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1 | INTRODUCTION

Diffraction is one of the main techniques used by physicists to study the atomic structure of materials. It is used in material
sciences to determine the arrangements of atoms in metals and crystals and in biology to determine the structure of
organic compounds.

Mathematically, the process of diffraction is modeled as follows: Starting with a set A C R, representing the position
of atoms in the structure, or more generally a (translation bounded) measure u, one can construct a measure y called the
autocorrelation (or 2-point correlation) of A or u (see [3] for the general background). The measure y is positive definite
and hence Fourier transformable [1, 9, 22], and its Fourier transform 7 is a positive measure [1, 9, 22]. It is this measure ¥
that models the outcome of a physical diffraction experiment, and for this reason, it is called the diffraction measure of A
(or w). It has a decomposition (with respect to the Lebesgue measure 1)

j/\ = (?)pp + ()//\)ac + (i/\)sc b4
into positive pure point, absolutely continuous, and singular continuous measures, respectively.
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The pure point spectrum ()?)pp is usually associated to the order present in the structure. Structures with pure point
diffraction, meaning ¥ = (?)pp, have been of special interest to physicists and mathematicians. While for a log time pure
point diffraction has been associated with periodicity, the discovery of quasicrystals [28] has led to a paradigm shift and
showed that there is much we do not understand about physical diffraction. It is now known that pure point diffraction
is equivalent to the mean almost periodicity of the structure [16, 17].

Over the years, it has become clear that structures with nontrivial continuous spectrum can also have interesting prop-
erties, and hence are of interest. These include examples like the pinwheel tiling, the Thue-Morse chain [3, Theorem 10.1],
the Rudin-Shapiro [3, Theorem 10.2] chain, and many random structures [3, Chapter 11]. While the case of structures with
pure point diffraction is very well understood now [16, 17], the study of systems with continuous or mixed spectrum is just
in its infancy. The singular continuous diffraction spectrum (¥),. in particular is very mysterious and very little is known
about it in general.

One of the most useful tools in the study of the components of the diffraction is the Eberlein decomposition (see
below for definition and properties). Given a measure u with autocorrelation y, there exists a unique decomposition (see
Theorem 2.17 and Theorem 2.18 below)

Y=Vst+70,

called the Eberlein decomposition, with the property that both y and y,, are positive definite measures and
o=@, and 7 =@),.

This allows us to study the pure point diffraction spectrum (¥),, and continuous diffraction spectrum (¥), of u, respec-
tively, in the Fourier dual space by studying instead the components y; and y,, respectively, of the autocorrelation measure
y in the real space. This approach has proven effective in the study of diffraction of measures with Meyer set support [31-34,
36] and in the study of compatible random substitutions [7]. Because of this, one would like to further decompose

Yo =7Yoa t Yos>

such that

)7(; = (j/\)sc and }7(; = (i/\)ac‘
Whenever this is possible, we will refer to

Y =7Ys+Yoat+7Yos 1y

as the complete (or generalized) Eberlein decomposition of y.

The generalized Eberlein decomposition exists for Fourier transformable measures with Meyer set support [34, 36]. This
result has important consequences for one-dimensional Pisot substitutions, see, for example, [2, 4], and we expect that
establishing the existence of the generalized Eberlein decomposition may have important consequences in general. This
makes it an important open problem for diffraction theory. Let us state this explicitly.

Question 1.1. Given a positive definite (or more generally a Fourier transformable) measure y on R<, can one find a
decomposition as in (1.1), which is the Fourier dual to the Lebesgue decomposition of 7?

It is the main goal of this paper to show that each Fourier transformable measure y on R? has a generalized Eberlein
decomposition (1.1) with y¢,, 7o tempered distributions of order 2d.

Our approach is as follows. Since for a Fourier transformable measure y, the measure 7 is translation bounded [22,
Theorem 4.9.23], we restrict our attention to the class D7 BM(R?) of tempered distributions whose Fourier transform
is a translation bounded measure (see paragraph before Remark 2.1, for the definition of translation bounded measures).
The Fourier transform then becomes a bijection between DT BM(R?) and M*(R4). So, we will first study the properties
of the space DT BM(R?). In the first main result of the paper, Theorem 3.4, we show that for each w € DT BM(RY),
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there exists some f € C,(R%) such that
d
w=((0:)" 4 @) + (-1 ) ()

in the sense of distributions. In particular, it follows that each element w € DT BM(R?) is a distribution of order (at most)
2d.
Next, we prove in Proposition 4.1 that each distribution w € DT BM(R?) admits a generalized Eberlein decomposition

W = Wy + Wo, + Wos »

with wg, wo,, Wos € DT BM(R?), which is in Fourier duality with the Lebesgue decomposition. By combining these results,
we prove in Theorem 4.3 that each Fourier transformable measure y on R? admits a generalized Eberlein decomposition

Y =7Vs + @pa + @os;,

where y5 and y, = wy, + wys are Fourier transformable measures and w,, @, are tempered distributions of order (at
most) 2d.

We complete the paper by taking a closer look in Section 5 at those distributions in D7 BM(R%) whose Fourier
transform is pure point, continuous, or absolutely continuous measure, respectively.

In general, given a positive definite measure y, one would hope all three components of the generalized Eberlein decom-
position are measures. It is not clear if this is the case. More importantly, one can define the diffraction of more general
processes (see, e.g., [15] and [16, section 1.4 and Theorem 3.28]) in which case the autocorrelation is not necessarily a mea-
sure but the diffraction is a translation bounded measure. In this case, the autocorrelation can be viewed as an element
in DT BM(RY), and hence our approach can be used in the study of such more general objects.

Lastly, let us mention here that some of the results of this paper can be extended to the space S M(Rd) of tempered
distributions with measure Fourier transform, which was introduced and studied in [37]. However, in diffraction theory,
we only deal with measures whose Fourier transform is a translation bounded measure, and as translation boundedness
gives more properties and simplifies many proofs (see, e.g., Theorem 3.4), we will restrict to DT BM(R?) in this paper.

2 | PRELIMINARIES

Throughout this paper, we will work in the d-dimensional Euclidean space R?. The Lebesgue measure will be denoted by
A or simply dx. We will denote by C,,(R%), C.(R%), S(R?), and C&(R?), the spaces of uniformly continuous and bounded
functions, compactly supported continuous functions, Schwartz functions, and compactly supported functions, which
are arbitrarily often differentiable, respectively. For any function g on R¢ and t € R¢, the functions T,g,§, and g' are
defined by

(Tig)x) :=g(x—1),  g(x) :=g(=x), and  g'(x) :=g(-x).

