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Abstract
Model-based clustering is a powerful approach used in data analysis to unveil un-
derlying patterns or groups within a data set. However, when applied to clusters 
that exhibit skewness, heavy tails, or both, the classification of data points becomes 
more challenging. In this study, we introduce two models considering two compo-
nent-wise transformations of the observed data within a mixture of multiple scaled 
contaminated normal (MSCN) distributions. MSCN distributions are designed to 
enable a different tail behavior in each dimension and directional outlier detection 
in the direction of the principal components. Using the transformed MSCN distri-
butions as components of a mixture, we obtain model-based clustering techniques 
that allow for 1) flexible cluster shapes in terms of skewness and kurtosis and 
2) component-wise and directional outlier detection. We assess the efficacy of the 
proposed techniques by comparing them with model-based clustering methods that 
perform global or component-wise outlier detection using simulated and real data 
sets. This comparative analysis aims to demonstrate which practical clustering sce-
narios using the proposed MSCN-based approaches are advantageous.

Keywords  EM algorithm · Multiple scaled distributions · Contaminated normal 
distribution · Data transformations · Model-based clustering
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1  Introduction

Cluster analysis, or clustering, refers to the process of identifying the underlying 
groups (or clusters) within a data set. The term model-based clustering refers to using 
a finite mixture model for clustering. Traditionally, the most popular model-based 
clustering approach assumes that each group in the data follows a multivariate nor-
mal distribution (see Sect. 2.1 of McNicholas 2016, for a discussion of the historical 
development of this model). Unfortunately, the assumption of normally distributed 
clusters is typically unrealistic, as, in real-world scenarios, groups can be skewed, 
leptokurtic, or both.

The statistical literature on model-based clustering has two main approaches to 
handling clusters with non-normal features. The first approach utilizes a flexible 
parametric distribution to parameterize the feature(s) directly. There are many exam-
ples of such models; for example, Peel and McLachlan (2000) introduces a mixture 
of t (Mt) distributions for groups of observations with longer than normal or heavy 
tails. Azzalini (2005) and Lin (2009) discuss mixtures of skew-normal distributions 
to handle data sets with asymmetric features, Azzalini and Capitanio (2003) and Lin 
(2010) propose mixtures of skew-t (MSt) distributions to handle both heavy-tailed 
and asymmetric clusters of observations, Franczak et al. (2014) develop a mixture of 
shifted asymmetric Laplace (MSAL) distributions as an alternative to Lin (2009), and 
Browne and McNicholas (2015) present a mixture of generalized hyperbolic (MGH) 
distributions. Note that all of the distributions above are multivariate. There are 
other notable examples of finite mixtures of skewed distributions; for example, one 
can consider the mixture of variance-gamma distributions (McNicholas et al. 2017) 
and the mixture of canonical fundamental skew-t distributions (Lee and McLachlan 
2016) for a more detailed study on finite mixtures of skewed distributions, see Davila 
et al. (2018). The second approach for handling asymmetry is to apply a transforma-
tion to the observed data. Widespread transformations like the Box-Cox (Box and 
Cox 1964), the logarithmic, or square-root transformations can mitigate skewness 
and suppress some of the non-normal features of the observed data, making the appli-
cation of a mixture of normal (MN) distributions more suitable. A recent example of 
such an approach is given in Zhu and Melnykov (2018), where the authors introduce 
a clustering framework that considers a Manly transformation (Manly 1976) of the 
observed data within the MN distributions. Herein, we refer to this model as a Manly 
transformed mixture.

As an alternative to Mt and MSt distributions, one may be interested in identify-
ing the observation(s) leading to the heavier-than-normal tails. In this context, we 
may now consider these observations spurious points or mild outliers. To do so, we 
follow the recommendation of Davies and Gather (1993) and define these observa-
tions with respect to a reference distribution. Punzo and McNicholas (2016) summa-
rizes approaches that assume the reference distribution is multivariate normal within 
a model-based clustering framework. In addition, Punzo and McNicholas (2016) 
develop a mixture of contaminated normal distributions (MCN; see Sect.  2.1 for 
details). The MCN distribution performs model-based clustering and outlier detec-
tion simultaneously, returning a dual classification of the observations based on their 
group membership and whether they are outlying points. However, if the data set con-
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tains asymmetric features, this approach will not be suitable. As such, Morris et al. 
(2019) introduces a mixture of contaminated shifted asymmetric Laplace (MCSAL) 
distributions that perform the same dual classification as the MCN distributions but 
assume the reference distribution is shifted asymmetric Laplace (SAL). Instead of 
parameterizing skewness directly, one can also consider a transformation within the 
contaminated mixture modeling framework. The most notable example of such an 
approach is given in Melnykov et al. (2021), where the authors introduce the mixture 
of power-transformed contaminated normal (MPTCN) distributions. The MPTCN 
performs the same dual classification mentioned above but accounts for skewness via 
a power transformation within MCN distributions.

A drawback to utilizing any of the distributions above is that the shape of the 
hyper-contours may be restrictive. This is because the tail behavior of the data set(s) 
of interest is modeled using common parameters across all data dimensions. To over-
come this issue, Forbes and Wraith (2014) propose a generalized multivariate normal 
variance-mean mixture (Barndorff-Nielsen et al. 1982) that accommodates varying 
levels of excess kurtosis on each principal component (PC) of the data. This leads 
to alternative shapes for the hyper-contours of the distribution of interest. Herein, 
we refer to any distribution that utilizes this generalization as being multiple scaled. 
Note that Forbes and Wraith (2014) use this generalization to develop a mixture of 
multiple scaled-t (MSt) distributions.

The concept of a multiple scaled distribution can be viewed as an extension of 
the multivariate normal variance-mean mixture, characterized by two fundamental 
elements: 

1.	 The decomposition of the scale matrix, Σ, using eigenvalues and eigenvectors 
matrices Λ and Γ, respectively.

2.	 The use of a random variable W independently for each dimension of the space 
spanned by the columns of Γ, that is, for each PC.

This approach has been extended to include several of the distributions cited above. 
For example, Franczak et al. (2015) develop a multiple scaled SAL (MSSAL) distri-
bution. A few papers focus on the generalized hyperbolic (GH) distribution, Wraith 
and Forbes (2015) propose a multiple scaled GH (MSGH) distribution, Tortora et al. 
(2019) introduce a coalesced GH distribution that utilizes the MSGH distribution. 
Punzo and Bagnato (2022) discusses multiple scaled distributions within the context 
of allometric studies, and Mahdavi et al. (2024) proposes the skew multiple scaled 
mixtures of multivariate normal distributions. Within the contaminated setting, 
Punzo and Tortora (2021) extend the multiple scaling concept to include the con-
taminated normal (CN) distribution and introduce the multiple scaled contaminated 
normal (MSCN) distribution (see Sect. 2.2 for more information) and Tortora et al. 
(2024) propose a multiple scaled contaminated MSSAL (MSCMSSAL) distribution. 
The MSCN and MSCMSSAL allow directional outlier detection independently in 
the direction of the PCs; however, the MSCMSSAL assumes that each PC follows a 
contaminated asymmetric Laplace distribution. Thus, unlike the MSCN distribution, 
the MSCMSSAL can account for skewness in the direction of each PC. However, due 
to a complex parameter estimation procedure for the eigenvector matrix (see Sect. 
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4.3 of Tortora et al. 2024, for details), the MSCMSSAL distribution is not used for 
model-based clustering. As such, we propose two novel mixtures of MSCN distribu-
tions that utilize transformations of the observed data to account for asymmetry on 
each PC. Like the MSCMSSAL, these models account for varying levels of excess 
kurtosis on each PC and can be used for outlier detection, but, unlike the MSCMS-
SAL, we are also able to use these models for clustering, rectifying the aforemen-
tioned drawback of the MSCMSSAL.

