @(7)(h) + O (W*/2) | for any T € T, p(r) < p (25)

E0(r)(h)] = Elp(T)(h)]+ O (hp“) , forany T € T)p(T) <p+1/2, (26)

where the O(+) notation refers to the L*(Q) norm and h — 0, then the scheme
1s symplectic and has mean square order p.

Proof. The scheme is symplectic because it is constructed using the generat-
ing function (4)), [7, [14].

The proof of the strong order is a direct consequence of the similar result
included in [6] (see also [5]). The idea is to compare the terms in the B-series
expansions for the exact solution X (h,x¢) = B(p,zo; h) in and for the
one-step-approximation y* = B(6,y; h) in (see [I7, Theorem 4.1] and [16],
Theorem 5.8, Proposition 6.1] for the B-series expansions with remainders).
Notice that conditions (7))- (§) imply 6()(h) = O (h"™) and 9252)(1,,1)(7'1)(71) =

13



(’)(h(”(T) ([@l)) foranyi=1,...,8, 1 =0,....m, u=20,....M, 1, € 1Ty,
and any 7 € T, [6]. O

Since the scheme given by (|15)), , , and is symplectic, we
can show that the conditions — should be checked for a substantially

smaller number of trees. We first need to establish a preliminary result
regarding a property of the scheme related to the Butcher product of two
trees, [§].

The Butcher product u o v of two trees u,v € T \ {0}, where v =

[uq, ..., ug;, is defined as the tree obtained by adding v as a branch to the
root of u: wowv = [uy,...,ux,v];. For example, for u = [e5]p and v = [e, e1]5
we have uov = [ey, [e1, 81]5]p and v o u = [[e3]g, @1, ®1]5.

In terms of the associated colored trees for SDE (3) we know from [,
Lemma 4] that for all w € T;\ {0} and v € T \ {0}, [,k =0,...,m we have

p(u)(h)e(v)(h) = @(uov)(h) + p(vou)(h),

and a similar result holds for symplectic stochastic Runge Kutta schemes
satisfying certain conditions. We extend this result for the symplectic scheme

given by , , , and .
Lemma 1. For allu € T\ {0} and v € Ty \ {0}, I,k = 0,...,m, for the

symplectic scheme given by , , and we have

O(u)(h)0(v)(h) = O(uov)(h) + 6(vou)(h). (27)

Proof. We choose any u € T;\ {0} and v € T, \ {0}, [,k =0,...,m. We have
several cases: u = [ug,...,Ug]o and v = [v1,...,U,]0; © = [ul,.. Uk |1,
I=1,...;mand v =[vy,...,0]0; 4= [ul,...,uk]; and v = [v1, ..., Uk, ]k,
ILLk=1,...,m. We prove for u = [uy, ..., uplo and v = [vq, ..., Vg0
For the other two cases the proof is similar.

Since wov = [uy,...,ux,,v]o and vou = [vq, ..., Uk, uly we get
s M s k1
0 0, 0,
o) = 35300 T o000+ 3 (T 000 ) 000
i=1 pu=0 ji=1 i=1 pu=0 \j1=1
s M Kk k1
0, 0 0
+> 3 > o) | IT @™ () | o (wi,)
i=1 /L:O 11=1 j1=1
J1#i1
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s M ko s M ks
(v o u) ZZGEO u)q) H (D( 7M)(Uj1> + ZZ (H (I)Z(O’“)(Uﬁ)) \IIEO’“)

=1 pu=0 J1=1 =1 pu=0 \j1=1
S M kz k2
0, 0 0
+3 33 o™ ) | [T 2 (wi,) | o (vs,)
=1 p=0i1=1 91;1
J171

Replacing the formulas in Proposition [1| for c1>§0’“) (v), \IJEO’H)(’U), CIDEO’”)(u),
\Ifgo’“) (u), O(u), 6(v), and adding the expressions for f(u o v) and (v o u),

we can easily see that we get the same formula as for 6(u)f(v), so we have

29 O

Let 7 € T and 7 the corresponding unrooted tree. We denote by 7’(%)
the set of rooted trees obtained from 7 by assigning one of its nodes as the
root [].

Theorem 2. Assume that the scheme given by , , , and
is constructed such that 6(t)(h) = O (")) for any 7 € T. Let p € 1Ny
and 7 be an unrooted tree of order q < p. If ¢(1o)(h) = 0(10)(h) + O(hPT1/2)

for some rooted tree Ty € 7A'(A) and all rooted trees of order less than q, then
o(1)(h) = 0(7)(h) + O(hP+Y/2) for all T € T (7).

