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Abstract

Under the uniform Hoérmander’s hypothesis we study smoothness and exponential
bounds of the density of the law of the solution of a stochastic differential equa-
tion (SDE) with locally Lipschitz drift that satisfy a monotonicity condition. To
obtain estimates for the Malliavin covariance matrix and its inverse, we extend the
approach in [8] to SDEs with non-globally Lipschitz coefficients. As in [6], to avoid
non-integrability problems we use results about Malliavin differentiability based on
the concepts of Ray Absolute Continuity and Stochastic Gatedux differentiability.
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1 Introduction

We use Malliavin calculus to study smoothness and exponential bounds for the density of the

law of the solution of a stochastic differential equation (SDE) with a locally Lipschitz drift
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that satisfy a monotonicity condition. These exponential bounds are important, for exam-
ple, to study the convergence rate of numerical schemes [2] for approximating the solutions
of the SDE. SDEs with non-globally Lipschitz coefficients appear in models for financial
securities and various models for dynamical systems such as stochastic Ginzburg—Landau
equation and stochastic Duffing—van der Pol oscillator [4] [7].

We consider the SDE
dX(t) =b(X(t))dt + o(X(t))dW (t), X(0)==z¢€ Rt e 0,7], T > 0, (1)

where W (t) is an m— dimensional Brownian motion defined on the filtered complete prob-
ability space (Q, F, {F;}i>0,P), and b: R? — R4 o : RY — R>™ We make the following

assumptions for the coefficients b and o:

C: b has bounded partial derivatives of any order £k > 2 and ¢ has bounded partial

derivatives of any order k > 1.

M: There exist L > 0, such that for any 1,2, € R? we have

< a1 — X9, b(x1) — b(x2) >< Llzy — a9 (2)

P: There exists L; > 0 and N > 1 such that for any x;, 2o € R? we have

b(x1) = b(x2)|* < Ly(1 4 |21 PN 72 + 22N ) 2q — 2] (3)

J: There exist Ly > 0 such that for any y € R? we have

y' Vuby > —Lsly|*. (4)

Supposing that b and ¢ are globally Lipschitz, C'*°, all their derivatives have polynomial
growth, and the Hormander’s hypothesis holds, in [§] it is shown that the strong solution
of ([Il) is Malliavin differentiable of any order and it is nondegenerate at any fixed positive
time. Furthermore, an estimate for the Malliavin covariance matrix ([8, Theorem 2.17]) is

used to show that the law of the solution of the SDE is absolutely continuous with respect

2



to the Lebesgue measure, its density is infinity differentiable and exponential bounds are
proven under the uniform Hormander’s hypothesis.

There are several approaches to extend these results for SDE with non-globally Lips-
chitz coefficients. In [I0], assuming that the coefficients of the SDE are smooth and non-
degenerate on an open domain D, estimations of the Fourier transform are used to show
that the law of the solution has a smooth density and upper bounds for this density are
given. In [13] the Sobolev regularity of strong solutions with respect to the initial value
is established for SDEs with local Sobolev and super-linear growth coefficients. For SDEs
driven by fractional Brownian motions, in [3] it is shown that the density of the law of the
solution is smooth and admits an upper sub-Gaussian bound in the rough case.

For SDEs with random coefficients with drifts satisfying locally Lipschitz and mono-
tonicity conditions, in [6] the concepts of Ray Absolute Continuity and Stochastic Gateaux
Differentiability are used to prove Malliavin differentiability and absolute continuity of the
solution’s law. In [I] we extend this result and under assumptions C, M, and P we show
Malliavin differentiability of any order. Here under assumptions C, M, P and J we use the
results in [0] and [I] to get an estimate for the Malliavin covariance matrix similar with the
one in ([8, Theorem 2.17]). If in addition the uniform Hoérmander’s hypothesis holds, we
prove that the solution of the SDE is nondegenerate and we obtain exponential bounds for
the density of the law of the solution of the SDE.

The paper is organized as follows. In the next section we present some results regarding
the Malliavin differentiability of the solution of the SDE. Section [Blincludes estimates for the
Malliavin matrix. Based on these estimates in section (4] we prove the exponential bounds

for the density of the law of the solution of the SDE ().