The remainder of the paper is organized as follows. In Sect. 2 we provide the nec-
essary background material to develop the proposed models. In Sect. 3 we present 
the novel transformations of the MSCN distribution. Specifically, Sect. 3.1 describes 
a Manly transformed MSCN (MTMSCN) distribution, and Sect. 3.2 describes a 
power-transformed MSCN (PTMSCN) distribution. A parameter estimation frame-
work and other algorithmic considerations are presented in Sect. 4. In Sect. 5 we 
evaluate the proposed mixtures using both simulated and real data sets, and in Sect. 6 
we conclude with a summary and a discussion of future work. Appendices A and B 
explain the data simulation process and give the parameters used in the simulation 
study, respectively. Finally, Appendices C and D contains additional results from the 
simulation study discussed in Sect. 5.

2  Background

2.1  Mixtures of contaminated normal distributions

The contaminated normal (CN) distribution proposed by Tukey (1960) is a mixture 
of two normal distributions, where both distributions have the same location, but one 
has an inflated covariance matrix to model mild outliers. Formally, the probability 
density function (pdf) of a d-variate random vector X = (X1, . . . , Xd)⊤ following a 
CN distribution can be written as

	 fCN (x | µ, Σ, α, η) = αfN (x | µ, Σ) + (1 − α)fN (x | µ, ηΣ) ,� (1)

where fN (x | µ, Σ) is the pdf of the multivariate normal distribution with mean 
vector µ and covariance matrix Σ, α ∈ (0, 1) is the proportion of good observations, 
and η > 1 is the degree of contamination which captures the increase in variability 
due to the presence of mild outliers. The constraint η > 1 is used to guarantee model 
identifiability. Alternatively, one can refer to α and η as the tailedness parameters 
of the distributions, allowing the distribution to be leptokurtic. More details on the 
kurtosis of the CN distribution as a function of α and η can be found in Appendix G 
of Bagnato et al. (2017).

In applications, the constraint α ∈ (0.5, 1) is typically used to ensure that at least 
half of the observations are considered "good" and that the model can be used for 
outlier detection (Punzo and McNicholas 2016).

Punzo and McNicholas (2016) develop the MCN distributions for model-based 
clustering. Formally, the density of the MCN distributions is a convex combination of 
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G multivariate CN density functions. As such, one can write the density of an MCN 
distribution as

	
fMCN (x | ϑ) =

G∑
g=1

πgfCN (x | µg, Σg, αg, ηg),� (2)

where ϑ is the vector of all model parameters, π = (π1, . . . , πG), such that 
0 < πg ≤ 1 and 

∑G
g=1 πg = 1, are the mixing proportions, fCN (x | µg, Σg, αg, ηg) 

is the pdf of the CN distribution defined in (1), and all other model parameters are as 
defined for (1), g = 1, . . . , G.

2.2  Mixtures of multiple scaled contaminated normal distributions

To address the limitations of the MCN distribution discussed in Sect. 1, Punzo and 
Tortora (2021) introduces a mixture of MSCN distributions (MMSCN). Formally, the 
pdf of the MMSCN can be written as:

	

fMMSCN (x | ϑ) =
G∑

g=1
πgfMSCN (x | µg, Γg, Λg, αg, ηg)

=
G∑

g=1
πg

d∏
h=1

fCN

([
Γ⊤

g (x − µg)
]

h
| 0, Λhg, αhg, ηhg

)
,

� (3)

where d, in addition to be the number of available variables, is also the number of 
PCs, πg and ϑ are defined as for (2), µg  is the location parameter for the observed 
data, Γg  is a matrix of eigenvectors such that 

[
Γ⊤

g (x − µg)
]

h
 represents the hth ele-

ment of the PC transform of x, Λg  is a diagonal matrix of eigenvalues with elements 
Λ1g, . . . , Λdg, αg = (α1 g, . . . , αdg)⊤ and ηg = (η1 g, . . . , ηdg)⊤ give, respectively, 
the proportion of good points and the degree of contamination in each PC. It follows 
from (3) that the MSCN has marginal CN distributions on each PC; see Punzo and 
Tortora (2021) for details.

Compared to the MCN, the MMSCN allows for directional outlier detection sepa-
rately in the direction of each PC. This provides a versatile framework for modeling 
complex data distributions, particularly in scenarios where traditional elliptical dis-
tributions may not adequately capture the underlying variability and tail behaviors 
present in the data.

2.3  Two transformations to account for asymmetry

As noted in  Sect.  1, there are two principal approaches to model-based cluster-
ing when dealing with asymmetric clusters: (1) directly modeling skewness using 
mixture component distributions that account for skewness, or (2) applying a suit-
able cluster-specific transformation to the observed data. With respect to the second 
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approach, Zhu and Melnykov (2018) suggests using a Manly transformation, for-
mally defined as

	
M (X | λ) =

(
eλ1x1 − 1

λ1
, . . . ,

eλdxd − 1
λd

)⊤

,� (4)

where λ = (λ1, . . . , λd), with λh ̸= 0 for h = 1, . . . , d, represents the transfor-
mation parameter vector. If λh = 0, the hth variable remains untransformed. Zhu 
and Melnykov (2018) further demonstrate that the Manly transformation of X , as 
defined in (4), can be incorporated into a mixture modeling framework by assum-
ing M (X | λg) ∼ Nd (µg, Σg), for g = 1, . . . , G, meaning that in the gth group a 
Manly transformation of X  follows a normal distribution. This model is referred to 
as the mixture of Manly transformed distributions.

Along a similar trajectory, Melnykov et al. (2021) consider a power transforma-
tion of X  from some non-symmetric multivariate statistical distribution. The power 
transformation for the generic hth dimension, h = 1, . . . , d, is defined as

	

T (Xh | λh) =




λ−1
h

(
(Xh + 1)λh − 1

)
, λh ̸= 0, Xh ≥ 0

log (Xh + 1) , λh = 0, Xh ≥ 0
(2 − λh)−1 (

1 − (1 − Xh)2−λh
)

, λh ̸= 2, Xh < 0
− log (1 − Xh) , λh = 2, Xh < 0

, � (5)

such that T (X | λ) = (T (X1 | λ1) , . . . , T (Xd | λd))⊤. Melnykov et al. (2021) go 
on to develop the MPTCN by assuming that T (X | λg) ∼ CN(x | µg, Σg, αg, ηg), 
where CN(x | µg, Σg, αg, ηg) refers to the multivariate CN distribution with density 
given in (1), for g = 1, . . . , G.

3  Marginal transformations for the MSCN distribution

In this section, we introduce two marginally transformed MSCN distributions. The 
proposed models have the same advantages as the MSCN, i.e., they offer flexible 
tails that allow for directional outlier detection and different downweighting of outly-
ing observations in each PC; however, they can also account for skewness. For each 
model, we assume that the transformed data follow the MSCN distribution in each 
mixture component.

