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CAPACITIES AND EMBEDDINGS OF BESOV SPACES VIA GENERAL
CONVOLUTION KERNELS

PENGTAO LI, RUI HU, AND ZHICHUN ZHAI

AssTrAcT. This note is denoted to establish equivalent characterizations of Carleson em-
beddings of fractional Besov spaces A2/(R") into the Lorentz spaces LZO‘F (le”) induced
by general convolution kernels ®,(-). When (p, ¢) € (1,n/B) X (1, o0), the embeddings will
be characterized in terms of capacitary type inequalities for open subsets of R”. When
p = q € (0,1], the embeddings will be characterized in terms of fractional Besov capaci-
ties or the associated variational functional of a nonnegative Radon measure u. Especially,
when p = ¢ = 1 and 8 € (0, 1), the characterization can be also established in terms of
fractional perimeters.
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1. INTRODUCTION

1.1. Motivations. Due to the profound theoretical background in physics, the concept of
capacities has been widely applied in the research of analysis and partial differential equa-
tions. Let u be a positive charge distribution on a compact subset K of R3. In mathematics,
the charge i can be considered as a Radon measure and the total charge on K is defined as
1(K). For a unit test charge at x € R3 \ K, the Newton potential of x at x is

UF(x) = f dﬂ(y)_
k lx=yl
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2 PENGTAO LI, RUI HU, AND ZHICHUN ZHAI

The capacity of K, denoted by Cap(K), is interpreted as the charge which makes the equi-
librium potential of u equal to one. Denote by M., (K) the set of all positive Radon mea-
sures on K. It can be proved that

Cap(K) = inf {f f Md/vt(x) cpu e M (K), U*>1on K}.
k Jk lx =yl

Moreover, the capacity Cap(K) can also be represented as
1
Cap(K) = inf{4— f IVo(x)Pdx : ¢ € CY(R?), > 1 on K}
T JR3

which is related with the Sobolev space W 2(R").

The above observation inspired many researchers to investigate capacities associated to
function spaces, see [1], [2], [3], [16] and the references therein. As an ideal substitute
of measures, capacities have been applied to investigate the continuity of the embeddings:
LP(R") — LZ (R™), where u denotes a positive Radon measure. Let g be a rapidly decreasing
convolution kernel on R”. The classical L”-capacity is defined as follows. Let 1 < p < oo
and E c R". Define

Cop(E) = inf{f Ifo)lPdx: feLiR"), g+ f>1forall x € E}
R/X

Here f € LY(R") contains all nonnegative elements of LP(R"). If g * f < 1 on E for all
f e LE(R™), we set Cy ,(E) = co. The following capacitary weak type inequality holds:

(1.1) CopUxeR": gx f2A)<A? f lf(x0)lPdx,
RIX

which implies that, for E C R", C, ,(E) = 0 if and only if there exists an f € LI (R™) such
that E C {x : g f = oo}. In fact, it can be proved that the following capacitary strong type
inequality holds. If g is a radially decreasing convolution kernel on R”, then there holds

fo Cop{x: g* f(x) = ADHdA” < |IfIl;

for p € (1,00) and all f € LY(R"), see [3, Theorem 7.1.1]. Here A < B means that there
exists a positive constant C such that A < CB.

As an application of the strong type inequality, there holds the following characteriza-
tion of the embedding

G: feL’R") > g*feLiR".

Theorem 1.1. ([3, Theorem 7.2.1]) Let g be a radially decreasing convolution kernel, and
let p € My (R"). Then for 1 < p < g < oo, the following properties of u are equivalent:
(1) There holds

1/q
(fRn lg *f(X)I"d#(X)) S lp@y ¥ f € LPRY).

(i1) There holds

llg * kcll iy gy < HCKDMY
for all compact sets K C R".
(ii1) There holds

Sugt(,u({x g fOOl 2 Y S Nfllr@n Y f € LPR™).
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(iv) There holds
(KN < Cy p(K)'TP
for all compact sets K C R".