2 Notations and results about Malliavin differentiabil-

ity
We denote by Vf the gradient of a differentiable function f : R — R, and for a vector
valued function v : R? — R? let Vv denote the matrix with components dv; ;(z) = agi;:),

i,7=1,...,d. For any multi-index o = (ay, ..., aq) with length |o| = oy + - - - + ag, let 0¢
denote the partial derivative of order |«|. If ¢ is a smooth function, we denote by 0% ¢(t, z,y)
the derivation with respect to the coordinates of x, where ¢, y are fixed.

=1 "1

1
For a vector v € R!, we denote by |v| := (Zl 112)2 the Euclidean norm, and if

1

A = (a;5) is an [} X I matrix we denote by || A| := (Zﬁlzl Zézzl a?j) ® the Frobenius norm.
For two vectors u,v € R!, we denote < u,v >= 22:1 u;v;, and for two 7 X [ matrices A, B,
<A, B>= 2?:1 232:1 a;;b;; denotes the Frobenius inner product.

We consider the Banach space (C([0,71]), |- ||oc) where C([0,7]) = {¢ : [0,T] —
R, ¢ uniformly continuous and bounded}, ||¢||oc = sup,ejo 7y [¢(2)|, and we denote Cy ([0, T1) :=
{¢ € C([0,T7),¢(0) = 0}.

We say that a function ¢ : R — R has polynomial growth, if there exist C; > 0 and
¢y € Ny such that for any z € R', we have |¢(x)| < Cp(1 + |2[%). We define C°(R') :=
{¢ € C>*(R!), ¢ and all its derivatives are functions with polynomial growth}.

For any open set £ C RY and n € N we denote C'(E,RY) = {f € C"(E,R?), f
and all its derivatives of order at most n are bounded } with the norm ||f|crpre) =
maxo<i<n SUPuep |05 f (7).

Let (Q, F,{Fi}i>0,P) be a filtered probability space. For any separable Banach space
(E, |I]), we denote LP(Q; E) = {X : Q — E , X is F measurable and || X ||, = E[|| X|]?]'? <
oo}. Let L™ be the subset of bounded random variables with norm ||.X ||, = esssup,,cq | X (w)].

Let SP([0,T],RY) = {(Y)iepo) stochastic processes, Y; € R?, that are {F;}iep0.1,
adapted and ||Y|lsy = E[|[Y|5]"? = Elsup,cpp |Y (£)P]Y? < oo} Let S=([0,T],RY) =
Np=157([0, T, RY).



2.1 Malliavin calculus

Let Q = Co([0,T],R™) = {w : [0,T] - R™"w = (wi,...,wm) ", w; € Co([0,T)),i =
1,...,m} be the canonical Wiener space, and W := (W}, ..., th)tTe[o,T] be the canonical
Wiener process defined as W (w) := wi for any w € Q,i=1,...,m. We set F° the natural
filtration of W, P the Wiener measure, and F = {F;}ico,r] the usual augmentation (which
is right-continuous and complete) of F°. In this setting W is a standard Brownian motion.

We denote H := L*([0, T];R™) = {f : [0, T] — R™, Borel measurable and fOT |f(s)?ds <

oo} and the canonical inner product is
<f,g>H::/0 < f(s) >ds—Z/ fi(s)g'(s)ds, f.g € M.
Let H be the Cameron-Martin space:
H ::{h [0, 7] = R™, h € Q, there exists h € H, such that h(t) = /Ot h(s)ds,t € [O,T]}

For h € H we denote h a version of its Radon-Nykodym density with respect to the Lebesgue

measure. For any Hilbert space K we define LP(K) = {f : Q — K, f is Fr measurable and
110, = (BT YP < o0 Let

W(h) = /OT hodW, == i/OT hidWi he H.
i=1
Following [11] we set
S ::{F Q=R F=f(W(hy),...,W(hy)), f € C;°(R"),

h;e Hi=1,...,n, for somen € N,n > 1}

For any F' € § we define the Malliavin derivative DF : (2 — H by
DF := z": Oif(W(hy),...,W(hy))h;.
i=1

We identify DF with the stochastic process {D.F'}cjo,r), where D F' € R™ and

W) = YO W () (@), W (h)@)hi(t). () € 0.7 x €



D! F will denote the jth component of D,F. We denote D7, p > 1 the closure of S with

respect to the semi-norm
1
|l = (E[[FI”] + E[IDF|5)"",

and we set DV = N,5,DP.
The kth order Malliavin derivative D*F : Q — HF is defined iteratively and its com-
ponents are D“ '''''''''' 7 P = D{: .D{llF, with (t1,...,t)" € [0,T)%, 41, .., 5k € {1,...,m}.