3.1  Manly transformed MSCN distribution

The first model is obtained by assuming, in the generic g cluster with, that

	 M (X | λg) ∼ MSCN(µg, Γg, Λg, αg, ηg),� (6)

i.e., that a Manly transformation of X  follows an MSCN distribution with the param-
eter set defined for (3). Following this definition, we then assume that the observed 
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data can be modeled using a novel mixture of Manly transformed MSCN (MMTM-
SCN) distributions with pdf

	

fMMTMSCN (x | ϑ) =
G∑

g=1
πg

d∏
h=1

fCN

([
Γ⊤

g (M (x | λg) − µg)
]

h
| 0, Λhg, αhg, ηhg

) d∏
l=1

J (xl | λlg)

=
G∑

g=1
πgfMSCN (M (x | λg) | µg, Γg, Λg, αg, ηg)

d∏
l=1

J (xl | λlg)

=
G∑

g=1
πgfMTMSCN(x | ϑg),

� (7)

where all model parameters are as defined for (3), M (x | λg) is the Manly trans-
formation of X  defined for (4), and J (xl | λlg) is the Jacobian associated with the 
transformation from the MSCN distribution for g = 1, . . . , G and l = 1, . . . , d (cf. 
Zhu and Melnykov 2018).

3.2  Power transformed MSCN distribution

Building on the procedure outlined in Sect. 3.1, we introduce a second novel assump-
tion. Specifically, within the th cluster, for, we assume that

	 T (X | λg) ∼ MSCN(µg, Γg, Λg, αg, ηg),� (8)

i.e., that a power transformation of X  follows an MSCN distribution with the param-
eter set defined for (3). It follows that the density of the observed random vector X  
can be modeled using a mixture of power-transformed MSCN (MPTMSCN) distri-
butions with pdf

	

fMPTMSCN (x | ϑ) =
G∑

g=1
πg

d∏
h=1

fCN

([
Γ⊤

g (T (x | λg) − µg)
]

h
| 0, Λhg, αhg, ηhg

) d∏
l=1

J (xl | λlj)

=
G∑

g=1
πgfMSCN (T (x | λg) | µg, Γg, Λg, αg, ηg)

d∏
l=1

J (xl | λlj)

=
G∑

g=1
πgfPTMSCN(x | ϑg),

� (9)

where all parameters are as defined for (7).
Figures 1 and 2 show examples of contour plots obtained from the MTMSCN and 

PTMSCN distributions. Specifically, Fig. 1 shows the effect of α and η when Σ = I 
under symmetry (i.e., when λ = (0, 0) for the MTMSCN and λ = (1, 1) for the 
PTMSCN). In Fig. 1a and b, η = (5, 5)⊤. In the former, α = (0.99, 0.99)⊤ which 
results in almost no outliers, as α decreases to (0.6, 0.6)⊤ the tails become wider 
(Fig. 1b). In Fig. 1c α = (0.6, 0.6)⊤ and η = (20, 5)⊤, which is reflected in the lon-
ger tail present for one of the PCs.

Figure 2 shows contour plots of the MTMSCN and PTMSCN distributions for 
varying λ. The first row corresponds to the MTMSCN distributions, and the second 
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to the PTMSCN distribution. In the first column (Fig. 2a and d), Σ = I and only one 
principal component is skewed as λ = (20, 0) for the MTMSCN distribution and 
λ = (0.3, 1) for the PTMSCN distribution. In the second column (Fig. 2b and e), 
skewness is introduced in both PCs by setting λ = (20, 20) for the MTMSCN and 
λ = (0.3, 0.3) for the PTMSCN. As the two components are uncorrelated, the skew-
ness is in the direction of the axes. The effect of correlation can be seen in the third 
column (Fig. 2c and f), where the off-diagonal elements of Σ are set to 0.5. Note 
that these directions of skewness are chosen for illustrative purposes; the models can 
account for skewness in all directions.

Fig. 2  Contour plots of MTMSCN distribution, first row, and PTMSCN distribution, second row, with 
α = (0.6, 0.6)⊤ and η = (20, 5)⊤. In the first column, Σ = I and one PC is skewed, in the second 
column, Σ = I and both PCs are skewed, and in the third column, both PCs are skewed with a cor-
relation of 0.5

 

Fig. 1  Contour plots of MTMSCN and PTMSCN distributions under symmetry (i.e. when λ = (0, 0) 
for the MTMSCN and λ = (1, 1) for the PTMSCN), Σ = I, and the varying values of α and η given 
in the sub-captions
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4  Implementation

This section discusses the computational considerations made when implementing 
the MTMCSN and PTMSCN distributions. Specifically, Sect. 4.1 gives details on 
the parameter estimation scheme used to fit the proposed models, Sect.  4.2 describe 
the used algorithm, Sect. 4.3 discusses relevant issues with the proposed parameter 
estimation scheme, e.g., how to initialize the algorithm and monitor for convergence, 
and Sect. 4.4 discusses model selection after convergence.

4.1  Parameter estimation

To determine the maximum likelihood (ML) estimates for model parameters of inter-
est, we employ a variant of the classical expectation-maximization (EM) algorithm 
(Dempster et al. 1977), the expectation conditional maximization (ECM) algorithm 
(Meng and Rubin 1993). The EM algorithm and its variants are natural approaches 
for ML estimation when dealing with incomplete data (McLachlan and Krishnan 
2008). Effectively, the EM algorithm iterates between two steps, an E-step and an 
M-step. On the E-step, we compute the expected value of the complete-data log-
likelihood. On the M-step, we maximize the expected value of the complete-data 
log-likelihood with respect to the model parameters of interest. The ECM differs 
from the traditional EM algorithm as it uses computationally simpler conditional 
maximization (CM) steps instead of one M-step to update the model parameters in 
disjoint subsets rather than as a whole.

We encounter two levels of data incompleteness for the proposed MMTMSCN 
and MPTMSCN distributions. The first level of incompleteness stems from the 
uncertainty about the component membership of each observation. To address this, 
we use an indicator vector zi = (zi1, . . . , zig), where zig = 1 if xi belongs to com-
ponent g, and zig = 0 otherwise, for g = 1, . . . , G. This type of incompleteness is 
common in the context of mixture models. The second level of incompleteness arises 
from the uncertainty of knowing whether the ith transformed and projected observa-
tion 

[
Γ⊤

g (T (xi | λg) − µg)
]

h
 is either good or bad on the hth PC in the gth cluster, 

for i = 1, . . . , n, h = 1, . . . , d, and g = 1, . . . , G. This level of incompleteness is 
governed by an n × d × G indicator array with elements vihg , where vihg = 1 if the 
hth PC of the ith transformed and projected observation within cluster g is deemed 
a "good" observation, and vihg = 0 otherwise, for i = 1, . . . , n, h = 1, . . . , d, and 
g = 1, . . . , G.

Therefore, for the MMTMSCN and MPTMSCN distributions, the complete-data 
is comprised of the observed xi, the zig , and the vihg , for i = 1, . . . , n, h = 1, . . . , d, 
and g = 1, . . . , G. Using (7) and (9), we can derive the complete-data likelihood func-
tions for the marginally transformed MSCN distributions of interest. As the struc-
ture of the complete-data likelihood functions for the MMTMSCN and MPTMSCN 
distributions are identical, except for the transformation, we only formally state the 
complete-data likelihood for the MPTMSCN. This function can be written as

1 3
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Lc (ϑ) =
n∏

i=1

G∏
g=1

{
πg

d∏
h=1

[
αhgfN

([
Γ⊤

g (T (xi | λg) − µg)
]

h
| 0, Λhg

)]vihg

×
[
(1 − αhg) fN

([
Γ⊤

g (T (xi | λg) − µg)
]

h
| 0, ηhgΛhg

)](1−vihg)
×

d∏
l=1

J (xil | λlg)

}zig

,

�(10)

where all model parameters are as defined for (9). It follows that the complete-data 
likelihood for the MMTMSCN will be identical to that given in (10), except with the 
Manly transformation of xi, i = 1, . . . , n. For the MPTMSCN, the corresponding 
complete-data log-likelihood can be written as

	
lc (ϑ) =

G∑
g=1

[lc,1g (πg) + lc,2g (αg) + lc,3g (θg) + lc,4g (λg)] ,� (11)

where θg = (µg, Γg, Λg, ηg) and

	
lc,1g (πg) =

n∑
i=1

zig ln πg, � (12)

	
lc,2g (αg) =

n∑
i=1

d∑
h=1

zig [vihg ln αhg + (1 − vihg) ln (1 − αhg)] , � (13)