A measure y on RY is a linear functional on C.(R<) such that, for every compact subset K C R?, there is a constant
ag > 0 with

(@)l < ak 1@l
for all p € C.(R?) with supp(p) C K. Here, ||¢||, denotes the supremum norm of ¢. By Riesz’ representation theorem,

this definition is equivalent to the classical measure theory concept of regular Radon measure.
Similar to functions, for a measure u on R¢ and t € R¢, we define T,u, &, and u' by

(T)(@) i= W(T_9), ) :=u@, and ui(p) :=ueh.
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Given a measure y, there exists a positive measure || such that, for all ) € C.(R%) with ¢ > 0, we have [23] (compare
[25, Appendix])

lul@®) = sup{lu(@)| : ¢ € C.(RY), |p| < P}.

The measure |u| is called the total variation of u.
The measure y is called translation bounded if for all compact sets K ¢ R¢, we have

lpllx == sup [ul|(t + K) < co.
teRd

We will denote the space of translation bounded measures by MP(RD).
Remark 2.1.

(a) A measure y is translation bounded if and only if for all ¢ € C.(R%), we have [1, 22] ¢ * u € C,(R?). Here,

(@ # w(x) = /

p(x —y) du(y).
Rd
(b) A measure u is translation bounded if and only if || u||; < oo for a single precompact Borel set with nonempty interior
[6, 30]. Moreover, in this case, two different precompact Borel sets with nonempty interior define equivalent norms.

Since C®(RY) C C.(RY), each measure is a distribution of order 0. Recall here that a distribution T on C®(R?) is of
finite order if, for each compact set K C R4, there are a number N € N and a constant ¢ < oo such that

ITe| < cllplly =: cmax{|D%p(x)| : x € RY, |a] < N}

holds for all ¢ € C*(R%) with supp(¢) C K. If T is such that one N will do for all K (but not necessarily with the same
¢), the smallest such N is called the order of T [26]. A measure u is called a tempered measure if u : Cg"(Rd) — R%is the
restriction to C§°(|Rd) of a tempered distribution w : S(R?) — C.Itis easy to see that this is equivalent to u : ce (R - C
being continuous with respect to the Schwartz topology induced by the embedding Cg"(Rd) o S(RY) (see, e.g., [1]).

Remark 2.2. Let us recall that a measure u is called

(1) slowly increasing if there exists a polynomial P € R[X7, ..., X ] such that

1
/Rd T+ P00 dlul(x) < o,

(2) strongly tempered if |u| is tempered.

A measure u is strongly tempered if and only if it is slowly increasing [8, Theorem 2.6]. In this case, u is tempered, see, for
example, [1, p. 47] or [8, Lemma 2.3]. The converse of the last claim holds only for positive measures: Any positive tempered
measure is strongly tempered [27, p. 242] [13, Theorem 2.1], and there are examples of signed tempered measures, which
are not strongly tempered [1, 8]. Also note that any translation bounded measure is slowly increasing and hence tempered
[1, Theorem 7.1]. For a review of properties and relationships among these concepts, we refer the reader to [8].

The basic tool we will use in this paper is the following estimate. As this estimate gives an alternate proof that every
translation bounded measure is slowly increasing, we include it here. Our proof below follows the proof of [1, Theorem 7.1],
and can be extended beyond G = R¢.
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Lemma 2.3. Let v € M®(R?). Then, there is a constant ¢ > 0 such that

1
rd (27rx1)24 + -+ + (27x4)%4 + 1

dPv|(x) < el _1 1y < oo
2’2

In particular,
1 v
QIO + -+ ()P + (1)

is a finite measure on R4,

Proof. We first note that

/ : d|v|(x)
rd (27x1)%4 + - + (2mx)%d + 1
-3/ S G T M
ez k+[_§’§]d Qmx;)2d 4+ -+ 2mxg)2d + 1 2.1)

1

11 sup .
33l keZZd ceka[_ L g Qx4 e+ Qmxg)* + 1
2’2

<Ivll,_

Now, let M :={k € 7% : |k;| =2 2foralll1 < j< d}. On the one hand, since Z¢ \ M is finite, one has

1
¢ = sup < 2.2)
kEZZd\Mx€k+[—%,§]d Qrx)2d + -+ + 27xg)?d + 1
Also note that for d > 1, by Holder’s inequality, we have
1
d d d q
Z“(chj)2 ‘1< (Z(Zﬂxj)2d> (Z 1q> ,
j=1 j=1 j=1
where g = ﬁ is the conjugate of d. Therefore, one has
d
(Qrx))? + @rxy)? + -+ + 2rxg)?) < (Q@ax)d + @axy)™ + - + (27xg)*)dd 1. (2.3)
Moreover, (2.3) trivially holds when d = 1. Therefore, we obtain
1
cy i= sup
kg/l xekrl-1 Ly Qrxy )2 + - + 2axg)*d + 1
(2.3 dd-1
< Y sw 2 2y
KeM xeks[-L 1y (@rx1)2 + -+ + (27mx4)?)
22
(24)

d

d
ﬂé;ﬁéxémm—muw+@mm—mg

d d
: (&; (2”k1)2> o <|k§£1 (27fkd)2> e
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Finally, Equations (2.1), (2.2), and (2.4) give

1
,/Rd rxy)?d + - + 2axg)*d +1

dPp|G) < il 1 (er +¢2)
22

The claim follows with ¢ := ¢; + ¢,. O
As immediate consequences of Lemma 2.3, we obtain the following results.

Corollary 2.4. Let v € M*®(R?). Then,
1

v
. . d
(@mi()1)? + - + @mi()g)?) + (-1
is a finite measure on R,
Proof. This follows immediately from Lemma 2.3 and the inequality
1 1
< .
@rx)2 + -+ Qaxg)?)  +1 Qx4+ 2mxg)* + 1 U

Another consequence is that each translation bounded measure is slowly increasing, compare [1, Theorem 7.1], and
thus a tempered distribution. Let us state this explicitly.

Corollary 2.5. Let u € M®(R?). Then, forall f € S(RY), we have

/ |f()] dlpl(s) < o0.
Rd

Moreover, the mapping f — /Rd f(s) du(s) is a tempered distribution.

Proof. By the above with P(x,, ..., xg) := (27x;)%d + -+ + (27mx,)*¢, we have

[ rerdie < [ ireo+peo) A piul )0

SCIA+P)flleo

for all f € S(R?), where

1
/Rd 2mxy)2d + -+ + 27xg)?d + 1

dlv|(x) < .

The claim follows now from [8, Theorem 2.7]. O

Finally, let us introduce some basic concepts about point sets, which we will see in the paper.
Definition 2.6. A pointset A C R? is called relatively dense if there is a compact set K ¢ R? such that A + K = R¢.

The set A is called uniformly discrete if there is an open neighborhood U of 0 such that (x + U)n(y + U) = @ for all
distinct x,y € A.

The set A is called a Meyer set if it is relatively dense and A — A is uniformly discrete. Here, A — A denotes the Minkowski
difference

A—A:={x—-y : x,y €A}

For more properties of Meyer sets and their full classification, we refer the reader to [14, 19, 21].
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2.1 | Fourier transformability

Next, we briefly review the notion of Fourier transformability for measures and the connection to the Fourier transform of
tempered distributions. Let us recall that the Fourier transform and inverse Fourier transform, respectively, of a function
f € L'(R%) are denoted by f and f. They are defined via

P = / eV pyydy  and  F() = flox).
Rd

Next, let us review the definition of Fourier transformability for measures.