For the Nth order Malliavin derivative, DV'?, p > 1 is the closure of S with the semi-norm

N 1/p
[ F | vp == <E[|F\p] +) E U|DiFHpJ) = (HFH +Z||DZFHLP(Q Lz(ome))>

i=1

P

We set D> = ﬂng mizl Di’p
The definition of Malliavin derivative can be extended to mappings G :  — E, where
(E, || - ||r) is a separable Banach space ([6]). We consider the family

k
Sg ::{G:Q%E,G:ZFJQ,FJ'GS, qGEforsomekEN,kZl}

=1
Sg is dense in LP(F; E;P) [6]. For any G € Sp we define the Malliavin derivative DG :
Q- H®E by

k
DG =) DF;®e¢,
j=1
We denote D'?(E), p > 1 the closure of Sp with respect to the semi-norm

|G gz = (EIGIE] + EINDGullE)

Next, following [11] we will present a different characterization of the spaces D'?. We
start with some definitions from [6]. Let E be a separable Banach space and L(H, E) be

the space of all bounded linear operators V : H — F.

Definition 1. A measurable map f : Q2 — E is said to be Ray Absolutely Continuous if for
any h € H there exists a measurable mapping f, : Q@ — E such that fr(w) = f(w), P a.s.,
and that for any w € Q, t — fh(w + th) is absolutely continuous on any compact subset of

R.



Definition 2. A measurable map f : Q — E is said to be Stochastically Gateaux differen-

tiable if there exists a measurable mapping F : Q — L(H, E) such that for any h € H,

f(w+€h€> —fW) g F(w)[h] as e — 0.

Definition 3. Let p > 1. A measurable map f € LP(Q); E) is said to be Strong Stochastically
Gateauz differentiable if there exists a measurable mapping F : Q — L(H, E) such that for
any h € H,

e H'f(w £ fl) F(wwm .
Theorem 1. [6, Theorem 3.10]

Let p > 1. The space DYP(E) is equivalent with the space of all random variables f : Q — F
such that f € LP(Q); E) is Ray Absolutely Continuous, Stochastically Gateduz differentiable,

and the Stochastic Gatedux derivative F' : Q — L(H, E) is F' € LP(Q; L(H, E)).

Theorem 2. [6, Theorem 3.13]

Let p > 1. The space DYP(E) is equivalent with the space of all random variables f : Q — F
such that f € LP(Q); E) is Strong Stochastically Gateduz differentiable and have measurable
mappings F' € LP(Q; L(H, E)).

2.2 The solution of the SDE

From assumptions C, M, P we get for any z,y € R?

y Vab(z)y < Lly|*, (5)
lo(@)|* < C(L+ =), (6)
V.o(2)] < C, (7)
|b(z)]* < O+ [z*Y), (8)
[Vaob(z)]? < C(1+ |zf?). (9)

From assumption C, (@) and Theorems 3.6 in [9] we know that there exists a unique

global solution X (¢,0, z) of the SDE (). Also the solution (X (¢, 0, %)), is {F¢}+>0 adapted
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and we have
T
E </ |X(t,0,:c)|2dt) < . (10)
0
Moreover from Theorems 9.1 and 9.5 in [9] we know that (X (¢,0,z)),5, is a time homoge-

neous Markov process, and from Theorem 4.1 in [9] we know that for any p > 2 there exists

a constant «;, > 0 such that we have
E[|X(t,0,2)P] <22 (14 |z)er™!, te[0,T]. (11)

From Theorem 2.2 in [6], we know that the map ¢t — X (¢)(w), is P a.s. continuous, and
for any p > 2 we have X € S? := SP([0,T],R%) and there exists C' > 0 depending on p, b
and o such that:

E

te[0,7

sup |X(t,0,x)|p] < C(|z]P +1). (12)