	

lc,3g (θg) = −1
2

n∑
i=1

d∑
h=1

zig {ln Λhg + (1 − vihg) ln ηhg

+
(

vihg + 1 − vihg

ηhg

) [
Γ⊤

g (T (xi | λg) − µg)
]2

h

Λhg

}
,

� (14)

	
lc,4g (λg) =

n∑
i=1

d∑
l=1

zig ln J (xil | λlg) . � (15)

An advantage of applying a transformation that aims to obtain a symmetric distribu-
tion is that a parameter estimation scheme based on the EM algorithm will be very 
similar to that of the target (symmetric) distribution. For example, Zhu and Mel-
nykov (2018) shows that the EM algorithm for the Manly mixture is analogous to that 
of a mixture of normal distributions (e.g., compare Sect 2.3 of Zhu and Melnykov 
2018 to Section 2.2.1 of McNicholas 2016). The only caveat is that the transforma-
tion parameter λg = (λ1 g, . . . , λdg), for g = 1, . . . , G, has to be estimated using a 
numerical procedure. Similarly, Melnykov (2021, Sect. 2.1) show that the proposed 
EM algorithm for the MPTCN is almost identical to the ECM algorithm used for an 
MCN distribution (see Sect 4.1 of Punzo and McNicholas 2016). Again, with the 
caveat that the transformation parameter λg = (λ1 g, . . . , λdg), for g = 1, . . . , G, has 
to be estimated using a numerical procedure. Therefore, the ECM algorithm for the 
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proposed MMTMSCN and MPTMSCN distributions will be similar to that given in 
Sect 3.2 of Punzo and Tortora (2021). However, there is still the issue of estimating 
the transformation parameter λg , g = 1, . . . , G, for the MMTMSCN and MPTM-
SCN. For both models, we follow the suggestions of Zhu and Melnykov (2018) and 
Melnykov et al. (2021) and use a general-purpose optimization procedure based on 
the Nelder-Mead method (Nelder and Mead 1965).

4.2  A ECM algorithm for MPTMSCN distributions

As eluded to at the end of Sect. 4.1, the updates for the ECM algorithms for the novel 
MPTMSCN and MMTMSCN distributions will only differ with respect to the uti-
lized transformation of the observed data. So, for the sake of brevity, we only outline 
the proposed ECM algorithm for the MPTMSCN distributions.

4.2.1  E-step

On the E-step of the proposed ECM algorithm for the MPTMSCN distributions, we 
can write

	
E (Zig |xi ) =

π̇gfPTMSCN
(
xi | ϑ̇g

)

fMPTMSCN
(
xi | ϑ̇

) :=z̈ig � (16)

and

	
E (Vihg|xi, Zig = 1) =

α̇hgfN

([
Γ̇⊤

g

(
T

(
xi | λ̇g

)
− µ̇g

)]
h

| 0, Λ̇hg

)

fCN

([
Γ̇⊤

g

(
T

(
xi | λ̇g

)
− µ̇g

)]
h

| 0, Λ̇hg, α̇hg, η̇hg

) :=v̈ihg,�(17)

where fPTMSCN (·) is as defined in (9), fN (·) is the density of a normal distribution, 
fCN (·) is the density of the contaminated normal distribution, all parameters are as 
defined for (9), and the super-scripted single dot and double dots on top of the param-
eters stand for estimates at the previous and current iterations, respectively.

4.2.2  CM-step 1

On the first CM-step of the proposed ECM algorithm, we update πg, αg, µg , and Λg . 
Formally, the ML estimates for these parameters are

	
π̈g = n̈g

n
, � (18)

	
α̈hg = 1

n̈g

n∑
i=1

z̈ig v̈ihg, � (19)
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µ̈hg =

n∑
i=1

[
Γ̇g

¨̃
W igΓ̇⊤

g T
(
xi | λ̇g

)]
h

� (20)

	
Λ̈hg = 1

n̈g

n∑
i=1

z̈ig

(
v̈ihg + 1 − v̈ihg

η̇hg

) [
Γ̇⊤

g

(
T

(
xi | λ̇g

)
− µ̈g

)]2

h
, � (21)

where n̈g =
n∑

i=1
z̈ig  and

	

¨̃
W ig = diag




z̈ig

(
v̈i1g + 1 − v̈i1g

η̇1g

)

n∑
i=1

z̈ig

(
v̈i1g + 1 − v̈i1g

η̇1g

) , . . . ,

z̈ig

(
v̈idg + 1 − v̈idg

η̇dg

)

n∑
i=1

z̈ig

(
v̈idg + 1 − v̈idg

η̇dg

)




.

      

4.2.3  CM-step 2

On the second CM-step of the proposed ECM algorithm, we update ηg as follows

	

η̈hg = max




η∗,

n∑
i=1

z̈ig (1 − v̈ihg)
n∑

l=1

z̈lj (1 − v̈lhg)

[
Γ̇⊤

g

(
T

(
xi | λ̇g

)
− µ̈g

)]2

h

Λ̈hg




,

with η∗ = 1.001.

4.2.4  CM-step 3

On the third CM step, the update of Γg , g = 1, . . . , G, is obtained as

	
Γ̈g = arg min

Γg

n∑
i=1

trace
[
Γg

(
Ẅ igΛ̈g

)−1 Γ⊤
g z̈ig

(
T

(
xi | λ̇g

)
− µ̈g

) (
T

(
xi | λ̇g

)
− µ̈g

)⊤]
,�(22)

where

	
Ẅ ig = diag

{(
v̈i1g + 1 − v̈i1g

η̈1g

)−1

, . . . ,

(
v̈idg + 1 − v̈idg

η̈dg

)−1
}

.
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4.2.5  CM-step 4

On the fourth CM step, λ̈g , namely the update of λg , is obtained numerically. As 
stated in Sect. 4.1, we use a general-purpose optimization procedure based on the 
Nelder-Mead method (Nelder and Mead 1965). We implement this method using the 
R function optim().

4.3  Computational details

Despite its widespread use and effectiveness for handling incomplete data, the EM 
algorithm and its variants are recognized for their sensitivity to initial values and 
convergence speed (Biernacki et al. 2000; Karlis and Xekalaki 2003; Shireman et al. 
2017). Recent research efforts, such as those by Michael and Melnykov (2016) and 
You et al. (2023), have focused on enhancing the initialization process of the EM 
algorithm. The challenge is amplified when dealing with data containing outliers, as 
discussed in studies like Cuesta-Albertos et al. (2008). In this paper, we use partition 
around medoids (PAM; Kaufman and Rousseeuw 1990) to initialize the proposed 
methods. Convergence in the ECM algorithm is assessed using the Aitken stopping 
criterion (Aitken 1926). Further details regarding the Aitken stopping criterion within 
model-based clustering are elaborated in McNicholas et al. (2010).

Upon convergence, we determine the cluster memberships and perform compo-
nent-wise directional outlier detection for all observations. First, we assign xi to the 
gth cluster using the maximum a posteriori (MAP) classification of ẑig , which is 
given by

	
MAP (ẑig) =

{
1 if maxk{ẑik} occurs at component k = g
0 otherwise.