Definition 2.7. A measure u on R is called Fourier transformable as measure if there exists a measure 2 on R? such
that

gel’(ah and  we o) =a(lgl?)

for all ¢ € C.(R?). In this case, 1 is called the measure Fourier transform of u.

We will often use the following result.
Theorem 2.8 [35, Theorem 5.2]. Let u be a measure on RY. Then, y is Fourier transformable as a measure if and only if u is
tempered as a distribution and its Fourier transform as a tempered distribution is a translation bounded measure. Moreover,
in this case, the Fourier transform of u in the measure and distribution sense coincide.

The following result is easy to prove and will be useful later in the paper. Note that the definition of the Fourier
transformability of measures guarantees that (2.5) below holds for all Fourier transformable measures u and all ¢ €
K,>(RY) = Span{y) * ¢ : 1, ¢ € C.(R?)}. Nevertheless, there are many Fourier transformable measures for which (2.5) fails

for functions ¢ € C.(R%)\K,(R%). The fact that p is a finite measure is crucial in Proposition 2.9.

Proposition 2.9. Let p be a finite measure on R4, let h = p, and let u = hA, where A denotes the Lebesgue measure. Then,
forall p € C.(RY), we have

(@) = p(p). (2.5)
Proof. Note here that since v is finite, all integrals below are finite and hence, by Fubini’s theorem,

u(g) = / P00 hCx) dx = / o) / e dp(y)dx
R R R

- / / o(x) Y dx dp(y) = / 500 dp) = p(),
Rd JRd Rd

which establishes the desired equality. O

2.2 | Diffraction theory

In this section, we briefly review the mathematical diffraction theory. For a more detailed review, we recommend |3,
Chapter 9].
Consider a translation bounded measure u € M*(R%), and denote by u,, the restriction of u to the cube [—n, n]%. Let

g, oz Mo
S 617)
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Then, the sequence (¥,,),en has a subsequence converging in the vague topology for measures to some measure y, compare
[3, Proposition 9.1]. Following Hof [12], we introduce the following definition.

Definition 2.10. We will refer to any vague cluster point y of (y,,),, as an autocorrelation measure of u.
Remark 2.11.

(1) In the definition of the autocorrelation measure, one can replace the cubes [—n, n]? by balls of radius n centered in
the origin, or more generally by van Hove sequences.

(2) Therestriction to translation bounded measures u is usually imposed to guarantee that (y,,),cn has at least one cluster
point. One can replace it with the weaker assumption that (y,,),en has at least one cluster point y.

(3) In [37], the authors studied the diffraction of a large class of distribution on R9.

Since each measure y,, is positive definite, so is its limit, see [22, section 11] for definition and properties of positive
definite measures. It follows that y is a Fourier transformable measure and its Fourier transform 7 is a positive measure
[22, Theorem 4.11.5].

Definition 2.12. Let u be a translation bounded measure, and let y be an autocorrelation of u. The measure 7 is called a
diffraction measure of u.

If A C RY is uniformly discrete, then

dp =) &y

XEN

is a translation bounded measure. We will refer to any autocorrelation y and diffraction 7 of §,, simply as autocorrelation
and diffraction of A.

Example 2.13. Consider A := Z C R. A simple computation shows that (y,,),,cn converges vaguely to y = . Moreover,
Poisson’s Summation Formula, see, for example, [3, Proposition 9.4], gives

7=8,=085.

Therefore, the diffraction of Z is the pure point measure §.

2.3 | Almost periodicity

Here, we briefly review the concepts of almost periodicity for functions, measures and tempered distributions. For more
general overviews, we recommend the review [22] as well as [10, 16-18, 37], just to name a few.

Definition 2.14. A function f € C,(R?) is strongly (or Bohr) almost periodic, if the closure of {T,f : t € R%} in
(Cy(RY), || - ll) is compact. f € C,(R) is weakly almost periodic, if the closure of {T,f : t € R%} in the weak topol-
ogy of the Banach space (C,(R?), || - ||) is compact. The spaces of strongly and weakly almost periodic functions on R¢
are denoted by SAP(RY) and WAP(RY), respectively.

For every f € WAP(RY), the mean

o 1
MUY= 1 i [T

exists uniformly in s € RY, see [10, Theorem 14.1], [22, Proposition 4.5.9]. Moreover, we also have |f| € WAP(R?) [10,
Theorem 11.2], [22, Proposition 4.3.11].
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Definition 2.15. A function f € WAP(R?) is null weakly almost periodicif M(| f|) = 0. We denote the space of null weakly
almost periodic functions by WAP,(R4).

In the spirit of [11], these notions carry over to measures and tempered distributions, respectively, via convolutions with
functions in C.(R?) or S(R?), respectively.

Definition 2.16. A measure u € M*(RY) is strongly, weakly, or null weakly almost periodic if ¢ * y is a strongly, weakly,
or null weakly almost periodic function, for all ¢ € C.(R%). We will denote by SAP(R?), WAP(R?), and WAP(R?) the
spaces of strongly, weakly, and null weakly almost periodic measures.

Analogously, a tempered distribution w € S’ (RY) is called, respectively, weakly, strongly, or null weakly almost periodic
if, for all f € S(RY), the function f * w is, respectively, weakly, strongly, or null weakly almost periodic. Here,

(f * @)(x) = o(f(x =) € C¥(RY).
We shall denote the corresponding spaces of tempered distributions by WAP(R?), SAP(R?), and WAP,(R?), respectively.

At the end of this section, we introduce the Eberlein decomposition for measures and distributions, and discus its
relevance to diffraction theory. Let us first remind the reader of the following results.

Proposition 2.17. [22, Theorem 4.10.10], [37, Theorem 5.2]

(@) WAP(R?) = SAP(RY) @ WAP(R?).
(b) WAP(R?) = SAP(RY) @ WAP,(R?).

Proposition 2.17 says that each u € WAP(R?) has a unique Eberlein decomposition
M= s+ Mo s (2.6)
with u, € SAP(R?) and py € WAP(R?). Similarly, each @ € WAP(R?) has a unique Eberlein decomposition
W = ws+ Wy, 2.7
with wg € SAP(R?) and w, € WAP(R?).
Furthermore, by [37, Theorem 5.3], we have WAP(R?) C WAP(RY), SAP(R?) C SAP(RY), and WAP,(RY) C

WAP,(R?). In particular, for a measure u € WAP(RY) C WAP(R?), the decompositions of (2.6) and (2.7) coincide.
The importance of the Eberlein decomposition for diffraction theory is given by the following two results.