The first version of Theorem 1.1 was proved by Maz’ya in 1960s when studying the
Schrodinger operator L = —A — u, for a positive measure y on a domain Q c R",n > 3.
The idea of Theorem 1.1 motivated many researchers to study the embeddings of functions
induced by partial differential equations. Adams and Xiao [4] studied the embddings of
Besov spaces via the classical Poisson kernel. Xiao [29, 30] established characterizations
of Carleson embeddings of fractional Sobolev/Besov spaces induced by the classical heat
equation. The authors of [29, 30, 33, 10, 15, 32, 27] studied the characterization of the
embeddings of fractional Sobolev spaces, Besov spaces and Lebesgue spaces via the spatial
fractional heat type equations. Following the ideas of these former progress, Li, Zhai and
their collaborators investigated the equivalent characterizations of Carleson embeddings of
function spaces via the Caffarelli-Silvestre extension and space-time fractional equations,
see [19, 17, 20, 18, 21].

Motivated by the idea of Theorem 1.1 and the above-mentioned works, in this article,
we aim to characterize the Carleson type embeddings from the function spaces on R" to the
ones defined on the upper-half Euclidean spaces R}f" and associated to u(t, x) = @, = f(x),
where {®,(-)};~ is a family of convolution kernels satisfying some regularity condition
and canceling condition. More specifically, in this article, we make the following two
assumptions on @,(-).

o Assumption 1. ®,(x) = t"®(x/t) for all #+ > 0 with ® being nonnegative, lower
semicontinuous, radially decreasing and integral on R” satisfying fR” O(x)dx = 1.
e Assumption 2. For any § > 0, there exists a constant C such that

inf {®@,(x) : |x] < 61} > Cr™.

It is easy to see that these assumptions can be satisfied when @, is an approximate identity
generalized by a Schwartz function. Based on these assumptions, we will characterize a
nonnegative measure g on R1* such that

s o gaeny < W llapseny ¥ f € CoRY).

Note that @,(x) in the assumption 1 can be replaced by ®,(x) = "*®(x/t*) for a > 0,
which covers the spatial/spatial-time fractional heat kernel. Similar embedding problems
have been studied in [10, 15, 27, 29, 30, 32, 33].

In the rest of this article, we will use the following function spaces. Let Cj’(R") be the
class of all infinitely smooth functions with compact supportin R”. For 0 < p,q < coand a
nonnegative Radon measure u on R*'!, LZ’” (R} and LZ(RJ'F“’) denote the Lorentz space
and the Lebesgue space of all functions g(-,-) on R**!, respectively. Here,

= 1/p
" /
g Migogeson = ( f (u (100 e RE |g(r,x>|>z}))”dﬂ”) <o
0
and
1/q
g Mg = ( f llg(t,X)quﬂ) < o0,
R

Moreover, we denote by LZ’M(RIJ") the set of all u—measurable functions g(-,-) on R*!
with y
q
3G Mgz rony == sup s (e ({(2. 1) € RE ¢ Jge, )] > s})) ™ < oo,
>0
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In this paper, Ag’q(R") is the homogeneous Besov space defined as the completion of
all C°(R") functions with || f| Apacan < oo, where the norm || f]| APIE) is defined as follows.
For (B, p,¢) € (0, 00) X (0, c0) X (0, c0),

l/q
. k —
U NApscee, = ( fR BRI e <"+ﬂq>dh) .

Here k = 1+ [B],8 = [B] + {B} with [B] € Z,, {8} € (0, 1) and
Af=ANATTE AL = flx+h) - f(x) YxeR"
The Besov capacities C/’;’q(-) have been studied in [2, 4].

Definition 1.2. Let (3, p, g) € (0, 00) x (0, c0) X (0, 00). For a compact set K C R”, its Besov
capacity Cg"’(K) is defined as

Cg’q(K) = inf{llfll/p.\z‘q(Rn) : fECY®R" and f > lK}
and for any set E C R", its Besov capacity

CLUE) = inf sup  {ChUK),

open O2F compact KCO

where 1, stands for the characteristic function of the set A.

The Besov capacity C g’q(~) is equivalent to the classical Hausdorff capacity H;‘X’) defined
as, for d € (0, 00),

H(K) o= inf{ " m27),
i=0
where the infimum is taken over all countable coverings of K C R” by balls whose radii
rj < oo, while m; is the number of balls from this covering whose radii r; belong to the
interval (2’i’1,2’i],i =0,1,2,.... Then, it follows from [24, Theorem 2] that Cﬁp’p(-) x
H{™) () when B € (0,n), p € (0,00) and 0 < pB < n.
For any open set O C R”, the tent space T(0) C R1*" based on O is defined as

T(0) = {(t.x) eRI*" : B(x,n) c O},
For a nonnegative measure u on Rﬁ” and A > 0,
1.2 &) = inf{Cg"’(O) : open O C R*, u(T(0)) > ,1}

is the variational capacity minimizing function associated with C g’q(-).