Then, within the gth cluster, xi is labelled as ‘good’ with respect to the hth PC if 
v̂ihg > 0.5, for i = 1, . . . , n, h = 1, . . . , d, and g = 1, . . . , G. In these rules, ẑig  and 
v̂ihg  are the values of z̈ig  and v̈ihg  obtained at convergence of the proposed ECM 
algorithm. This two-level classification-detection process operates without additional 
distributional assumptions or subjective thresholds (Punzo and Tortora 2021).

4.4  Model selection

When selecting a model from a set of candidates, criteria such as the Akaike Infor-
mation Criterion (AIC; Akaike 1998) and the Bayesian Information Criterion (BIC; 
Schwarz 1978) are commonly employed. Formally, the AIC and BIC are given by

	 AIC = −2l(ϑ̂) + 2q, � (23)

	 BIC = −2l(ϑ̂) + q log n, � (24)

1 3

Page 13 of 29  114



C. Tortora et al.

respectively, where ϑ̂ are the estimated parameter values at convergence of the pro-
posed ECM algorithm, l(ϑ̂) is the associated observed-data log-likelihood, and q is 
the number of free parameters in the model. The AIC and BIC serve as quantitative 
measures to balance model fit and complexity, helping to identify the most appropri-
ate model. Consequently, when comparing models, lower values of the AIC or BIC 
indicate better model performance, with the choice between the two criteria often 
dependent on the specific context and theoretical considerations of the research prob-
lem. Many other criteria have also been proposed, and some studies have been con-
ducted to compare these information criteria in model-based clustering of complete 
data sets; see, for example, Tran and Tortora (2021) and Tong and Tortora (2023) for 
the MSCN distribution and Akogul and Erisoglu (2016) for the mixture of normal 
distributions. In this paper, we consider both the AIC and BIC.

5  Applications

The proposed distributions offer distinct advantages in the context of clustering and 
directional outlier detection. Therefore, we compare the performance of the proposed 
techniques to other mixtures of contaminated distributions using both simulated 
(Sect. 5.1) and a real data set (Sect. 5.2). Specifically, we consider the following dis-
tributions: the MCN (Punzo and McNicholas 2016), the MMSCN (Punzo and Tortora 
2021), and the MPTCN (Melnykov et al. 2021). All the analyses are performed in R. 
The MCN distributions are fitted using the R package ContaminatedMixt (Punzo 
et al. 2018), the MMSCN distributions are fitted using the R package MSclust (Tor-
tora et al. 2024), and the MPTCN distributions are fitted using R code available from 
the authors upon request.

5.1  Simulation study

For each method, we measure the ability to recover the cluster partition using the 
adjusted Rand index (ARI; Hubert and Arabie 1985), which corrects the Rand index 
(Rand 1971) for chance and has an expected value of 0 under random partitions and 
an expected value of 1 under perfect agreement (for more information, see Steinley 
2004). Since all the clustering techniques used in the simulation study also assign 
labels to any outlying points, the outliers are included in the ARI calculation too. 
In the scenarios when outliers are included in the data generation process, to assess 
outlier detection, we rely on the true positive rate (TPR), measuring the proportion of 
outliers correctly detected, and the false positive rate (FPR), measuring the propor-
tion of good observations incorrectly detected as outliers.

5.1.1  Simulation design

To assess the method’s performance, we use three sample sizes: n = 110, n = 550 
and n = 1100 with π1 = π2 = 0.18, π3 = 0.27, and π4 = 0.37. We then generate 
data from the proposed distributions and the competitors; see Appendix A for details 
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on data generation from the proposed distributions. Moreover, we consider three 
additional scenarios. In the first scenario, named GH/MSGH, three clusters are gen-
erated from a mixture of GH distributions and one cluster from an MSGH distribu-
tion. The code for generating data from GH and MSGH is available in the R package 
MixGHD (Tortora et al. 2021). The other two additional scenarios include outliers; 
specifically, in scenario NOT (normal outliers transformed), the clusters are gener-
ated from a multivariate normal distribution, 5% of the points are substituted with 
outliers, and then each cluster is transformed using the Manly transformation. In the 
last scenario, NTO (normal transformed outliers), instead, the clusters are generated 
from a multivariate normal distribution, each cluster is transformed using the Manly 
transformation, and then 5% of the points are substituted with outliers. For each 
scenario, we simulated 50 data sets. In Fig. 3, we provide an example of a data set 
generated from each scenario. Note that the acronym given in the title of each panel 
indicates the generating distribution.

In each panel of Fig. 3, the different colors and symbols represent the clusters of 
observations. In the last two panels, the squares indicate the outliers. The parameter 
sets used for each scenario are given in Appendix B.

Fig. 3  Examples of data sets obtained using the different data generation settings. Colors and symbols 
represent the clusters, and the squares in the NOT and NTO plots represent the outliers
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5.1.2  Simulation results

For the sake of space, we only report the results for n = 1100; the results for n = 110 
and n = 550 are shown in Appendices  C and  D, respectively. Table  1 shows the 
average ARI for each of the considered methods when fitted to the data sets simu-
lated from each of the considered generating distributions. No single method out-
performs the others, which shows the need for multiple techniques. As expected, all 
of the methods have similar performances on the data generated from the MCN and 
MMSCN distributions. When the clusters are skewed, the performance of methods 
based on symmetric clusters, that is, MCN and MMSCN, deteriorates, except for 
PTCN-generated data. MPTMSCN and MMTMSCN are similar, with MMTMSCN 
performing slightly better. On data generated from GH/MSGH, the methods based 
on the power transformation, i.e. the MPTMSCN and MPTCN, give the best average 
ARI values.

It is well documented that larger sample sizes are needed to accurately estimate the 
parameters governing tail behavior (see Punzo and Bagnato 2021; Tomarchio et al. 
2022, 2020; Tortora et al. 2024). Through a comparison of the average ARI values 
given in Tables 1, 8, and 13, we can see that the average ARI values given in Table 
8 are very similar for all of the considered methods. However, as the sample size 
increases, we start to see more differences in the reported ARI values. With respect to 
the proposed mixtures, this implies that smaller sample sizes make differences in tail 
behavior less evident, and therefore the models behave similarly for all of the consid-
ered generating distributions. This observation is also supported by the similarities in 
likelihood values and, therefore, by the corresponding AIC and BIC values.	

Tables 2 and 3 show the proportion of times the AIC and BIC select the correct 
model across the 50 data sets generated for each scenario of interest. The indices 
perform similarly; they tend to select the model that was actually used to generate the 
data in most cases.

When the data are generated from the mixture of GH/MSGH and NTO, both the 
AIC and BIC select MPTMSCN distributions for 80% of the simulated data sets; in 
the NOT case, both indices always select the MMTMSCN distributions. This typi-
cally corresponds to a very high average ARI value.

Table 1  Average ARI values for each considered method across the 50 data sets of size 1100 simulated 
from each generating component distribution. Bold-faced values represent the highest average ARI value 
for each scenario

Considered method
Generating Distribution MPTMSCN MMTMSCN MCN MMSCN MPTCN
PTMSCN 0.88 0.84 0.77 0.78 0.88
MTMSCN 0.65 0.67 0.65 0.66 0.66
CN 0.73 0.73 0.75 0.74 0.74
MSCN 0.81 0.85 0.84 0.86 0.84
PTCN 0.75 0.82 0.83 0.80 0.81
GH/MSGH 0.79 0.72 0.71 0.70 0.82
NOT 0.75 0.78 0.64 0.61 0.75
NTO 0.66 0.67 0.57 0.54 0.62
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As previously mentioned, smaller sample sizes make the task of estimating the 
tailedness parameters more difficult. This leads to more similar log-likelihood values 
across models, and, as a result, the considered model selection criteria penalize the 
methods with more parameters in favor of the simpler model. Comparing Table 3 with 
Tables 10 and 15, we can see that the BIC, which applies a bigger penalty than AIC 
(for n > 7), tends to select the most parsimonious model, the MCN, for the smallest 
considered sample size. The effect is less evident for the AIC (compare Tables 2, 9 
and 14), which implies that AIC is better for smaller sample sizes.