Theorem 2.18 [22, Theorem 4.10.4 and Theorem 4.10.12]. Let u € M®(R%) be Fourier transformable as measure. Then,
U € WAP(RY), the measures ug, u, are Fourier transformable, and

B=@y, and =@,
Theorem 2.19 [37, Theorem 6.1]. Letw € S'(RY). If @ is a measure, then w € WAP(RY) and
o=@, and &=
As we mentioned in the introduction, it is our goal in this paper to show the existence of the generalized Eberlein

decomposition, and study some of its properties. To do this, we will work with the larger class DT BM(R?) of tempered
distributions whose Fourier transform is a translation bounded measure.
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3 | PROPERTIES OF D7 BM(R%)

As emphasized in the previous section, the following space will play the central role in this section
DTBM(RY) :={w e S'(RY) : & € M®(R}.

Note that by Theorem 2.19, we have DT BM(R?) C WAP(R?). Moreover, by Theorem 2.8, if u is a measure on R, which
is Fourier transformable as measure, then u € DT BM(R?).

Let us mention that Meyer [20] introduced an example of a tempered measure 7, which is pure point, has locally finite
support, and satisfies

T=—ir.

This example led to renewed interest in the study of Fourier analysis and diffraction of tempered measures, which are not
(necessarily) translation bounded. As the tools we are using in this paper often rely on the translation boundedness of &,
the study of Meyer-type measures is beyond the scope of our paper, but a very interesting and important project, which
needs to be addressed in the future.

Let us note that every measure u € M®(R%) is a tempered measure by Corollary 2.5, and hence the Fourier transform
of some w € S/(Rd ), which by definition is in D7 BM(R?). Therefore, we get the following simple fact.

Fact 3.1. The Fourier transform is a bijection from DT BM(R?) to M*®(RY).

Since this space will play a fundamental role in remainder of the paper, we will characterize it in the following. Let
us start with a simple characterization for the positive definite tempered distributions in this space. First, recall that
w E S/(IRd) is called positive definite if for all f € S(RY), we have

w(f % f)>0.

By Bochner-Schwartz’s theorem [24, Theorem IX.10], a tempered distribution is positive definite if and only if its Fourier
transform is a positive tempered measure.

Recall that given w € S'(R4) and f € S(R%), the convolution f * w is an infinitely many times differentiable function,
which is not necessarily bounded. If f * w is bounded for all f € S(R?), we say that w is a translation bounded tem-
pered distribution, see [37] for properties of these tempered distributions. The space of translation bounded tempered
distributions is denoted by S, (R%).

We can now prove the following result.

Proposition 3.2. Letw € S (R?) be positive definite. Then, the following statements are equivalent.
() w € DT BM(RY).

(i) & € S, (RY).

(iii) Forall f € S(RY), there exists some constant C > 0 such that

|w(e27rit-f)| <cC

forallt € R4
(iv) There exists some f € S(R?) and C > O with f # 0, f > 0 such that

|w(e27rit-f)| <C

forallt € R4
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Proof. The equivalence (i) < (ii) follows from [37, Proposition 2.5].
(ii)=>(iii) Let f € S(RY),andletC := ||f * &||, < c0.The number C is finite because & € S.,(R%). Then, forallt € R,
we have

joxe 7] = [ae 7 )| = [(F+ @0)] <
(iii)=(iv) This is obvious.
(iv)=(i) First, f # 0 implies f # 0. Therefore, there exists some s € R such that f(s) # 0. Since f(s) = f(—s) > 0, we
get f(s) > 0. Therefore, there exist some r > 0 and ¢ > 0 such that

fe)=c for all x € B,(s).

N
Now, let 4 : = @, which is a positive measure since w is positive definite. Since f and u are positive, we have

¢ u(B,(x) = / ¢ 15000 du(y) = / ¢ 15,00 — X +5) du(y)
Rd Rd

</ fO—x+5)du() = / 0 f () dad(y)
Rd Rd

- w(ezm(s—x)‘f) < c
for all x € RY. This gives that

lll.0) = sup u(B(x)) <
x€Rd

5

ola

which proves the claim. O
Next, by repeating the arguments of [30], we can give the following characterization of D7 BM(R%).

Proposition 3.3. Let w € S(RY). Let X :={p € CX(RY) : supp(p) C [—1,1]4}. Then, the following statements are
equivalent.

(i) w € DT BM(RY).
(ii) @ € S, (RY) and the operator

T:X — C,(RY), P pxd,

is a continuous operator.
(iii) There exists a constant C > 0 such that, forallt € R? and ¢ € Cé’"(le) with |@| < 1j_1 174, we have

‘w(62ni1~\¢)| <cC.

(iv) There exist positive definite w,, w,, w3, w, € DT BM(RY) such that
W = wq —fJJ2+i(CU3 —604).

Proof. (i)=(iv) This is immediate. Indeed, if 4 = & € M®(R?), then there exist positive measures u, iy, 1z, gy €
M®(R?) such that

M= — o+ iz — ug).
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As usual, for all 1 < j < 4, there exists some w; € DT BM(R?) such that 507 = w;. The claim follows.
(iv)=>(i) This is also immediate, as a (finite) linear combination of translation bounded measures is translation bounded.
()=(ii) Let u = & € M®(R?). Then, & € S:,O(Rd) by [37, Corollary 2.1]. Moreover, we have

IT@lleo = ll@ * tllco < Ntll[—1,11¢ 1@l oo

forall p € X.
(ii)=(iii) Let ¢ € C(RY) with || < 1j_1,17¢- Then, ¢ € X and ||¢|| < 1. Therefore,

|0 3)| = (g * DO < llg * Blloo < ITH Plls = ITII.

(iii)=>(ii) Let ¢ € X. Define

1 .
¢_{W¢’ if lplles #0,
0 if el = 0.

Then, ¢ € X, |$| < 1|14, and ¢ = [|¢||¢. Therefore, we have

1@ % DO = 19lle|(@ * DYO| = Iglloo| (e $)| < Cllgllco

for all t € RY.
(i))= (i) Let N € N be arbitrary and let Ky :=[—N,N]<. Via a standard partition of unity argument, there exist some
$1,..., ¢ € X and t1, ..., t; € R such that 0 < ¢j(x) < lforallx € R< and

k
Ty ¢j(x)=1
j=1

for all x € K. Then, for all p € CX(R? : Ky) :={p € CX(R?) : supp(®) C Ky}, we have

k
o= ¢T;.@;.
=1

Therefore, we obtain

k k

B(@)] = 1@ * #O) < Y 1@ * @T,$PHO)| = Y, |@ * ¢, T_ 9|
j=1 j=1

J

Therefore, since supp((¢ jT_[jgo)T) C [-1,1]¢, (ii) implies

k
8@ < X |@* @y )| < X ITIIGT,9) s
=

—

~.