When (p, q¢) € (1,n/B)x (1, o), the embeddings will be characterized in terms of capac-
itary type inequalities for open subsets of R”. When p = ¢ € (0, 1], the embeddings will be
characterized in terms of fractional Besov capacities Cg’q(‘) or the associated variational

functional c*f,’q(/vt; A) of a nonnegative Radon measure u. Especially, when p = ¢ = 1, the
characterization can be established in terms of the fractional perimeter. Let us review some
preliminaries on the fractional perimeter. See [31] for more details.

When g € (0, 1), the fractional B—perimeter of E is half of the fractional Besov norm
Il ||A;A|(R,i> of 1g, that is,

1 1
Pﬁ(E) = L . mdxdy = 5”15”/\}}"(]&")
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which is also closely related to the C, ;;’1(-). For more significant roles of the fractional
perimeter Pg(E) in modern geometric analysis, see [5, 6,7, 8,9, 12, 13, 14, 25, 26].
Now, we are ready to state our main results.

1.2. Statements of main results. The first result characterizes the Carleson embeddings
in terms of several geometric inequalities when p € (n/(n + ), 1].

Proposition 1.3. Let B € (0,n) when p = 1, or B € (0,1) when p € (n/(n + B),1). Let
qo € [p, ) and u be a nonnegative Radon measure on Rff”. Denote u(t, x) = O, = f(x).

Then the following statements are equivalent.
(1) There holds

I, Mggorgrony < Wflligrey V f € CEER.
(i1) There holds
s Mo gaomy S Wiz ¥ f € Co'RY).
(>iii) There holds
llaeCs Mpzogrony S W llaprany ¥ f € Co(R").
(iv) There holds
P90

sup
>0 Cp p(H; 1)

< 00,

(v) There holds
(ur©O)rn A
up{ Cg’p(O) : open set O C R } < oo,
(vi) There holds
(u(T(B(x, r)))"'® <o

=
(rx)eRLn rrh

Denote
pVg=max{p,q} and pAgq=min{p,q}
When (p, g) € (1,n/8) X (1, c0), we can establish the following result.

Proposition 1.4. Let i be a nonnegative Borel measure on Rf’". Denote u(t, x) = ©,* f(x).
IfB € (0,n) and (p,q) € (1,n/B) X (1, ), then

(1.3) [l Mgprariarny S W llapseny ¥ f € CoRY)
if and only if
(1.4) w(TO)) < (C§~"(0))</’Aq>/f’ Y open set O C R".

The embeddings from /\['5’] (R™) to Lz(R}f”) can be characterized in terms of the follow-
ing geometric inequality of the fractional perimeter.

Proposition 1.5. Let u be a nonnegative Radon measure on R\ and 1 < q < co. The
following two statements are equivalent.
(1) There holds the analytic inequality:

s iz < Wlggo ey Y € CF-
(1) There holds the geometric inequality:
u(T (0N < Pg(0)
for all bounded domain O C R".
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Our last result extends Theorem 1.1, i.e., [3, Theorem 7.2.1] to the endpoint case p = 1.

Proposition 1.6. Let g be a radially decreasing convolution kernel, and let u € M, (R").
Then for 1 = p < q < oo, the following properties of u are equivalent:
(iii) There holds

sup tultx : lg fOl = )" S I fllpen VS € L'R).

(iv) There holds
(KD 5 Cya (K)
for all compact sets K C R".

In next section, we will provide the proofs of our main results.

2. PROOF OF MAIN RESULTS
Before proving our main results, we need to establish the following basic lemmas.
2.1. Basic lemmas.
Lemma 2.1. For f € C7(R"), A > 0, and a nonnegative measure ji on Rf’”, let u(t, x) =
@, * f(x),
Ex(f) = {(t, 0 e R Jutt, x)| > 4

and
Ry ={yeR": sup lu(x.0) > A).

|y—x|<t
Then the following four statements are true.
(i) For any natural number k

u(EA(f) N T(BO, k) < (T (Ry(f) N B(O,k))) .