When outliers have been introduced in the data sets, we also report the average 
TPR and FPR in Tables 4, 11, and 16. Notably, the results show that for the NOT sce-
nario, where the outliers were added before transformation, it was more challenging 

Table 2  The proportion of times (in %) the AIC selects one of the considered methods across the 50 data 
sets of size 1100 simulated from each generating component distribution

Considered method
Generating Distribution MPTMSCN MMTMSCN MCN MMSCN MPTCN
PTMSCN 96 0 0 0 4
MTMSCN 0 100 0 0 0
CN 0 14 86 0 0
MSCN 0 18 0 82 0
PTCN 10 22 0 2 66
GH/MSGH 80 10 0 0 10
NOT 0 100 0 0 0
NTO 80 10 0 0 10

Table 3  The proportion of times (in %) the BIC selects one of the considered methods across the 50 data 
sets of size 1100 simulated from each generating component distribution

Considered method
Generating Distribution MPTMSCN MMTMSCN MCN MMSCN MPTCN
PTMSCN 96 0 0 0 4
MTMSCN 0 100 0 0 0
CN 0 0 100 0 0
MSCN 0 18 0 82 0
PTCN 8 20 8 0 64
GH/MSGH 80 10 0 0 10
NOT 0 100 0 0 0
NTO 80 10 0 0 10

Table 4  Average TPR and FPR for each considered method across the 50 data sets of size 1100 simulated 
from each generating component distribution. Bold-faced values represent the best-returned average TPR 
and FPR for the NOT and NT0 scenarios

Considered method
Generating Distribution MPTMSCN MMTMSCN MCN MMSCN MPTCN

TPR NOT 0.20 0.14 0.35 0.42 0.30
NTO 0.72 0.55 0.84 0.90 0.34

FPR NOT 0.05 0.01 0.13 0.21 0.09
NTO 0.07 0.05 0.11 0.21 0.10
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to detect these points compared to the NTO scenario, where the outliers were added 
after transformation. Again, we also observe the impact of changing sample size with 
respect to parameterizing the tails of the distributions. Specifically, the reported TPR 
values tend to decrease as the sample size decreases. For the largest considered sam-
ple size, the MMSCN distributions give the best TPR but the worst FPR, indicating 
that too many observations were flagged as outliers. A comparison of these results 
also shows that while the best-performing method in terms of FPR varies, all the 
transformation-based methods always have lower average FPR values. This implies 
that observations that belong to a skewed tail are likely being flagged as outliers 
when using the MCN or MMSCN distributions.

Notably, the MPTMSCN and MMTMSCN distributions tend to return lower aver-
age FPR values compared to the MCN, MMSCN, and MPTCN distributions. Com-
bined with the reported average TPR values, these results imply that the proposed 
models effectively handle outliers without excessive detection or oversight.

Table 5 gives the number of parameters estimated for each model and the aver-
age time elapsed in seconds to run each model across 50 data sets per scenario. 
All the models share the parameters π, µg , and Σg , with g = 1, . . . , G; obtaining 
q∗ = (G − 1) + (G × d) + (G × d(d + 1)/2) free model parameters. The MCN 
requires the estimation of two additional scalars for each component: αg  and ηg; 
this leads to qMCN = q∗ + 2G free model parameters. The MMSCN requires the 
estimation of two additional d-dimensional vectors for each component: αg and 
ηg; leading to qMMSCN = q∗ + 2(G × d). Compared to the MCN, the MPTCN 
requires the estimation of the d-dimensional vector λg  for each component, giving 
qMPTCN = qMCN + (G × d) free model parameters. Compared to the MMSCN, the 
MPTMSCN and MMTMSCN also require the estimation of the d-dimensional λg  
for each component, leading to qMPTMSCN = qMMTMSCN = qMMSCN + (G × d).

Table 5 shows that the MCN has the lowest average run time across all scenar-
ios. Significant run-time increases are observed across all other models due to the 
estimation schemes for the component-wise orthogonal matrices, transformation 
parameters, or both. Interestingly, the MMTMSCN and MPTCN have similar overall 
average run times, with the MMTMSCN being more efficient than the MPTCN for 

Table 5  Average time elapsed (in seconds) to run each of the considered methods across the 50 data sets 
of size 1100 simulated from each generating component distribution. The first row shows the number of 
parameters (q) estimated per method, and the last row is the average run time across all scenarios

Considered method
Generating Distribution MPTMSCN MMTMSCN MCN MMSCN MPTCN
q 47 47 31 39 39
PTMSCN 1108.29 211.01 2.08 119.94 287.42
MTMSCN 329.46 109.13 0.52 195.99 163.23
CN 291.49 99.44 0.51 174.92 136.28
MSCN 304.52 109.79 0.51 175.29 118.99
PTCN 156.76 73.71 0.45 194.29 72.97
GHD/MSGHD 210.64 98.33 0.49 191.73 68.77
NOT 237.55 107.08 0.50 198.17 60.36
NTO 204.13 106.87 0.51 187.34 49.02
Average elapsed time 303.92 102.42 0.60 280.79 116.19
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the first four scenarios. Tables 12 and 17 give the average time elapsed in seconds 
when n = 110 and n = 550, respectively. For all methods, the average elapsed times 
tend to decrease as the value of n reduces. Notably, when we halve n, the resulting 
decrease in elapsed time is more than half of the original duration. This suggests that 
the relationship between n and elapsed time is not linear, with increasing reductions 
as n becomes smaller. This shows that the number of observations greatly impacts 
the run times.

In summary, our results indicate that the difference between the classification per-
formance of the considered methods and the performance of the AIC and BIC is more 
obvious for bigger sample sizes. The proposed novel transformation-based models 
tend to perform better when the data are skewed, as one would expect. The AIC and 
BIC can both be used for model selection, but we suggest using the AIC for small 
sample sizes.

5.2  Real data: the wholesale data set

The wholesale data set, available within the R package tclust (Fritz et al. 2012), com-
prises annual expenditures, measured in monetary units, on d = 6 product categories 
for n = 440 customers of a wholesale distributor in Portugal (Abreu et al. 2011). The 
categories include fresh, milk, grocery, frozen, detergent paper (DP), and delicatessen 
products. Additionally, the dataset contains two nominal variables: region (Lisboa, 
Porto, or other) and channel (hotel/restaurant/café or retail). While consumption pat-
terns do not vary significantly across regions, they differ notably between channels. 
The goal of this analysis is to segment customers according to their spending patterns 
and to compare these segments with the channel variable. Accordingly, we set G = 2.

Table 6 shows the AIC, BIC, and number of parameters per method. In this data 
set, the methods based on the power transformation perform the best. The AIC selects 
the MPTMSCN, and the BIC selects the MPTCN. As remarked in the simulations 
study, the BIC tends to over-penalize; in fact, the method chosen using the AIC gives 
the best performance in terms of ARI, as shown in Table 7. The MPTCN gives the 
second-best ARI.