Proof. From Lemmall|we know that §(u)(h)0(v)(h) = 6(uov)(h)+60(vou)(h),
for all u,v € T \ {@}. Using this, the proof is identical with the proof of [I}
Theorem 5. O

Application of the previous theorem reduces the order conditions sub-
stantially because we have to check them only for one tree from each set
'T( ). For example, to prove that the scheme given by (15), (16)), (13), and
(14) applied to the SDE (3)) with m = 1 has mean square order 2, 1nstead of
checking condition for 18 rooted trees with order at most 2, it is enough
to check condition for 11 rooted trees that correspond to the unrooted
trees with order at most 2. Moreover, the difference between the number of
unrooted and rooted trees increases substantially with m [2, Table 1].

5. Examples of schemes for the strong approximation

Asin [I7] let (pp, ps) with pp > Ps denote the order of convergence of the
scheme if it is applied to a deterministic or stochastic differential equation,
respectively.
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5.1. SHS with additive noise
We consider the special case of SHS with additive noise

dP = =N oHo(P,Q)dt — o, 0dW,(t), P(0) = po,
r=1
m (28)
dQ = VpHo(P,Q)dt + > py 0 dW,(t), Q(0) = qo.

r=1

We write the SHS as the 2d— dimensional autonomous SDE (3) with
H.(P,Q) = P, + Q"o,, where o,, 1, € R r = 1,...,m, are constant
vectors. We propose the order 1.5 method with M = 0 and for any r =
1,....m,5,7=1,...,s

200 Z i A0 _ 40 40000 _ 40

) ) v v

r,0 0,0)(r,0
b =bilyy, BT = By N

All the other coefficients are equal with zero. Let %, = VH, = (u,0)7.
Notice that that in this case the scheme becomes

y* =Y+ Z (halgo(Y( )) + go (Y(O 0)) Ui(O’O)) + J_l Z Z Erbil(r)u (29

=1 r=1
(00) _ Yyt+y* (0,0) - I g 0)
Y, 5 +hZAW Y + g~ ZZBW h L5y, (30)
71=1 k=1
o0 = h2ZAﬂ ay(Y00) IS AV 1S
7=1 k=1

A (1) o)

The method is characterized by the Butcher tableau

A0 | 4D
B
a' | bT
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Theorem 3. We consider the SHS written as the 2d— dimensional au-
tonomous SDE and we assume that Hy € C(R*,R) and Hy has bounded
second order partial derivatives. If the coefficients of the scheme given by

, , fulfill the equations

1
a'le=1, ble=1, b AVe= Y (32)
1 1
a' Be =1, gaT (Be)* —b' (A(l) (Be)) = 7 (33)
then the scheme attains order (2.1.5) for the strong approximation of the
solution of the SDE . If in addition we have

a7 (A0 (A0¢)) — o (A0e)? = —5 (34)
then the scheme will attains order (3, 1.5) instead of (2, 1.5).
The proof is included in

Coefficients for two stages strong schemes of order (2,1.5) and (3, 1.5) are
presented in Table [1}

0 0] 0 0 0 0] 0 0
0 0|5 0 Lol e 0
0 0 0 0
1 0 i 0
“T I 1h, b “T I 1h, b

Table 1: Coefficients of symplectic scheme with pp = 2, ps = 1.5 (left) and with pp = 3,
ps =1.5 (I‘ight). by € R, by 7é 0

5.2. SHS with scalar noise

For the SDE with scalar noise (m = 1) and d > 1 we propose the
order 1.5 method with M = 0 and the coefficients

I I
09 o, B =01y 42200 o
I110)

(0,0)(0,0) _ 4(0) (0,0)(1,0) _ 1(0)
AZ(;,O)(O,O) _ AS)}% B(l,O)(l,U) _ BZ(]l)\/ﬁ, i,j=1,...,s.