From inequalities (@)-(d), (I2), and assumption C, for any multi-index o = (ay, .. ., aqg)

and any p > 2 we get

E

sup |0ab(X(t))|p] < o0, E

te[0,T

sup |8aU(X(t))|p] < 0. (13)

te[0,7

From Corollary 3.5 and Theorem 3.21 in [6] we know that X is Malliavin differentiable
and DX € S? ([0, T), L*([0,T])) for any p > 2:
p/2

E < sup} /OT |D8X(t)|2ds> < 00 (14)

te[0,T

Thus from (I2) and ([I4) we have X € D'?(SP) for any p > 2, so X € DH®(SP) =
Np>2D'P(SP). Thus, similarly with the case in Theorem 2.2.1 in [12] of globally Lipschitz
coefficients, for any ¢ € [0, 7] we have X (t) € Db,

For any fixed s € [0,7] and i = 1,...,m, from (@), (&), (I0), and Theorem 2.5 in [6] we

have for any p > 2

E | sup [DIX(D)P

te[0,7

< CE [|o"(X(s,0,2))P] <C(1+E[X(s))




This and ([I]) implies that for any t € [0,7] and any p > 2

p/2

T
1X(0,2)[7, = E[|X(£,0,2)"] + E ‘/ DX (t,0,2)*ds| | < CLp(T)(1+ |2f7), (15)
0

where C ,(T) > 0 depends on p, T, b and o. In [1] we extend this result and show that
under assumptions C, M, and P, X*(¢) belongs to D> for all t € [0,7], and i = 1,...,d.
Moreover, for any ¢ € [0,7], p > 2, k =1,2,..., there exist Cy,(T), frp > 0 depending on

p, k, T, b, o such that

IX (8, 0,2) 1}, < Crp(T)(1 + [] ) (16)

3 Results about the Malliavin matrix
From Theorem 4.9 in [6] we know that under assumptions C, M, P the matrix valued SDE
t t
J(t) =1+ / V.b(X(s,0,2)) J(s)ds +/ V.o (X(s,0,2)) J(s)dW(s), (17)
0 0

t € 0,77, has a unique solution J € S? ([0, T],R**?), p > 2, and for any ¢ € [0,7] the map

r — X(t,0,z) is differentiable P a.s. and as € — 0

X(t,0,2 + eh)(w) — X(t,0,2)(w)

€

— hJ(t)(w) P a.s.. (18)

From Theorem 2.5 and Proposition 4.13 in [6] we know that under assumptions C, M, P,

J the matrix valued SDE
K(t)=1,— /tK(s) [V.b(X(s,0,2)) — < V,0,V,0 > (X(s,0,2))]ds
_ /tK(s)an (X(s,0,2)dW(s), te0,T], (19)

has a unique solution K € S? ([0, 7],R™?), p > 2, and we have K(t)J(t) = I; for all
t € [0, 7] P a.s.. Consequently, the Jacobian matrix J(¢) is P a.s. invertible for any choice
of t € [0,T], and J(t)™' = K(t) P a.s..



Let J,(t) = J(t)J(s)~!, t > s. Under assumptions C, M, P, J from Proposition 5.1 in

[6] we know that we have
Js(t) =I5+ /t Vb (X(r,0,2)) Js(r)dr + /t V.o (X(r,0,2)) Js(r)dW(r), (20)

and the Malliavin derivative of X can be expressed for ¢ > s as D; X (t,0,x) = Js(t)o (X (s,0, )).
The Malliavin matrix Q(t) is defined by

Qt, ) = /Ot DX (t,0,2)D, X (t,0,2) " ds = J(t)C(t,z)J(t)" (21)

C(t,x) ::/0 J(s)'o(X(s,0,2))0(X (s,0,2)) (J(s)™") "ds (22)

The Lie bracket of the C'(R%R?) vector fields V = Y7 | ViZ, U = S U5
is defined as [V,Ul(z) = OU(z)V(x) — 0V (x)U(x), where OU = (0;U7); j=1,. a4, OV =