< DNTIIT-; @l = Cn 1 llco »

—.
—

where Cy := k||T|| depends only on N and the choice of ¢4, ..., ;.
Since CX(R? : Ky) is dense in C.(R? : Ky) = {¢ € C.(RY) : supp(p) C Ky}, it follows that for all N, & can be
uniquely extended to a continuous functional on C,(R¢ : Ky). Therefore, there exists a measure uy supported inside
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[-N, N]9 such that

un(p) = &(p)

forallp € C®(R?) with supp(p) C [—N, N]9. Itis easy to see that uy = fn 41 (=~ n]¢- We can then define y : C.(RY) = C
via

u@) = pun@)  withsupp(®) C [-N,N]4,
and the definition does not depend on the choice of N. It is easy to see that u is linear, and
lu@)| < Cnlldlleo
for all ¢ € C.(R?) with supp(s) C [—N, N]<. This shows that y is a measure and
u@)=a@g)  forallp € CXRY).
Finally, setting F := {§ € CP(R?) : [P] < 1j_11¢}, [30, Corollary 3.4] gives

leell—1,10¢ = sup [l * pllw = sup [P * &l = sup TPl < Tl
PeF YeF YeF

This shows that ¢ = @ is a translation bounded measure. |

Next, we give a more explicit description of DT BM(RY) in terms of derivatives of functions in the Fourier-Stieltjes
algebra

B(RY) :={p : pis a finite measure on R%}.
In particular, we will show that each tempered distribution @ € DT BM(RY) is a distribution of order (at most) 2d.
Theorem 3.4. Let w € DT BM(RY), and let v = &. Then, there exists some function h € B(RY) c C,(R?) such that

(@) u := haisa translation bounded measure and hence a tempered distribution.
(b) Forevery ¢ € C.(R%), one has

~ P(x)
K= ~/[Rd (2mix))?d + - + (2mixg)* + (1)

dv(x).

(c) LetWy := (0, )2d + -+ 0y, )24 4 (=1)4. Then, W,u is a tempered distribution and

Yiu=w.

(d) Forall f € S(RY), we have

d
lw(F)I < ”h“oo(“flll + Z ||(5xj)2df||1>-
Jj=1

(e) wis a distribution of order 2d.
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Proof. Letp := . v. By Lemma 2.3, p is a finite measure, and hence h : = p € B(RY) c C,(RY).

T @ai())2 4+ 2ri() )24+ (1)

(a) Since h € C,(R%), we have u € M*®(RY). In particular, u is a tempered distribution.
(b) This follows from Proposition 2.9 with p as in the proof of (a).
(c) Let f € S(R?). Then,

dv(x)

ix )24 + ... ; d (—1\d\ F
o) =00 =) = [ (@i + - + Qixg) + (1)) /()

rd  Qmix)2 + -+ 4+ Q2rixg)?d + (—1)4

_ / Yuf (x)
ra (27ix; )24 + -+ + (27ixg)*d + (—1)d

dv(x) = u(¥af) = (Far)(f).

Thus, w = ¥ u as tempered distributions.
(d) Let f € S(RY). Then,

w(N) = Wap)f = u( (@) + - + @) + (=100 1)

= [ (@) 4+ @ + 1) £ ) ) dAo).

R

Therefore,

DI [ [ RN PO+ 1@, P01+ 1001 )ao)
R

d
< ||h||oo<||f||1 + ||(ax,>2df||1>.
j=1

J

(e) Let K be a compact subset of R¢, and let ¢ € C®(R?) with supp(¢) C K. Now, (d) and Lemma 2.3 imply

d d
()] < ”h”oo<”¢”1 > II(axj)2d¢>|I1> < Al ACK) <2 10, )**¢llco + |I¢||oo>-
j=1 j=1

Thus, w is a distribution of order 2d. O
Let us now look at a very simple example.

Example 3.5. Let w = §7. Then, by Poisson’s summation formulav := @ = §7,and hencew € DT BM([Rd). In this case,
h() = = Ty e

X)= =3 2kezr® .

To see this, we should first remind the reader that

2 ~
— = ¢(x with ¢(x) =e ¥,
yrereae Ed 0 #x)

Now, an application of Poisson’s summation formula gives

h — 27ixy ds I 2mikx
) /Re —4m2y? —1 z) kezz 4m2k? +1 ¢

— _% Z $(k)e—27rikx — _% Z ¢(k _x) — _% Z e—|k—x| )

kez kez keZ
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Let us note in passing that the proofs in this section can be used to prove the following results about tempered
distributions with (not necessarily translation bounded) measure Fourier transform.

Lemma 3.6.
(a) Leth € B(RY) and let
w=Y,(ha).
Then, w is a tempered distribution and v = & is a measure satisfying

1

d 2 dv|(x) < .
(b) Let v be a measure satisfying
/ d d|V|(x) < 00
Rd (27'L'x1)2 + -+ (Zﬂx l)Zd 1 .

Then, there exists some h € B(R?) such that w = W4(hA) is a tempered distribution and v = &.
Proof.

(a) Since h € B(R?), there exists a finite measure x on R? such that h = . Let
v = (@ai(-))* + - + 27i()g)* + (D)%) .

Then, v is a measure.
Now, since h = [t and u is a finite measure, we have

—

WA=y (3.1)

as measures [22, Lemma 4.9.15]. In particular, (3.1) holds as tempered distributions by Theorem 2.8.
Finally, we obtain
& = Ba(hd) = (@mi())% + - + ()™ + (~1)%) kA
= (@7i())* + -+ + Q7i())* + (D) =v.
Moreover,

1
/Rd @rxy)2d + - + 2axg)?d +1

d|(x) = [uIR?) < oo,

since u is a finite measure.
(b) This is similar to the proof of Proposition 3.4. O

Exactly the same way as in Theorem 3.4, we can also prove the following result. Since the proof is identical to the one
of Theorem 3.4, we skip it.

Proposition 3.7. Let w € DT BM(RY), and let v = &. Then, there exists some function h € B(RY) c C,(R%) such that
(@) u := haisatranslation bounded measure and hence a tempered distribution.

(b) for every ¢ € C.(R%), one has

P(x)

He) = /Rd (27ix, 2 + - + Qrix)?)d + (—1)d dv(x).
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d
(c) letd, := <(6x1 )2 + -4 (axd)2> + (=1)4, then ®4u is a tempered distribution and

Piu=w.

(d) forall f € S(RY), we have
d

d
()1 < I1llof £111 + (2@,)2) f
j=1

1

(e) w is a distribution of order 2d.

4 | THE EXISTENCE OF A GENERALIZED EBERLEIN DECOMPOSITION

We can now prove the existence of generalized Eberlein decomposition at the level of distributions of order 2d.
We start with the following simple results.