]
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The rest of the coefficients are zero. Notice for the scheme constructed with
this choice of the coefficients, conditions — hold. The one-step approxi-
mation for the method with these coefficients becomes

S S [ I
* _ A . y (0.0) pM g b2 (1,0) b3 (1,1,1) ( 4(170))
Y y+ ;:1 aigo(Y; ) + ;:1 i L) 0 h +0; h 9 \Y;

i Z <gé (Yi(o,o)> Ui(o,o) +g (Yi(l’o)> U§1’0)> . where

1
v =Sy +y) +hZA oY) + 1023@

7j=1

1
v =Sy ) +hZA oY, +\/_ZB (),

»To I
o0 ——h2ZAﬂ a;go(Y, hZA ( bV Iy + b 0)+b§3)—(1’1’1))
() h21A°% “U“@+4wxwwvwm)
B VA a b @l | o loy
o =t 3 B0 VS B (5728 T

I
1,0 1,0 0) 1,0)) (1,0
mwwn%Z%%@> VRS B (107 o
j=1
(35)
The method is characterized by the Butcher tableau

A0) | B
A0 [ Bm

a’ (bm)T (b<2))T (b<3))T

Theorem 4. We consider the SHS written as the 2d— dimensional au-
tonomous SDE and we assume that H, € C3(R*,R) and H, has bounded
second order partial derivatives, r = 0, ..., 1. If the coefficients of the scheme

18



given by fulfill the equations

aTe=1, M) e=1, ) e=0 ) e=o,
(bu))T A0e - L (b(3>)TA<1)6 —0 (b<2))TA<1>€ —aTBOe = _1
27 Y )
OV (B (BO)) — (50T (BWe)? — _ L
2(0) (BY (BWe)) = (07) (BYe)” = =1
22)" (B0 (806)) — (2 (57)° =0,
2(09) (B (B)) - (09) " (BY¢)" = 5,

()" (40 (B%)) = 1.

then the scheme attains order (2,1.5) for the strong approzimation of the
solution of the SDE . If in addition we have

1
T (A9 (A0¢)) — a7 (AVe)” = -5
then the scheme will attains order (3, 1.5) instead of (2, 1.5).

Proof. We apply Theorem [1| with p = 1.5. Since the scheme is symplectic,
Theorem [2| implies that we need to consider only the trees: 7, = (), 75 = oy,

T3 = &, T4 = [®1]1, 75 = [®1]0, 76 = [[®1]1]1, 77 = [®0)o, T8 = [®1,01]0,79 =
[[®1]1]0, 710 = [[[®1]1]1]1, 711 = [®1,@1,1];. The order conditions can be
obtained proceeding as in the proof of Theorem [3] m

Coefficients for the order 1.5 strong schemes or order (2,1.5) and (3, 1.5)
are presented in Tables [2] and [3], respectively.

00 0[0 0 0
00 0[0 00
0002 L 0
00 0[0 00
0 0/0 00
00 0|2 00
0 311 1 1|1 -2 0[2 0 2

Table 2: Coefficients of symplectic scheme with pp =2, ps = 1.5
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0 0 0[O0 0 O
2/v/3 0 0,0 0 0

0 0 0|3 2 0

0 0 0[O0 0 O

10 0/0 00

0 0 0|2 00

0 1 3[-1 1 1[5 -2 0]-2 0 2

Table 3: Coefficients of symplectic scheme with pp = 3, pg = 1.5

6. Numerical simulations

We illustrate numerically the performance of the proposed symplectic
schemes for SHS with additive and multiplicative noise. As in [I4], for the
proposed implicit schemes with time step h < 1, we replace the random
variable £ ~ N(0,1) with the bounded random variables &:

—Ah lfg < —Ah

§h=1¢ if |¢] < A, where A, = +/6|Inh|. (36)
Ap lff > Ah,

6.1. Hénon-Helles problem with two additive noises

Consider the SHS corresponding to the additive noise Hénon-Helles prob-
lem, [8 9]:

dPy(t) = (aQi(t) — Qu(t) — aQ3(t))dt + o1dW (),

dP(t) = —(Q2(t) + 2aQ1 () Qa(t)dt + 2dWs(t), (37)
dQq(t) = Pi(t)dt

dQs(t) = Py(t)dt

The Hamiltonians are
1 1 1
Hy(P,Q) = §(P12+P22) + §(Q§+Q%) +a (Ql@% - gQ?