A% )ij=1,.a are the Jacobian matrices of U and V respectively. Let us denote o =

b— 3>, ijl 050;0" and let 0°, ..., 0™ be the corresponding vector fields
d ) N

We construct by recurrence the sets X9 = {07, =1,...,m}, Sy = {[0/,V],1=0,...,m,V €
Ypoal, k> 1, Yoo = U k. We denote by X (x) the subset of R™ obtained by freezing
the variable z € R? in the vector fields of ¥;. For x € R? we consider the Hormander’s
hypothesis:

H(x): The vector space Span{X.(r)} = R

As in [8, Appendix] let A= {0} UU;Z,({0,...,m})". Given o = (ay, ..., ;) € A\{0},

we define o, = «o; and

e ifi=1
o =
(Oél,...,Oéi_l), if ¢ > 2.
Given a € A set
0 fa=0 0 ifa=10
af = el =
i ifae({0,...,m}), || + card{j : a; =0} if |o| > 1.
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We define T{,) and I(®(t) inductively on |a| by

V ifa=10
Ty (V) = , Ve C®RYRY

[Ua*>T(a’)(V)] if a0,

1 if a =10,
[y 1@ (s) o dWe () if o] > 1,
where we consider WO(t) =t, t € [0,T).

Given L > 1 we define for any z,n € R?

m

Vi) =Y > <Twe")(x).n>> V() = inf Vy,(x,1) A 1.

=1
b1 la <L-1 g

Let
Up={zeR" Vy(x)>0}, U=|]JU,
L=1

Notice that for L € N* = {1,2,...} the hypothesis

Hy(z): Span{p(z), ¢ € UL 2} = RY

is equivalent with € Ur. As in [2] we consider the following assumption:

UH: For some integer Ly > 0, we have Cp, := inf, cga Vi, (x) > 0.

Notice that assumption UH implies U = R? and the Hérmander’s hypothesis H(x) is true
for any z € R%.

Suppose that H(x), C, M, P, J hold. Based on assumption H(x), (I3]), the formulas
1), [22) for the Malliavin matrix Q(t, x), and proceeding as in the proof of Theorem 2.3.2
in [12] we can show that the Malliavin matrix Q(¢,x) is invertible a.s.. Thus, since from
([I5) we also know that X (¢,0,z) € D" for any p > 2, this implies that the law of X (¢,0, z)
is absolutely continuous with respect to the Lebesgue measure ([I2] Theorem 2.2.1]). Here
we replace assumption H(x) with assumption UH and we obtain an exponential bound for
the density of the law of X (¢,0,z) with respect to the Lebesgue measure.

Notice that we can write the equations (Il), (I7), (19) and (20)) in Stratonovich form as:
t m t

X(t)=z+ / o”(X (u))du + Z/ o' (X () o dW'(u), (23)
0 — Jo
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J(t) =1, + /0 Vo (X(s))J(s)ds+Z /0 Vo' (X(s)) J(s) o dWi(s), (24)
J—l(t):Id—/o J(s)V,0° (X(s))ds—Z/ J 1 (s)Va0' (X (5)) o dWi(s),  (25)

t):Id+/thao(X dr+Z/VU Jy(r) o dW'(r). (26)

Given V € C*(R? R?) we use Ito’s formula and equations ([23) and (25) ([8, equation 2.10],

[12, equation 2.63, pp 130]) to obtain
T OV(X () = V() + /O J()[0”, V](X (5))ds
+ Z /0 J7Y(s)[oF, V](X(s)) o dW'(s) (27)

Theorem 3. Suppose that assumptions C, M, P, J hold. For any L > 1 and 0 < e < 1
there exist Cpe, N(L, €), pip.e > 0 such that for all x € R and V € C*(R?, R?) we have
JHOVXD) = Y TaW)@I) + Ru(t.a,V) (28)
lal[<L-1
for K > Ko(L,z,V) > 1, with
1 (UK 1 — AL, €)Ktre
P 2ds> ———— | < Cp. _— 2
22, (tL [ e > K) <Oueon (Fimr) @

with
M(z) = maX{||Ui||C§(B(x,1),Rd)>i =0,...,m}V maX{HT(a)(V)||CS(B(x,1),]Rd)> lo| < L+ 1}
The proof is inlcuded in appendix 4l