Proposition 4.1. Let w € DT BM(RY). Then, there exist unique distributions wg, wg,, and wos € DT BM(R?) such that
W = wg + Wy, + wys as well as

s = (@)pp > Oon = (@)acs and o = (@) -
Moreover, there exist functions hg, hg,, and hos € B(R?) such that
ws = Yu(hsd), woa = Ya(hoad), and wos = Wg(hosd)
Finally, with wy = wg, + wgs, the decomposition
W = ws + wy
is the decomposition of (2.7).
Proof. Since @ € DT BM(R?) we have v := & € M*(R?), and hence vy, v,c, vsc € MP(R?) by [30, Lemma 3.12]. The
existence of wg, wy,, and wys € DT BM(RY) follows now from Fact 3.1. The existence of hg, hg,, and hyg follows from
Theorem 3.4. The last claim follows from Theorem 2.19. |
Remark 4.2. Let w € DT BM(R?) be positive definite and let v = &. We can ask wether or not the distributions ws, wg,,
and wog can be chosen as measures. However, for the distributions to be measures, it is necessary that v, v,, and vy are
weakly almost periodic [22, Theorem 4.11.12]. So, in general the answer is “no.”

As an example, let v = 4|[o o) and let w = ¥. Then, w € DT BM(R?) cannot be a measure, as this would imply that v
is weakly almost periodic, and hence, by [22, Lemma 4.10.7] the limit

. 1
lim %v([t —n,t+nj)

n—oo

would exist uniformly in ¢. It is easy to see that this is not the case, as

1 ift>n
1 1.
— ([t —n,t =J- ift=0
2nv([ n,t+nj) 51

0 ift<—-n
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Similarly, with w = %, the distribution w = w, is not a measure.
In the case of Fourier transformable measures, Proposition 4.1 yields the following consequence.

Theorem 4.3. Let y be measure on R?, which is Fourier transformable as a measure. Then, there exist a unique Fourier
transformable measure y, tempered distributions wg,, wos € DT BM(R?) of order 2d and functions hg, ho,, and hys, € B(R?)
such that:

(@) Yo := wg, + Wy is a Fourier transformable measure.

(b) Y = Vst @Woa + Wos-

(c) y = ys + Yo is the Eberlein decomposition of Proposition 2.17.

@ 75 = (?)pps @oa = (Pac, and @gs = (¥)sc-

(e) ys = ¥q (hsd), wpa = ¥y (hpad), and wos = ¥y (hosd).

(f) Ify is positive definite, then y, y, are positive definite measures, and wg,, wqs are positive definite tempered distributions.

Proof. Since y is a Fourier transformable measure, we have y € DT BM(R?) by Theorem 2.8. Now, let
Y=Vst+7o0
be the usual Eberlein decomposition of y from Theorem 2.18, and let
Y = Ws + wpa + Wog
be the decomposition of Proposition 4.1. Then, we have
H=@yp=& and 75 =@, =D+ P = Ty + @
in the sense of tempered distributions. The injectivity of the Fourier transform then gives
Vs = Ws and Yo = @Wos + @Wpa-

Note here that w,,wys € DT BM(RY) by Proposition 4.1. Also, by Theorem 2.8, we have y, € DT BM(R?). In
particular, Theorem 3.4 gives the existence of hg, ho,, and hy, € B(R?) such that () holds.

The injectivity of the Fourier transform for tempered distributions and uniqueness of the Lebesgue decomposition for
¥ gives the uniqueness of ¥, 7o, @ga> Wos-

Finally, if y is a positive definite measure, then ¥ is a positive measure and hence so are (7),p, (#)c, (7)ac, (7)sc- This gives
(f) and completes the proof. O

Now, Proposition 4.1 makes the following definitions natural.

Definition 4.4.

DT BM(RY) :={w € DT BM(R?) : & is pure point}.
DT BMy(R?) :={w € DTBM(R?) : & is singular continuous}.
DT BMp,(RY) := {w € DT BM(RY) : & is absolutely continuous}.
DT BMy(R?) : = {w € DT BM(RY) : & is continuous}.
Asusual, we denote by Mg‘;(Rd), MP(RY), Mg'g([Rd), M (RY) the spaces of translation bounded pure point measures,

translation bounded continuous measures, translation bounded absolutely continuous measures, and translation bounded
singular continuous measures, respectively.
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Proposition 4.5. These spaces just defined have the following properties.

(a) DT BM(RY) € WAP(R?), DT BM(RY) C SAP(RY), DT BMy(R?) C WAP,(RY).
(b) DT BM(R?) = DT BM(R?) @ DT BMy(R?).

(c) DT BMy(RY) = DT BMy(RY) @ DT BM,(RY).

(d) DT BM(RY) = DT BM(RY) n SAP(R?).

(e) DT BMy(RY) = DT BM(R?) N WAPy(RY).

(f) The Fourier transform induces the following bijections:

DT BM(RY) =DTBM(RY) @DT BMy(RY) @©DT BM,,(RY)

7] gl gl gl

M=(R?) = MZRY) AMI(RY) AMI(RY)

Proof. (a) is a consequence of Theorem 2.19, [37, Proposition 6.1], and [37, Proposition 6.2]. (b) and (c) are an immedi-
ate consequence of Proposition 4.1, Fact 3.1, and [30, Lemma 3.12]. (d) and (e) follow from [37, Proposition 6.1] and [37,
Proposition 6.2], respectively. (f) is a consequence of Fact 3.1. O

5 | ON THE COMPONENTS OF THE GENERALIZED EBERLEIN DECOMPOSITION

Let y be the autocorrelation of w € M®(R?). Then, y € M*(R%) n DT BM(R?), since y is positive definite. In order to
better understand the pure point, continuous, absolute continuous, and singular continuous spectrum, respectively, we
need a better understanding of the components of the generalized Eberlein decomposition of y. In particular, we need to
understand the spaces DT BM(R?), DT BMy(RY), DT BMy(R%), and DT BMy,(RY).

The subspaces DT BM (R?), DT BM(R?) are characterized by Proposition 4.5. Indeed, for a distribution w €
DT BM(R?), one has the following:

(1) w € DT BM(R?) if and only if f * w € SAP(R?) for all f € S(R?).
(2) w € DT BMy(RY) if and only if f * w € WAPy(R?) for all f € S(R?).

While we cannot constructively obtain the (restricted) Eberlein decomposition this way, it can be used to check ifa given
decomposition is the Eberlein decomposition. Indeed, we have the following result, compare [33, Proposition 5.8.7.].

Lemma 5.1. Let w,w;,w, € DT BM(R?) be such that w = w; + w,. Then, w, = wg and w, = w, if and only if, for all
f € S(R?), the following two conditions hold:

(D) f % w, € SAP(RY).
@) 1My g [y e I @2)@0)] dx =0,

Proof =>:One has f  w; = f * wg € SAP(RY) and f * w, = f * wy € WAP(R?) for all f € S(R?). Therefore, we
have

lim ﬁ /[_n,n]d ((f # @2)(0)] dx = 0.

«=:Let f € S(R?). Then, f * w; € SAP(RY). Moreover, by Proposition 4.5 (a), we have f * w, € WAP(R?) and hence
f * @, € WAPy(RY) by assumption. Thus, f * @ = f * w; + f * w, is the Eberlein decomposition of f * w € WAP(R?).
Therefore, by [37, Theorem 5.2], we have

fraoy=(rw)=[f*(w) and  fraw=(f*w)=f*().