Table 6  Number of parameters (q) per method, AIC and BIC obtained from fitting all the considered 
methods to the wholesale data set. The bold-faced values are the lowest AIC and BIC values across all 
fitted models

MPTMSCN MMTMSCN MCN MMSCN MPTCN
q 91 91 59 79 71
AIC 2219.53 2375.84 3093.40 3083.33 2241.98
BIC 2542.38 2698.70 3334.52 3406.18 2532.14

Table 7  The ARI values and number of misclassified observations (m) obtained fitting all of the considered 
methods to the wholesale data set. The bold-faced value is the best ARI

MPTMSCN MMTMSCN MCN MMSCN MPTCN
ARI 0.55 0.38 0.25 0.41 0.49
m 56 85 109 89 66
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Figure 4 shows the scatter plot matrix of the wholesale data. The color represents 
the clusters obtained using the MPTMSCN and the + represents the outliers for at 
least one PC. The blue cluster represents wholesale customers whose channel was 
Hotels, Restaurants, or Cafes, and the green cluster represents wholesale customers 
whose channel was Retail. The difference in annual monetary units spent is particu-
larly evident in Milk, Grocery, and Detergent products, where wholesale custom-
ers whose channel was Retail spent more. Further, it is evident that the clusters are 
skewed and have many outliers.

6  Discussion

This paper presents two innovative modeling paradigms that consider transforma-
tions of the observed data within a mixture of multiple scaled contaminated normal 
(MSCN) distributions. Leveraging an eigen-decomposition of the scale matrix, the 
MSCN distribution offers a notable advantage: its adaptable tail behavior on the prin-
cipal components. Further, the MSCN distribution performs outlier detection in the 
direction of the principal components of the data. Our modeling paradigms facilitate 
the identification of skewed clusters and perform directional outlier detection for 
groups of data with asymmetric features. We evaluated the efficacy of these methods 
using both simulated and real data sets.

A current limitation of the proposed method is its reliance on complete data, 
necessitating a prior imputation procedure if the data set contains missing values. 
This constraint could be addressed by adopting the procedures described in Tong and 
Tortora (2022) and Tong and Tortora (2023), which offers a viable solution to handle 

Fig. 4  Scatter plot matrix for the wholesale data set, where the color represents the clusters and the + 
represents the outliers for at least one PC
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missing data. In addition, the method does not account for the inclusion of covari-
ates in the analysis, posing a second drawback. This limitation could be mitigated 
by implementing a similar approach to that proposed by Mazza and Punzo (2020). 
Incorporating covariates into the analysis could yield more nuanced insights and be 
more suitable for other diverse real-world scenarios. These extensions can signifi-
cantly enhance our techniques’ versatility and robustness, making them more effec-
tive tools for outlier detection and data analysis in practical settings.

Appendix

A. Simulating data from the MMTMSCN and MPTMSCN distributions

The inverse transformation can be used to pseudo-randomly generate data from the 
MMTMSCN and MPTMSCN distributions. Specifically, Y  is generated form a mix-
ture of CN distributions, then, within each cluster, the inverse Manly transformation 
can be obtained by defining

	
M −1 (Yh | λh) =

{
λ−1

h log(Yhλh + 1), λh ̸= 0
Yh, λh = 0 , � (25)

and setting X = (M −1 (Y1 | λ1) , . . . , M −1 (Yd | λd))⊤.
Similarly, the inverse power transform can be defined as

	

T −1 (Yh | λh) =





(Yhλh + 2)
1

λh − 1, λh ̸= 0, Yh ≥ 0
eYh − 1, λh = 0, Yh ≥ 0

1 − (1 − Yh(2 − λh))
1

2−λh , λh ̸= 2, Yh < 0
1 − e−Yh , λh = 2, Yh < 0

. � (26)

We can then set X = (T −1 (Y1 | λ1) , . . . , T −1 (Yd | λd))⊤.

B. Parameters utilized in the simulation study

The parameter sets used to generate the data in each scenario considered in the simu-
lation study of Sect. 5.1 are given below. Unless otherwise specified, we used

	
Σ1 = Σ2 =

[
1 0.5

0.5 1

]
and Σ3 = Σ4 =

[
1 −0.5

−0.5 1

]
.

Mixture of PTMSCN distribution

λ1 = (1.8, 1), µ1 = (5, 5)⊤, α1 = (0.7, 0.6)⊤, η1 = (2, 20)⊤,
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λ2 = (1.6, 1.6), µ2 = (0, 0)⊤, α2 = (0.9, 0.6)⊤, η2 = (10, 20)⊤, then add 
(−10, 5)⊤ to every xi

λ3 = (1.6, 1), µ3 = (5, 5)⊤, α3 = (0.6, 0.9)⊤, η3 = (20, 2)⊤, then add -10 to 
every value
λ4 = (1.6, 1.6), µ4 = (0, 0)⊤, α4 = (0.6, 0.8)⊤, η4 = (20, 2)⊤.

Mixture of MTMSCN distribution

λ1 = (0.06, 0.1), µ1 = (−4, 10)⊤, α1 = (0.6, 0.6)⊤, η1 = (2, 10)⊤,
λ2 = (0.06, 0.08), µ2 = (−1, −10)⊤, α2 = (0.9, 0.8)⊤, η2 = (10, 20)⊤,
λ3 = (0.06, 0.06), µ3 = (−4, 4)⊤, α3 = (0.6, 0.6)⊤, η3 = (20, 10)⊤,
λ4 = (0.05, 0.06), µ4 = (−1, −4)⊤, α4 = (0.9, 0.8)⊤, η4 = (4, 10)⊤.

Mixture of CN disttributions

µ1 = (0, 0)⊤, α1 = 0.8, η1 = 4,
µ2 = (4, 4)⊤, α2 = 0.7, η2 = 3,
µ3 = (4, 0)⊤, α3 = 0.6, η3 = 5,
µ4 = (0, 4)⊤, α4 = 0.7, η4 = 3.

Mixture of MSCN distributions

µ1 = (0, 0⊤), α1 = (0.8, 0.6)⊤, η1 = (13, 14)⊤,
µ2 = (4, 4)⊤, α2 = (0.7, 0.7)⊤, η2 = (12, 20)⊤,
µ3 = (10, 10)⊤, α3 = (0.8, 0.6)⊤, η3 = (9, 14)⊤,
µ4 = (10, 0)⊤, α4 = (0.7, 0.7)⊤, η4 = (12, 10)⊤.

Mixture of PTCN

λ1 = (1.8, 0.5), µ1 = (−4, 10)⊤, α1 = 0.6, η1 = 10,
λ2 = (1.6, 1.6), µ2 = (−1, −10)⊤, α2 = 0.9, η2 = 20,
λ3 = (1.6, 0.5), µ3 = (−4, 4)⊤, α3 = 0.6, η3 = 20,
λ4 = (1.6, 1.6), µ4 = (−1, −4)⊤, α4 = 0.9, η4 = 4.

Mixtures of GH distributions and MSGH distributions

Cluster 1 was obtained by generating from a GH distribution with diagonal matrix 
Σ and parameters: µ1 = (20, 0)⊤, α1 = (4, 10)⊤, σ11 = 1, σ12 = 5, ω1 = 1, and 
λ1 = 0.5.

For clusters 2 to 4:

	
Σ2 = Σ3 = Σ4 =

[
1 0.5

0.5 1

]
.

Cluster 2 was obtained generating from an MSGH distribution with parameters: 
µ2 = (−5, 10)⊤, α2 = (10, 7)⊤, ω2 = (1, 2), λ2 = (0.5, 0.8). Cluster 3 and 4 
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were obtained generating from a GH distribution with parameters: µ3 = (0, 0)⊤, 
α3 = (−1, 2)⊤, ω3 = 1, λ3 = 0.5, µ4 = (5, −5)⊤, α4 = (2, 2)⊤, ω4 = 1, λ4 = 0.5.