Hl(R Q) = —01Q1, H2(P, Q) = —03Q2, P = <P17P2)T7Q = (Qlan)T

We compare the symplectic schemes given by — and with the
coefficients in the left Table |1] (by = 1/2) with the Runge-Kutta order 1.5
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1

70 80 90 100 ) 70 80 90 100

70 80 90 100 70 80 90 100

Figure 1: A sample trajectory of with h = 0.1, on the time interval 0 < ¢ < 100:
Runge-Kutta order 1.5 scheme SRA1 in [I7] (red dash-dotted lines), symplectic schemes
given by (29)-(3I) and with the coefficients in the left Table [I] (blue dashed lines), the
order 1.5 symplectic scheme based on the truncation of S5 (green solid lines).

scheme SRA1 in [I7] and the order 1.5 symplectic midpoint scheme based on
the truncation of S? given in Section 6.1 in [7]:

2
Yipr =Y+ J 7 VHy(Yi1)h + > <J1VH7~§;(Q\/E
r=1
) oy — 1, - > 38
+ IV G0 (Vi 1) Ulrgy = L) + TV G0y (Y, +5)3> o (38

—_

Guoy= = (J7'VH,) VHy, Guro =~ (J7'VH,)' V?H,J 'VH,,

DO | —

4

where for each time step k, we have Y, = (P,,Q])" and the arguments
_ 3 o)

are everywhere Y, 1 = (Yi41 + Yi)/2. Here I(,;,o) = %7(5,(:2 + %) and

Iy =& Wps — 1 (.0)» Where at each time step &, § ") and (") are independent

bounded random variables as given in (36]).
We set the parameters as in [9] o = 1/16, 07 = 09 = 0.2, P1(0) = P»(0) =
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Q2(0) = 1, Q1(0) = v/3. From Figure [1| we can see that the proposed sym-
plectic scheme give similar results with the symplectic scheme (38)), while the
non-symplectic Runge-Kutta order 1.5 scheme SRA1 does not give accurate
results for long term simulations for h = 0.1.

The moment of the Hamiltonian Hy has a linear growth [9]:

E[Hy(P(t),Q(t))] = E[Ho(P(0),Q(0))] + (07 + 03)t/2. (39)

In Figure[2| (a) we plot the sample averages of Hamiltonian H, over 5000 sam-
ple trajectories representing the numerical solution given by the symplectic
scheme (29)-(B1) and with the coefficients in the left Table [I] (b, = 1/2),
and the reference line with the slope (07 + 03)/2 = 0.04. We can notice an
excellent agreement with the linear growth of E[Hy(P(t), Q(t))] in (39).
Figure [2| (b) compares the proposed symplectic scheme — to the
symplectic scheme (38). The error represents the difference at 7' = 100
between the sample average of the Hamiltonian H, over 5000 sample trajec-
tories and the exact value E[Hy(P(100),Q(100))] calculated from (39)). The
two symplectic schemes are similar in terms of accuracy and CPU time. The
computations can be done faster using parallel computing, but these schemes
are implicit, so, for the same h, they require substantially larger computa-
tional time than the explicit scheme SRA1. However, the symplectic schemes

E[H,(P,Q)]
& o o
> (5] (3] o o (5, ~
In(Error)
)

w
0

@

. . . . . 45 . .
20 40 60 80 100 10 10.5 " 1.5

t In(computing time) (s)

(a) (b)

Figure 2: (a) Linear growth of E[Ho(P(t),Q(t))] for (37): the sample average of Hamil-
tonian Hy with 5000 sample trajectories given by the symplectic scheme — (red
dashed lines), h=0.1, and reference line with slope 0.04 (black solid lines). (b) Computing
time versus error for the symplectic scheme — (red dashed lines) and the symplectic
scheme (38]) (blue plain lines) with various time steps for 7' = 100 and 5000 samples, *:
h =0.02; O: h=0.01; A: h = 0.0005.

o

22



give smaller errors than the scheme SRA1. For example, for h=0.005, the
error for the scheme SRA1 is 0.3169, while the errors for the scheme (129))-
and the scheme are 0.0198 and 0.0167, respectively. Thus, to get
a similar accuracy, we need to use a substantially lower h for the explicit
scheme SRAT.

6.2. Kubo oscillator

We consider the Kubo oscillator, which is used to demonstrate the ad-
vantage of the stochastic symplectic schemes for long time computation [14],
[7]:

dP(t) = —aQ(t)dt — oQ(t) o dW(t), P(0)=p,

dQ(t) = aP(t)dt + o P(t) o dW (), Q(0) =gq, (40)

where a and o are constants. We set a =2, 0 = 0.3, p=1and ¢ = 0. The
Hamiltonian functions Hy(P(t),Q(t)) = aw and Hi(P(t),Q(t)) =
Uw are preserved under the phase flow of the system, so the phase
trajectory of lies on the circle with the center at the origin and the radius
VP?+ ¢, [14]. We can easily find the exact solution of the linear system
[0, 7.