As this holds for all f € S(RY), we get w; = wg, @, = w,. O

85U80|7 SUOWIWIOD aAIea.D) 3ol |dde ay) Aq peusenoh ae sape YO ‘8sn Jo se|n. 1o} AreiqiauljUO 8|1 UO (SUORIPUOD-PU-SWBIW0D A8 |IMAeIq Ul [UO//:SANY) SUOIIPUOD pue SWis | 8u3 88S *[5202/€0/LT] uo AriqiTauliuo A8 |Im ‘AiseAIUN Uemede | Aq 85900TZ0Z BUEW/Z00T OT/I0P/LI00" A3 | 1M AReid 1 puluoy//Saiy Wwoly pepeojumod ‘2 ‘#7202 ‘9T9222ST



734 &A‘fgg&lhéﬁ%%ﬁHE SPINDELER and STRUNGARU
[NACHRICHTEN |

Consequently, we obtain the following simpler characterization of w € DT BMy(R%).

Corollary 5.2. Let w € DT BM(RY). Then, w € DT BMy(RY) if and only if

. 1
Jim /[_n’n]d I # @)(0)] dx = 0

forall f € S(RY).

Going further into the generalized Eberlein decomposition, the problem becomes much more complicated. The main
issue is that the space DT BM(R%) is very mysterious, and there is not much we can say about it right now.

Instead, we will take a closer look at DT BM,(R%). Via an application of the Riemann-Lebesgue lemma and
Plancherel’s theorem, we find necessary conditions and sufficient conditions for a tempered distribution w € DT BM(RY)
to belong in this space. Finding a necessary and sufficient condition seems to be a difficult problem, which is likely related
to finding an intrinsic characterization of the Fourier algebra

ARD ={f : feL'®@}.
Let us start with necessary conditions. Here, we follow the approach of [29, Theorem 27].

Proposition 5.3. Let o € DT BM,(R?). Then, forall f € S(R?), we have f % w € CO(IRd).

Proof. Letg € Llloc(le) be such that & = g, and let f € S(R?). Since v := gA € M*®(R%), we have

d
(Z(zn(-)j)zd + 1) f‘
j=1

by Lemma 2.3. Therefore, fg € L'(R%). The Riemann-Lebesgue lemma now gives

[ |Forgeo] ax <
Rd

/ 7 ! dlv|(x) <
Rd Zj=1(27rxj)2d +1

[e5]

frw=(fg) eCy®RY. 0
Remark 5.4.
(a) The converse of Proposition 5.3 is not true [29, Remark 28].
(b) Letw € S'(Rd) be such that & is absolutely continuous (but not necessarily translation bounded). Then, exactly as in

Proposition 5.3, one can show that ¢ * w € CO(Rd), forallp € C§°(Rd).

Next, we give a sufficient condition for the Fourier transform of a tempered distribution to be a continuous measure
with LIZOC([Rd)-density function.

Proposition 5.5. Let w € S'(RY). Then, there exists some f € LIZOC(IRd) such that @ = fAifand only if ¢ * w € L*(RY) for
all g € CX(RY).

Proof. = Letp € C®(R%), and let K C R be the support of . Let g : = f¢. Then,
[ g0 ax = [ 1P eGP dx < gl [ 171 dx < .
Rd K K

Therefore, g € L2(R%), and hence, by Plancherel’s theorem, there exists some h € L2(R%) such that h= g.
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Now, by [1, Theorem 2.2], hd is Fourier transformable as a measure and hA = gA. In particular, ha is a tempered
distribution by Theorem 2.8, and as tempered distributions, we have

Pl =gl = fod = (3 * w)A.

Therefore, the functions h and w * ¢ agree as tempered distributions, and hence agree almost everywhere.

Finally, h € L?>(RY) implies w * ¢ € L>(R%) as claimed.

& For each ¢ € CP(R?), we have w * ¢ € L*(RY). Let f, € L*(R?) be the L*-Fourier transform of w * ¢. Then,
exactly as above, as tempered distributions, we have

9@ = (w * P)A = f,A. (5.1)
Next, for each n € Z¢, fix some ¢,, € C.(R%) such that ¢, (x) = 1 for all x € n + [0,1)%. Now, define
fx) = fg, (%) ifx en+[0,1)¢. (5.2)

Then, ¢, € L*(R?) implies f ln+101)d € L?(R%). As every compact set be covered by finitely many sets of the form n +
[0,1)¢, we obtain f € LIZOC(IRd).
Finally, if ¢ € C.(R%) such that supp(¢) C n + [0, 1) for some 1, we have ¢ = ¢¢,,, and hence by (5.1) and (5.2),

(@) = (pn@)(@) = (f4,)(p) = / Fo, () @(x) dx = (fA)(9).

n+[0,1)d

Now, via a partition of unity argument, we can write each ¢ € CX(R?) as a linear combination of ¢ € C®(R¢) with
supp(¢) C n + [0,1)¢ and hence w = fA4 on CX(RY). Therefore, by the density of C(R) in S(R?), the two tempered
distributions agree. O

Cauchy-Schwarz’s or Holder’s inequality imply that leoc(Rd) C Llloc([Rd), which immediately leads to the following
sufficient conditions.

Corollary 5.6. Let w € DT BM(RY). If § * w € L*(RY) for all ¢ € CX(RY), then w € DT BMg,(RY).
Corollary 5.7. Let w € DT BM(RY). If g + w € L2(R?) for all g € S(RY), then w € DT BMy,(R9).

Consider now a Fourier transformable measure ¢ with uniformly discrete support. If we could strengthen Corollary 5.7
by replacing “forall g € S(R%)” by “forallg € C°(R?),” then a simple computation allows us to replace this condition by a
much simpler restriction on the coefficients of u. This will in turn have interesting consequences for Fourier transformable
measures with Meyer set support.

In order to do this, let us introduce the following definition.

Definition 5.8. A measurable function f : R? — C is called Schwartz to L?> compatible if gf € L*(R?) for all g € S(R?).
We denote the space of Schwartz to L?> compatible functions by £5,(R%).

A measurable function f : R% — C is called weakly Schwartz to L> compatible if 3f € L*(R?) for all p € C(RY). We
denote the space of weakly Schwartz to L> compatible functions by W£S,(R9).

Let us start with some straightforward consequences of the definition.
Lemma 5.9.

(@ LS,R) CWLS,(RY) C L} (R) C L (RY).
(b) Let f € Llloc(le). If there exists some k € N and some 2 < p < oo such that
(© L2R?) € LSH(RY).

(1+|f|2)k f € LP(RY), then f € £LS,(RY),
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Proof.

(@) L£S,(RY) c WLS,(R?) follows from the fact that @ € S(R?) forall ¢ € Cg"(le).
Next, let f € WLS,(RY). Let K C R¢ be any compact set. It is easy to see that there is some ¢ € C®(R?) such that
@ > 1. Then,

/If(x)lzdx </ |f ()12 1@(x)|? dx < 0.
K Rd

This shows that WLS,(R?) C L (R?). As mentioned above, L} (R%) C L] (R?) follows from Cauchy-Schwarz’s or
Holder’s inequality.