(ii) For any natural number k,

Capll (R(f) 0 B(O, k) = ¢, 1 (T (Ry(f) 0 BO, k).

(iii) There exists a constant 6,, > 0 such that
sup |u(t,y)| < 6, Mf(x), xeR",

ly—al<t
where M denotes the Hardy-Littlewood maximal operator:
Mf(x) = supr™ f lfG)ldy, x € R".
r>0 B(x,r)

Proof. (i) The assumption 1 implies that sup |u(x,?)| is lower semicontinuous on R". So,
|y—xl<t

R,(f) is an open subset of R" and thus
Ex(f) € TR(S));
{#(Ez(f)) < (TR
Therefore, we get
HEAN NT(BO, L)) < w(TRA NT(BO,6)))) = u(TR(f) N B(O, k))).
(ii) It follows from the definition of ¢ ,(u; ).
(iii) It follows from the assumption 1 and [28, page 57, Proposition] that

sup |®; x f(t,y)| < O M ().

ly—xl|<t
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We need the following strong type estimate for Besov capacities Cg’q(-).
Lemma 2.2. When € (0,1) & p=qg e (n/n+p),1),orBe O,n)&p=q=1,o0r
B, p,q) € (0,n) x(1,n/B) x (1, 00),
‘f (Ch7 (xR - IMF()| > a))
0

1v(g/p) vV o
da S IfIEG ., Y f € CRRM).
AR

Proof. When p = g > 1, this statement was proved by Maz’ya [22]. When 1 < p < g <
and 0 < B < 1, it was obtained by Wu [34]. Adams and Xiao [4] established the case
0 < B < ooand (p,q) € (1,n/B) X (1,00). When 8 € (0,n) and p = g = 1, it was
proved by Xiao in [30]. Xiao and Zhai [32] showed this statement when 0 < 8 < 1 and
nfn+p)<p=q<1. o

The following lemma was proved by Dafni and Xiao in [11].

Lemma 2.3. ([11, Lemma 4.1]) Let d € (0, n] and {I;} be a sequence of dyadic cubes in R"
such that 3 ;|1 jld/” < oo. Then there exists a sequence of dyadic cubes {J.} with mutually
disjoint interiors, Uy Jy = U;l;, and

DU < Y .
k J
Moreover, if a set O C U1}, then the tent
T(0) c U T(J)),
where J; is the cube with the same center as Ji but 5 \/n times the sidelength.
The following result is due to Xiao in [31].

Lemma 2.4. ([31, Theorem 2]) If 8 € (0, 1) and K is a compact subset of R", then

1,1 _ .

Cy (K) = 206151%1110 Ps(0),

where O®(K) denotes the class of all open sets with C* boundary that contain K.
2.2. Proof of Proposition 1.3.

Proof. We divide the proof into three parts.

Part 1: ()= (ii)=(ii1))=(v)==(1). (1)==(1i)==(iii) is a direct result of the monotone
increasing with respect to the second index of Lorentz spaces Lﬁ’q(RF”).

In the following, we show (iii)=(v)=(1). We first show (iii)==(v). Assume that (iii)
holds. Let O c R" be an open set. Let K be a compact subset of O. If a nonnegative
function f € Cy(R") satisfies f > 1 on K, since B(x,7) C K for (x,1) € T(K), we can
derive from the assumption 2 that, for [x — y| <z,

D;(x—y)>Cr .

So, we get
@ gl = [ @6-nsoxy
RVI

> C | ®u(x—y)dy
K

> C f tdy
B(x,t)

> C

s
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which yields
T(K)  {(t.x) € RY™: @, = f(x)] > C}.
Hence, (iii) implies
urE) < pl{@n e R0 S > C) S I
Taking the supermum on f gives
(T(K)) < (ChP (K™,

The definition of Cg’p (-) implies

uT) = Is<ugu(T(K))
< sup(CEP(K))®/P
Kco
< (Clgaﬁ(O))qo/P_

This proves (v).
Below we prove (v) = (i). Given f € CF’(R"). (i)-(iv) and (v) of Lemma 2.1 give us