Theorem 4. Suppose that assumptions C, M, P, J hold. For any L > 1 there exist C(L),
C(L) >0, M(L), ML) > 0, and pug, jip, € (0,1], all of them independent of 0°, ..., o™ such
that for all t € (0,1] and all K > 1 we have

A T tL+1 » L = L L+2
P (% < %) < C(L)exp (— Ll ;{) ) (30)
A tL+1 » L L L+2
p(%g%) < C(L) exp (—A E ()f) ) (31)



where

A(s,r) = lii‘ﬂfl <n,C(s,2)n >, As,7)= ‘ilnfl <n,Q(s,x)n > (32)
n= n=
M (z) = max{[|T (") |l c2(pe, 1) mey k= 0,...,m, || < L+1} (33)

The proof is given in appendix [l

3.1 The Malliavin matrix under uniform Hormander’s hypothesis

Let denote
A(t,z) == det (Q(t,z)), A(t,z) :=det (C(t, z))

Equations (22)) and (B2]) implies that C(t, z) is positive semi-definite and both C(¢,x) and

A(t, x) are non-decreasing with respect to ¢. Thus for ¢t > 1

Qt,z) = J®)O(t,2)J " (t) > J()C(1,2)J " (t)

= J(6)J ()T, x)J ()T (t) = Li(OQ(L ) J{ (1), (34)

where Jy(t) = J(t)J(1)7!, t > 1 is the solution of (20).
From Theorem 2.5 and Proposition 5.1 in [6] we know that under assumptions C, M,

P and J the matrix valued SDE
t
G(t)=1;— / G(s) [V (X(s,0,2)) — < V,u0,V,0o > (X(s,0,2))]ds
1
t
- / G(s)Vzo (X(s,0,2)dW (s),
1

t € [1,7], has a unique solution G € S? ([0, T],R**%), p > 1, and we have G(t).J;(t) = I,
for all ¢ € [1,7] P a.s.. Consequently, the matrix J;(¢) is P a.s. invertible for any choice
of t € [0,7], and J;(t)~' = G(¢) P a.s.. Moreover, for any p > 1 there exist A,, B, > 0

depending on C' in ([7)) such that for any ¢ > 1 we have

E

sup [[J1(w) 7 [[# | < Apexp (By(t — 1)) (35)

u€[l,t]
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From B4)) we get Q(t,z) — Jy(t)Q(1,z).J] (t) > 0 and since all the eigenvalues of a positive
semi-definite matrix are non-negative we have det(Q(t, z)) > det(.J;(¢))? det(Q(1,z)). Since
the Frobenius norm of a matrix ||A|| > v/ Amaz(AAT) where A\, (AAT) is the largest

eigenvalue of AAT because J(t) and J(t)~! are symmetric matrices we have

(det(Ji(1)™)? = det(Ji(H) (A (H™))) € naa( H O (A BHTHT))”

< ICA®H™. (36)

Theorem 5. Suppose that assumptions C, M, P, and J hold, and let L. € N*. For any
p > 1 there exists K(L,p), u(L) > 0 also depending on the coefficents b and o, such that
we have for any t € (0,1] and any x € Uy,

(1 + |x‘2)pu(L)

(VL($)1+2/Lt)de (37)

o[l <o

Proof. Similarly with [B6) we get (det(J(t)~1)% < [[(J(¢)7!]|*¢. Moreover we know from
([22) that C(t,x) is positive semi-definite, so that the smallest eigenvalue of C'(t, z) is equal
with A(t,z), and we have (A(t,z))? < det(C(t,z)). These and (ZI]) imply

_ ‘(det(J(lf)‘l)2 (det(J(H)~)* _ [ILJO*

> |
T aCED) | S At Ao (38)

1

i~ o

det(Q(t, z)
From Theorem 2.5 in [6] applied to the matrix valued SDE (25) we know that under as-

sumptions C, M, P, and J, for any p > 1 there exist a,, b, > 0 depending on C' in ([7]) such

that we have for any ¢ € (0, 1]

E

sup ’|J(u)_l||2p] < ap€exp (bpt)
u€(0,t]

Replacing in ([B8) and using Cauchy-Schwarz inequality we get for any p > 1 there exists

M, > 0 such that

| < Elo 1" [ﬁ} " [ﬁ} )

dle

Next, since t — A(t, z) is non-decreasing, from (30) we get for any t € (0,1] and K > 1