(b) Letg e S(RY), and let 2 < g < oo be so that % + 2 = 1. Such a q exists, since p > 2. Then, an application of Holder’s

’ loc(

inequality gives

2

1 k |2
lgfII2 = ‘—f a+1-1%
. H (1+|-|2)" g “1

because of the assumption on f and g € S(R?).

o L el

i/, a1 9] <
1+

(c) This follows from (b). O
Remark 5.10.
(a) Let
- ifo<xg1
feo =1 V= .
0 otherwise.

Then, f € LY(R) C LlOC(IR) and f € LP(R) forall1 < p < 2.
Next, if g € S(R) is any function such that g > 1 on [0,1], then fg & L?>(R). This shows that f ¢ £5,(R%) and
f & WLS,(RY). In particular, the condition 2 < p < oo in Lemma 5.9 (b) is sharp.
(b) Let f € Llloc(le) be such that f1 is a tempered measure in strong sense. Then, there exists some n € N such that

1
- d ,
/Rd 1+ |x2)" 7] dx < oo

which is the condition from Lemma 5.9 (b) for p = 1. Unfortunately, as pointed above, this is not enough to conclude
that f € £S,(RY).

The next result is an immediate consequence of Lemma 5.9.
Corollary 5.11. We have the following equality of spaces.

L2RY) = L (RY) n L*RY) = L} (RY) n L¥(RY)

=WLS,(RY) n L2(RY) = £S5,(RY) n L2(RY).
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Proof. Lemma 5.9 (c) implies

L*(R?) C LS,(RY) CWLS,(RY) C L2 (R C L) (RY).

loc

The claim follows. O

Now, we can prove the following result. Note here that the only difference between this result and Proposition 5.5, is that
the definition of £5,(R%) and WLS,(R%), respectively, allows us replace in the proof of Proposition 5.5 the function g for
g € CX(RY by h € S(RY) and ¢ € CX(R?), respectively. Repeating the proof with these changes, we get the following
result, which strengthens Corollary 5.7. As the conversion of the proof is straightforward, we skip it.

Proposition 5.12. Letw € s (R9).

(a) There exists some f € LS,(R?) such that @ = fA ifand only if h * w € L*(RY) for all h € S(RY).
(b) There exists some f € WLS,(RY) such that & = fAifand only if ¢ * w € L>(R?) forall ¢ € C§°(|Rd).

5.1 | Measures with uniformly discrete support
We can now prove the following result, which has interesting consequences for measures with Meyer sets support.

Theorem 5.13. Let A C RY be a uniformly discrete set, and let

M= Z Cx 8y

xXEAN

be a tempered measure. Then, the following statements are equivalent.

(i) There exists some f € WLS,(RY) such that il = fA.
(ii) ¢ * u € LA(RY) forall p € CX(RY).
(ii)) ¥, o\ loxl? < oo.

Proof. (i) < (ii): This is a consequence of Proposition 5.12.
(ii)=> (iii): Let U C R? be such that A is U-uniformly discrete. Pick ¢ € C2(R?) such that supp(¢) C U and ¢ > 1 on
some compact set K C U of positive Lebesgue measure. Then, by [33, Lemma 5.8.3] and its proof, we have

s ol) = lexl loGy = ),

XEA

for all y € R?, and the sum Zx e 16x| [9(y — x)| contains at most one nonzero term. Then,

(= @O = Y e o — 01> > D lex? 11x(y —x)|  forally €A,

XEA XEA

Note here that if A is finite, then

AK) Y lexl? =) |cx|2/ |1K(y—x)|dy=/ D lex? 11k (y = x)| dy .
Rd R

x€EA x€A d xeA

On the other hand, if A is infinite, it is countable by uniform discreteness. Let {x,} be an enumeration of A. Then, the
sequence of functions f, := ZZ=1 Cx, 12|11 (- — x;)| € L}(R?) is increasing, and hence

1) Yl = tim [ fuay= [ tim f00ay= [ (2 |cx|2|1K<y—x>|>dy,
Rd Rd "7® Rd

XEA XEA
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where we applied the monotone convergence theorem. Therefore, in both cases, we obtain

A(K)Z|cx|2=/ <Z|cx|2|1K(y—x>|>dy</ |( % @)W dy < co.
Rd Rd

XEA XEA

(iii)=>(ii): Note first that (iii) implies that

vi= Z lex 1?8

XEA

is a finite positive measure on R<.
Let again U C R? be such that A is U-uniformly discrete. Let ¢ € CX(R?). By a standard partition of unity argument,
there exist ¢y, ..., ¢ € C°(R?) and y,, ...,y € R4 such that

p=) @ with supp(p;) Cy; + U foralll1 < j<k.

~.
™M =
L

By [33, Lemma 5.8.3] and its proof, we have

(e @) = (Ul = 1o D) = Y lexl Iy = %))

XEA

with |ey|l@j(y —x)| =0, forall1 < j<kandally € R4, for all but at most one x € A. In particular, this implies

w20 = 3l 0= 0P = [ 1oy =P o)
R

XEA

forall1 < j < k and y € RY. Therefore, an application of Fubini’s theorem gives

/R G @y = /R d /R gy =P dvx)dy

= [ [ o= 0P avaveo =gt [ 1avo
Rd JRd Rd

2
= llgjli2 Y lexl? < co.

XEN

This completes the proof. O
The next corollary is an immediate consequence.

Corollary 5.14. Let A C R be a uniformly discrete set, and let

M= Z Cx Oy

XEA

be a tempered measure such that er A lex|?> < oo. Then, its Fourier transform in the tempered distribution sense is an
absolutely continuous measure.

In particular, if u is Fourier transformable as a measure, [l is absolutely continuous.

Fourier transformable measures with Meyer set support are of special interest in some branches of mathematics like
aperiodic order. Therefore, we are going to list some consequences for this special class of measures.
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Theorem 5.15. Let u be a Fourier transformable measure supported inside a Meyer set T C R%. Then, there exists a Meyer
set A C R and a bounded function ¢ : A — C such that

(@) poa = erA o(x) 8.
(b) limy - le(x)| = 0.
: : 1 d oo (mpd i —
(¢) if there exists some f € L, (R%) N L®(R?) such that (0),. = fA4, then

Z le(x)]? < .

XEA

Proof.

(a) This follows from [34, Theorem 4.1] or [36, Theorem 5.7].
(b) This is a consequence of [29, Corollary 35].
(c) By Corollary 5.11, we have f € WLS,(R?). The claim follows now from Theorem 5.13. O

Remark 5.16. Under the assumptions of Theorem 5.15, if (R4, H, £) is any cut-and-project scheme and W C H any compact
set such that A C A(W), we can choose I' = A(W) [36, Theorem 5.7].
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ENDNOTE

1We reversed the order of letters here since SL, is used for the special linear group.
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