H(Ey) < ,u(T({x eR": Mf(x)> ﬂ/C}))

with a constant C.
If (v) holds for every open set O c R”, then we get

q0/p

HENN) 5 (Ch(fx e R Mf(x) > 2/C)))

So, Lemma 2.2 implies

fo () ar

A

. PP n.
fo Ch({x e R" 1 Mf(x) > 2/C))da”

A

P
1oy

This proves (i).
Part 2: (iii)=(iv)=(i). Assume that (iii) holds. Define

[[aa(-, ')llL"U’“(RH")
Tp(/.t) = w7

sup
FECTEIEN g o >0 (vl ALP )

Then we get T, () < co. For any bounded open set O C R”, let f € C5’(R") with f > 1 on
0. For (¢, x) € T(0), we get ©, * |f|(x) > n,,. Then

IN

(uforn e R @, £ > ) "
Tpol Nl -

For any 0 <t < w(T(0)), we gett < (Tp(/1)||f||A£Ap(Rn))q°. Taking the infimum on ||f||Ag,ﬁ(R,,)
gives t < (Tp(y))q”(Cg’p(O))q“/”. Thus

T ()"

IA

P/

sup
>0 (13 1)

< (T, (W)
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On the other hand, if (iv) is true, then we have

f /‘l(E/l(f) N T(B(O, k)))p/q('dﬂp
0

§ f“’ { UEA(f) N T(B(O, k)
" Jo | &L uE) N T(BO, K))))

} X Cg”’(RA(f) N B(0, k))dA?

< [su ﬂ] f ) ChP({x e R : 0. MF(0) > A} 0 B0, k))da”
=S e )do P o ’ '

Then Lemma 2.2 implies

00 P/490
[ u(ExfmT(B(o,k)»”’%dzps(sup o [)]”f”pAg-”(R")'

>0 ¢pp(H;

By letting k — oo, we can derive (i).
Part 3: (v)e&=(vi). We assume that (v) is true. Then let O = B(x, r). (v) implies

(T (B, )P'® < CpP(B(x, 7).

Since C5"(B(x, 1) ~ H,™) (B(x, 1) ~ "7, we can get

(W(T(B(x, r))))P/® N (W(T(B(x, r))))P/®
71-PB S T OB )
(r,x)eR” B s

/q0
u {w: Openset0cR"}<°°-
C;"(0)

(r,x)eRL"

A

Thus (vi) is true.
Conversely, if (vi) holds, then we have

u (T (B(x, 1))

SaqonppH) := sup 740(n=pB)/p

(r,x)eRL"

For an given open set O C R”, let {B(x;, 1)} jez, be a sequence of covering balls of O, i.e.,
0cC UjB(Xj, rj).

We only need to verify that (vi) holds for bounded sets. In fact, if (v) holds for bounded
sets, for any open set O C R”, let Qq = B(0, 1) and Q; = B(0,2%) \ B(0,2*"), k > 1. Then
R" = U2 € and

0=00(U2o ) =U,(0n).
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So, we can derive

WO = (WrUR,©OnE))”
< (uwR, 7o n o))"
) rl40
< [Z H(T©ON Qk»]
k=0
oo rlq0
< [Z C/I;’I’(O n Qk)qo/p]
k=0
< )Crony
k=0
S CRP Uy (0N Q)
< Cg’p(O).

In the following, we assume that O is a bounded open subset of R". Then, there exists a
sequence of dyadic cubes {I(l)} in R” such that O C U -I(l) and |B(x;, rj)| = II(l)l. Applying
Lemma 2.3 with d = n — pB, we can find a sequence of dyadic cubes {/ (2)} and {15.3)} its
5 4/n expansion such that

1=pB/n 1=pB/n

2 1 2 1 3

U = o SR < o) cura).
7 7

The fact |B(xj,7;)| ~ |I§.l)| implies r; ~ f(l;l)) ~ 5(153)). Denote by Xy, the center of I;l).
Then we can get 153) C B(xy;, 5(15.3 ))). We derive

@1 uTO) < Y prdd)
J

 Sufro. )
J
< Z ()™ w(rB, ea ) ()"
S nﬁp(ll)z (g) =pPlp
< Spnso0 SO
qo.n.B.p zj:‘ j

On the other hand, we have
Z ‘153) go(1=pB/m)/p < (Z ‘I;l)‘l_pﬁ/” )qu/p < (Z 'B(xj, rj)|l—p/3/n )%/P’
J J J

which implies

qo(1=ppB/n)/p - /
2.2 > '1;” ’ < (H)0)"".
J
Then (2.1) and (2.2) imply
o /
(T (O)) 5 S gonpp@) (H,(0))""
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Finally, the fact Cg”’(-) ~ Hff;p(-) (see [2, Theorems 3.6 and 3.8] and [2, page 32]) implies

that (v) holds. |
2.3. Proof of Proposition 1.4.