Mt.o) _ 1 At/EVEDa) 1Y A (Vi (o) #2K)"™
IP’( /L Sg) §P< s SE) < C(L)exp (— L+ M)P )7
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where C(L),A\p, > 0, fip, € (0,1], and M(z) are as in Theorem Hl Using this we get

1 > 1 (% _ > _ A(t, ) 1
Fl——| = 2 2pd 1]P) 1 :/ 2 2pd 1]P) ’ L
L\(t,x)%d] /0 pdy (A(t,x) > y) dy i pdy T < " dy

1/4 Nt,z) 1 > Mt,z) 1
= 2pdy?Pi—1p < —|d / 2pdy?Pi—1P < —|d
/0 pdy T i y+ U pdy L ol

1 2pd 00 _ 5\ (Ay>ﬂL
< 2pd | = Ipdey?P 1O (L A s A
<2p (A) +/1/Apy ()eXp< A+ M@y )™

1\ C(L) [ 1\** [~ - ALz
=2pd | — 2nd — (2pd)/fr—1 M Ny
r (A) e (A) .[ ? P\ O M@e )

1\ C(L) (1N [~ ., ALz
< il il - I o
< 2pd (A) + 2pd T (A) /1 2" exp 05 M) dz,

where

1225

2pd
A=Vi(a) e (0,1], k= { v J +1>1.
By repeatedly applying integration by parts we get
1 1) dpd/fir,+2
E|l—| <Cy(L — 1+M pe/irt
i <@ (5) )
From assumption C and (@)-(Q) we get
M(z)?* < Oy (1 + |z|*M).

This yields

1 1+ |z? 4ANpd/pp+2N 1+ |z)2 2Npd(2/pr+1)
E|l=——— ~ 1( 7p)( | | ) 2mdl, _Cl(va>( | | ) o2ndL
)\(t x)2pd (VL(:C)1+2/Lt) D (VL(x)1+2/Lt) P
Thus for iy, € (0, 1] replacing in (B9) we get (37). O

Corollary 1. Suppose that assumptions C, M, P, J, and UF hold. For any p > 1 and

any x© € RY there exists L € N*, up > 0, and Kp,,(t) such that we have

p:| < KL,p(t)(l_l—Jd#v te (OvT] (4())

EHA&x)

with t — K, ,(t) non-decreasing.

15



Proof. We choose any p > 1 and any # € R? Form assumption UF there exists L € N*
such that x € Uy. If t € (0,1], we get ({0) from Theorem [l
For 1 <t <T, from (34) we get

1

‘ 1 1 _ det(h(®)™)? _ ICA®T
A(t, x)

det(Q(t,x)))Sdet(Jl(t)Pdet(Q(l,x)) Al,z) — A(l,2)

Using Chauchy-Shwarz inequality and (33), there exist a,, b, > 0 depending on C' in ([T)

such that
1/2
I |2 () >} 1 y4dp] /2 I
— <F||l——F— < F t P E
ol e [ e (O R ] | e
Lo 1/2 N . Lo 1/2

<ayexp (by(t—1)) E ‘m = a,t’" exp (b,(t — 1)) thLE )A(l )

This and Theorem Bl imply (@0). O

4 Exponential bounds for the density of X(¢) under a
uniform Hormander’s hypothesis

Theorem 6. Let X be the solution of SDE ([Il) and suppose that the assumptions C, M,
P, J, and UH hold. Then for any t € (0,T] and any v € R? the law of the random vector
X(t,0,z) is absolutely continuous with respect to the Lebesgue measure and the density

y — pi(x,y) is a C°° function. Moreover, for any x € R? the following inequalities hold

Ko(T)(1 + [z]%) (lz —y[AD)?
pi(x,y) < o exp (_COW) ; (41)
o Ko(T)(1 + [2[9) (lz =yl A1)
}0ypt($,y)‘ S ta eX <—Cam> , (42)

forany t € (0,T], y € RY, t < (ly — | A1)/(4M(x)), where N is as in &) and M(z) =
sup {|lo(2)|| V |b(2)|}. Here the non-decreasing functions Ky, K, and the positive real

z€B(z,1)
numbers Cy, Cy, Qo, Qo depend on L € N* such that x € U, and on the coefficients b, o.