Mixture of normal distributions with outliers Manly transformed (NOT)

λ1 = (0.6, 0.6), µ1 = (0, 0)⊤, then added (5, 0)⊤ to every xi

λ2 = (0.6, 0.6), µ2 = (0, 0)⊤, then added (3, 3)⊤ to every xi

λ3 = (0.6, 0.6), µ3 = (0, 0)⊤, then added (0, 3)⊤ to every xi

λ4 = (0.5, 0.5), µ4 = (0, 0)⊤.
5% of the points in each cluster have been substituted with points generated uni-

formly between -5 and 5 before transformation.

Mixture of normal distributions Manly transformed with outliers (NTO)

λ1 = (0.6, 0.6), µ1 = (0, 0)⊤, then added (5, 0)⊤ to every xi

λ2 = (0.6, 0.6), µ2 = (0, 0)⊤, then added (3, 3)⊤ to every xi

λ3 = (0.6, 0.6), µ3 = (0, 0)⊤, then added (0, 3)⊤ to every xi

λ4 = (0.5, 0.5), µ4 = (0, 0)⊤.
5% of the points in each cluster have been substituted with points generated uni-

formly between min(X) + 0.1 min(X) and 0 after transformation.

C. Results for the considered methods when n = 110

This appendix gives the average ARI, TPR, FPR, and elapsed run times (in seconds) 
and percentage of times AIC and BIC select the method for each of the considered 
methods fitted to 50 data sets of size 110 simulated from the generating distributions 
described in Sect. 5 and Appendix B. Tables 8, 9, 10, 11, 12.

Table 8  Average ARI values for each considered method across the 50 data sets of size n = 110 simulated 
from each generating component distribution. Bold-faced values represent the highest average ARI value 
for each scenario. Note that the row gives the generating distribution

Considered method
Generating Distribution MPTMSCN MMTMSCN MCN MMSCN MPTCN
PTMSCN 0.79 0.84 0.81 0.79 0.81
MTMSCN 0.65 0.65 0.66 0.65 0.65
CN 0.66 0.66 0.70 0.66 0.66
MSCN 0.79 0.79 0.81 0.78 0.77
PTCN 0.70 0.80 0.81 0.80 0.75
GHD 0.76 0.74 0.73 0.74 0.76
NOT 0.71 0.71 0.64 0.61 0.68
NTO 0.64 0.66 0.56 0.55 0.61
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Table 9  The proportion of times (in %) the AIC selects one of the considered methods across the 50 data 
sets of size n = 110 simulated from each generating component distribution

Considered method
Generating distribution MPTMSCN MMTMSCN MCN MMSCN MPTCN
PTMSCN 38 36 14 2 10
MTMSCN 9 36 45 6 4
CN 4 10 86 0 0
MSCN 12 20 34 30 4
PTCN 21 12 50 2 15
GHD 80 2 4 2 12
NOT 26 18 40 8 8
NTO 16 14 60 4 6

Table 10  The proportion of times (in %) the BIC selects one of the considered methods across the 50 data 
sets of size n = 110 simulated from each generating component distribution

Considered method
Generating distribution MPTMSCN MMTMSCN MCN MMSCN MPTCN
PTMSCN 18 8 70 0 4
MTMSCN 0 0 96 4 0
CN 0 0 100 0 0
MSCN 0 0 96 2 2
PTCN 4 2 92 0 2
GHD 10 0 86 2 2
NOT 0 0 100 0 0
NTO 0 0 100 0 0

Table 11  Average TPR and FPR for each considered method across the 50 data sets of size n = 110 simu-
lated from each generating distribution. Bold-faced values represent the best returned average TPR and 
FPR for the NOT and NT0 scenarios

Considered method
Generating distribution MPTMSCN MMTMSCN MCN MMSCN MPTCN

TPR NOT 0.07 0.11 0.24 0.27 0.03
NTO 0.15 0.21 0.61 0.59 0.22

FPR NOT 0.02 0.02 0.11 0.14 0.01
NTO 0.02 0.04 0.11 0.15 0.03
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D. Results for the considered methods when n = 550

This appendix gives the average ARI, TPR, FPR, and elapsed run times (in seconds) 
and percentage of times AIC and BIC select the method for each of the considered 
methods fitted to 50 data sets of size 550 simulated from the generating distributions 
described in Sect. 5 and Appendix B. Tables 13, 14, 15, 16, 17.

Table 12  Average time elapsed (in seconds) to run each of the considered methods across the 50 data sets 
of size n = 110 simulated from each generating component distribution. The first row shows the number 
of parameters (q) estimated per method, and the last row is the average run time across all scenarios

Considered method
Generating distribution MPTMSCN MMTMSCN MCN MMSCN MPTCN
q 47 47 31 39 39
PTMSCN 40.83 12.25 0.25 4.31 14.41
MTMSCN 30.27 10.51 0.07 15.92 16.97
CN 12.76 10.07 0.08 16.53 6.03
MSCN 19.55 8.61 0.07 17.36 7.02
PTCN 24.84 9.40 0.07 16.40 8.73
GHD 14.84 7.93 0.07 16.92 5.54
NOT 9.57 6.95 0.07 16.98 2.93
NTO 8.23 8.31 0.07 14.86 3.13
Average elapsed time 17.76 9.05 0.07 16.22 7.21

Table 13  Average ARI values for each considered method across the 50 data sets of size n = 550 simu-
lated from each generating distribution. Bold-faced values represent the highest average ARI value for 
each scenario. Note that the row gives the generating component distribution

Considered method
Generating distribution MPTMSCN MMTMSCN MCN MMSCN MPTCN
PTMSCN 0.87 0.87 0.82 0.79 0.87
MTMSCN 0.66 0.66 0.65 0.66 0.67
CN 0.72 0.72 0.75 0.74 0.71
MSCN 0.81 0.84 0.84 0.85 0.83
PTCN 0.76 0.82 0.84 0.81 0.81
GH/MSGH 0.78 0.71 0.70 0.69 0.80
NOT 0.74 0.76 0.63 0.59 0.72
NTO 0.68 0.69 0.58 0.56 0.64
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Table 15  The proportion of times (in %) the BIC selects one of the considered methods across the 50 data 
sets of size n = 550 simulated from each generating component distribution

Considered method
Generating distribution MPTMSCN MMTMSCN MCN MMSCN MPTCN
PTMSCN 84 12 0 0 4
MTMSCN 0 64 32 2 2
CN 0 0 100 0 0
MSCN 2 18 34 46 0
PTCN 2 4 12 0 82
GH/MSGH 76 0 0 0 24
NOT 4 76 18 0 2
NTO 40 22 32 0 6

Table 16  Average TPR and FPR for each considered method across the 50 data sets of size n = 550 simu-
lated from each generating distribution. Bold-faced values represent the best returned average TPR and 
FPR for the NOT and NT0 scenarios

Considered method
Generating distribution MPTMSCN MMTMSCN MCN MMSCN MPTCN

TPR NOT 0.15 0.41 0.16 0.34 0.14
NTO 0.59 0.77 0.83 0.46 0.72

FPR NOT 0.04 0.02 0.13 0.22 0.05
NTO 0.07 0.04 0.11 0.20 0.09

Table 14  The proportion of times (in %) the AIC selects one of the considered methods across the 50 data 
sets of size n = 550 simulated from each generating component distribution

Considered method
Generating distribution MPTMSCN MMTMSCN MCN MMSCN MPTCN
PTMSCN 84 12 0 0 4
MTMSCN 2 88 0 6 4
CN 4 10 86 0 0
MSCN 2 32 0 66 0
PTCN 2 6 0 0 92
GH/MSGH 76 0 0 0 24
NOT 4 94 0 0 2
NTO 56 30 0 0 14
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