The Kubo system has one noise, so we consider the order 1.5 symplectic
scheme (35 with the coefficients in Table In Fig. we compare this
scheme with the order 1.5 strong Taylor scheme in section 10.4 in [10] and
with the order 1.5 symplectic midpoint scheme based on the truncation of

S3 17):

Yipi =Y+ J_1VH0(Yk+§>h + J'VH & VR

+ J_1VG(1,1,0)(Y1<+;)%2 + @J_1VG(1,171)(YI<+§)

+ %/ZJ_IVG(LM)(YH;) (% - §hk> ; (41)
Guio) = i (J7'VH,) ' V2Hy (J7'VH),

Guin = i(J—1VH1)Tv2H1(J—1VH1).

We can notice that for long-term simulation the non-symplectic order 1.5
strong Taylor scheme does not give accurate results for h = 0.1, but both
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0 10 20 30 40 50 60 70 80 20 100

Figure 3: A sample trajectory of witha=2,0=03,p=1,¢g=0, h=0.1, on the
time interval 0 < ¢ < 100: exact solution (solid black lines), the symplectic scheme
(dashed red lines), the symplectic scheme (green dotted lines), the order 1.5 strong
Taylor scheme (dash-dotted blue lines).

order 1.5 symplectic schemes give approximations very close to the exact
solution. Moreover, the sample phase trajectory of the non-symplectic order
1.5 strong Taylor scheme presented in Fig. [4 a deviates drastically from the
exact P(t)? + Q(t)? = 1. However, from Fig. i/ b and Fig. [ ¢ we can see
that the symplectic scheme and the symplectic scheme preserve the
quadratic invariant.

2 b re

1 0.5 0.5
g o 0 0

K 0.5 0.5

.
-2 1 1
2 0 2 1 0 1 1 0 1
P P P

Figure 4: A sample phase trajectory of witha=2,06=03,p=1,¢=0,h=0
obtained by: (a) the order 1.5 strong Taylor scheme, (b) the symplectic scheme (35)), (c
the symplectic scheme .

~ =
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Figure 5: Convergence rate for for the order 1.5 strong Taylor scheme (blue x), the
symplectic scheme (35)) (red A), the symplectic scheme (41f) (green o).

Fig. confirms that the schemes have the expected convergence rate.
We have run 10 000 simulations and the mean square errors are calculated
at ¢ = 100. The order 1.5 reference line is plotted with a dashed line. We
can notice that the errors obtained with the symplectic scheme with the
coefficients in Table [2| are very close to the one obtained with the symplectic
midpoint scheme , and are lower than the errors obtained with the non-
symplectic order 1.5 strong Taylor scheme.

7. Conclusions

We propose a new family of symplectic methods for SHSs by defining a
generating function, so the schemes are symplectic by construction. Similar
with symplectic SRK methods and the symplectic methods based on gener-
ating functions proposed in [7], the proposed methods are implicit for general
SHSs and can be computationally expensive.

As in [12] we avoid computing Jacobian matrices and we evaluate the gra-
dient of the generating function by computing the gradients and the Hessians
of the Hamiltonian functions. We show that similar with symplectic SRK
methods, to establish the order of convergence for these schemes we have
to consider a substantially reduced number of trees. Unlike the symplectic
schemes based on generating functions proposed in [7], these new schemes
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do not require derivatives of the Hamiltonian functions of order greater than
2, which makes them a good alternative for schemes with strong order 1.5
or more. Compared to the symplectic SRK methods, the proposed schemes
are symplectic by construction, and they require only the conditions for the
order of convergence, so it is easier to construct symplectic schemes with
higher strong order.

For SHSs with scalar noise we construct a symplectic scheme with strong
order 1.5. Unlike the deterministic case, for stochastic differential equations,
order 2 is considered a high order because it is computationally expensive to
generate approximations for multiple stochastic integrals of high order.
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Appendix A. Proof of Theorem

We apply Theorem [If with p = 1.5. For additive noise the elementary
differentials are zero for all trees that contains a sequence of nodes where at
least one node directly succeeds a stochastic node. Thus we need to consider
only the trees 71 =), 7 = o, 3 = @9, 74 = [0,]o, 75 = [#g]0, T6 = [, @, ]o.
We have the following order conditions.