Proof. The proof of (1.3)= (1.4) can be done in a similar way as (iii)== (v) of Theorem
1.3. Assume that (1.4) holds. According to (i) of Lemma 2.1,

Ex(f) € T(Ry),  p(ENf) < p(TRA(H)))-
Then, (1.4) gives
HEN) < (TR $ (CHURHNPD?,
which yields

fw(u(El(f)))(qu)/(P/\lZ)d/lﬂVq
0

IN

foo(H(T(R/l(f))))(pvq)/(P/\Q)dﬂPVq
0

A

foo(Cg’q(RA(f)))lv(q”’)d/l”v".
0

Then (iii) of Lemma 2.1 implies R, C {x eR": Mf(x) > /l/C} with a constant C. So, it
reaches to
ChIURyY) < Ch({x e R": Mf(x) > A/C}).

Thus, Lemma 2.2 implies

foo(#(E)(f)))(1ivq)/(p/\q>d/1pvq
0

A

f CHl((x eR": Mf(x) > A/CHNVEIP gapva
0

127}
A1

which reaches (1.3). |

N

2.4. Proof of Proposition 1.5. It follows from Theorem 1.3 that (i) is equivalent to
23) WT O < Cy'(0)
for every bounded open set O C R”. Thus it suffices to show that (2.3) = (i) = (i).
Firstly, we show that (2.3) = (ii). Note that Cllf’l(~) ~ H’(I"_(’;;(-). On the other hand,
Ponce-Spector in [26] proved that
H{)(0) < Py(0)
holds for every bounded open set O C R”. Thus, (ii) follows from
W(T©ON'" 5 C5'(0) 5 H")(O) 5 Py(O).
For (ii) = (i), denote
(T )"
— < oo,
P(0)

where the supermum is taken over all bounded open sets O C R". For any f € C;’(R") and
any positive integer k, denote

Q={xeR":M()(x) > s} N BO,k).
It follows from Lemma 2.4 that

c/‘;‘(ﬁ) =2 inf_ Py(0),
0e0>(Q)

S 4(u) := sup
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where 0®(Q) is the class of all open sets with C* boundary that contain Q. Thus, we have

W@ < (T @)
< inf  u(T(O)
00> (Q)
< S, inf_ Ps(0)
00> (Q)
SqW) 1y =
— 112 C/lfl(Q)

S Clx e R G M) 2 s)).
Then, applying Lemma 2.1, we get, for any f € C3'(R"),

f ) (W(E(f) N T(BO, k)" ds

0

< f m(ﬂ(T(Rs(f) N B(0, k))))'/ds
0

< f m(,u(T({x eR" : G, M(H)(X) > s} N B0, k)))9ds
0

< f ) Cy'((x € R 1 0, M(f)(x) = shyds.
0

Then, Lemma 2.2 implies

f (WCE(f) N TBON ds < 1f gy oy
0
which derives (i) by letting k — co.

2.5. Proof of Proposition 1.6. Assume that (i) holds. Let K be a compact subset of R”
and f be a nonnegative function satisfying g * f > 1. Then (i) implies

(K < sup Hu(x € R" < g = f1 = )Y < N1 fll @
>

which implies
H(K) < Cyi(K)
by the definition of C, ;(K). So, (ii) holds.
Now, assume (ii) is true. For any compact K € R", choose a nonnegative function
f€Cy@R") and A > 0. Define E;(f) = {x € R" : |g * f| > A}. Then (ii) implies

EAF) S Cor(Ex(H) S IF/AN, -
So, we have

Aulix € R g # f1 > AN < I fllpns
which implies (i) by taking supremum over A > 0.
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