P(r) =0(n) =1, ¢(r) =0(r) < Wy(h)=b"el,) < be=1,
¢(3) =h, 0(r3) =a'eh, ¢(m3)=0(r3) ©a'e=1

Thus we got the first two conditions (32). Replacing we obtain

—~ (1
(0,0) _ (0,0) (0
;7" (8g) = E (2 aj, +AJJ1 ) —+h E A;p (A1)

j1=1 ]1 1
300 RS 1b(7"0) BOOE0 Y _ 1[ g 3 I (v Ao
J (.T)_Z 9" + ji1 _§(T)+Z Ji1 B ()
Jji=1 ji=1
0,0 (0,0) 4(0,0)(0,0
T (0g) = = 3@V APIOD = N, AR, (A.3)
Jji=1 J1*1
oo (r,0) 4(r,0)(0,0
) Z b )A.h] ) Z Jl]](r (A4>
Jji=1 Jji=1
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Using (A.2), (A.4) we get
0(r1) = Jeoy, 0(r) = (a0 0(0,) + 9 (a,))
j=1

=33 (7 B ) - 3 S

Jj1=1 Jj=1j1=1

h
= EI(T) + aTBeI(,,,O) — bTA(l)eh](r).

Thus ¢(74) = 6(74) reduces to b' AVe =1, " BC )e =1.
We consider now the trees of order 2. Using (A.1) and - we get

h? >
¢(T5) = J(070) = I(O,O) e ?7 9(7-5) — Z ( 00) + Z‘I’ 00 .0
h?

- —Za] Zaﬁ - Z aj JJ1h2 Z ajy J1Jh2 9

= J1=1 JJ1=1 JJ1=1

If r1 # 79, replacing from (A.2)), (A.4]), we get
E[¢(T6)] = E[J(V"l r2,0) T JT2,7"1,0)] =0,

00 0,0 0,0 0,0
Z ()20 (0,) + 3 20(0,,) o)
j=1

+ Z 3" (0, )0 (a,,)

h 1
= JlenTon + 5 Ten i) + e I0) o (B%e)
1 2
+ Lm0’ (BYe)” = hlpyIemb" (AVe)

— (T L (ra.0) + Loy Lir0)) BT (AT (BOe)) .

Since we have E[[(Tl)I(TQ)] = E[([(rl)[(rg,o)] = E[I(m,o)[(w,o)] = O, [10], we

obtain E[0(1)] = E[¢(76)] = 0.
If r, =79 = r we have

h?  h?
Elp(16)] = E[Qj(r,r,())] = QE[](T7T=0)] + E[](o,o)] =0+ 2 2
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0(r5) = > o™ (2 .T) +2Zc1>0°) J 0 (a,)
j=1

h 1
= 210+ I (1= 20 (AY (Be))) + 32 gya” (BVe)".

h

3 .
From E[I2 | =h, EllpyIp0)] = E[I(QTO)] 2= [10], we obtain

E[0(15)] = h? (}L —b" (AW (Be)) + %cﬁ (Be)? )

and we get the second condition ([33)).
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List with figure captions
. 1: A sample trajectory of with A = 0.1, on the time interval 0 <

t < 100: Runge-Kutta order 1.5 scheme SRA1 in [I7] (red dash-dotted
lines), symplectic schemes given by — and with the coefficients
in the left Table (1| (blue dashed lines), the order 1.5 symplectic scheme
based on the truncation of S? (green solid lines).

: (a) Linear growth of E[Hy(P(t),Q(t))] for (7): the sample average of

Hamiltonian H, with 5000 sample trajectories given by the symplectic
scheme (29)-(31) (red dashed lines), h=0.1, and reference line with
slope 0.04 (black solid lines). (b) Computing time versus error for
the symplectic scheme - (red dashed lines) and the symplectic
scheme (38]) (blue plain lines) with various time steps for 7' = 100 and
5000 samples, *: h = 0.02; O: h = 0.01; A: h = 0.0005.

: A sample trajectory of witha=2,0=03,p=1,¢=0, h=0.1,

on the time interval 0 < ¢ < 100: exact solution (solid black lines), the
symplectic scheme (dashed red lines), the symplectic scheme
(green dotted lines), the order 1.5 strong Taylor scheme (dash-dotted
blue lines).

: A sample phase trajectory of witha=2,0=03,p=1,9q=0,

h = 0.1 obtained by: (a) the order 1.5 strong Taylor scheme, (b) the
symplectic scheme (35)), (¢) the symplectic scheme (41).

: Convergence rate for for the order 1.5 strong Taylor scheme (blue

X ), the symplectic scheme (red A), the symplectic scheme
(green o).
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