Proof. From Corollary [l we get that 1/A(t, ) € [,5, LP(€%, R), and since X (t,0,z) € D>,
X (t,0,z) is non-degenerate for any t € (0,7], z € R? (see [12, Definition 2.1.1]). Thus we

16



have the integration by parts formulas [I2, Proposition 2.1.4]: for any ¢ € C2°(R?), G € D™

and any index «, there exists H, (X (¢,0,x), G) € D> such that
E[0"¢(X(t,0,2))G] = Elo((X(,0,2)) Ha(X (2,0, 2), G)].

Moreover, for any 1 < p < ¢; < oo there exist constants C,, > 0, 8,7 > 1 and ky, ky € N*

such that

k1

[Ho(X (2,0, 2),G)l[p < Cpg, IDX (2,0, 2) 13, [1Gliatar- (43)

H\alv

Lt
At z) ||

Using this it can be shown [12, Proposition 2.1.5] that the density p; belongs to the Schwarz
space S(RY) = {f : R = R : f € C°(R?), sup |z|*|0°f(z)| < oo for any k > 1, and any
r€R4

index a}. Moreover, for any y = (y1,...,yq) € RY, such that y; > 0V, i =1,...,d we

have
d
pt(x>y) = E[]lly(X(t O>£))H(1 ..... 1)(X(ta O>ZE H yza

Using Cauchy-Schwarz inequality, (43]), (d0Q) in Corollary [, and (I6) we get that for any
z R ¢ € (0,T]

-----

pe(,y) < B[l (X(t, 0,:6))]1/2EHH(1

< (P(X(t,0,2) € I,))"*C Hﬁ BI IDX(t,0,2)[,
< CKL(t)%(P(X@, 0,2) € 1))/, (44)

where L € N* is as in Corollary [[, K (-) is non-decreasing, C' > 0, 5,y > 1, and ky, ky € N*,
Let
7= inf {|X(s,0,2)—2|>1/2} AT, 5— mf {\X(s 0,2)—x| > 1} AT

s€[0,T]

If |y — x| < 1 we have

P(X(t> 0, ZL’) € [y)) =P <m{X2(t’ ZL’) > yz}) =P (ﬂ{X,(t, ZL’) — X > Y — Iz})

17



<P(|X(t0,2) — 2| > |y — =)

P(sup /b( (u,0,z)) du—l—Z/ X (u,0,2)) dWi(u)2|y—x|>
0<s<tA&

<O<iﬂ%§</ PR+ 3 [ 00, >)2'w'>

IN

For s <t A& we have | X (u,0,2) — x| < 1 for any u € [0,s], so X(u,0,z) € B(x,1) and
|6(X (u,0,2))] < M(x), ||o(X(u,0,2))| < M(x) for any u € [0, s]. This implies

X0, du < (@) < Jy — a2
0
for any t < |y — z|/(2M(zx)). We also have
/ |0 (X (u,0,2))Pdu < M(x)*, i=1,...,m.
0

Hence for any t < |y — z|/(2M(z)) we get

<o<i‘i%g</ b0 3 [ ox ““9”)'””)2””‘)

2
< 2dexp (_M)

Here we have applied Lemma 8.5 in [5, Chapter V,Section 8| for each component of X.
Similarly, if |y — x| > 1
P(X(t,0,2) € 1)) < P(|X(t,0,2) — x| = |y — z|)

SIP’(TSt):IP’< sup |X(s,0,x) — x| > 1/2)

0<s<tAE

(@Ji%g / (.02 du+Z / (1, 0, 2))dW(u)| > 1/2>
< sup ( |b(X (u, 0, z) |du+2/ |0 (X (u,0,2))|dW*(u )) > 1/2)

0<s<tAE
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For s <t A& we have | X (u,0,2) — x| < 1 for any u € [0,s], so X(u,0,z) € B(x,1) and
|b(X (u,0,2))] < M(z), ||o(X(u,0,2))| < M(z) for any u € [0, s]. This implies

/ |6(X (u,0,2))| du < tM(x) < 1/4,
0
for any ¢t < 1/(4M(x)). We also have
/ 0" (X (u,0,2))Pdu < M(2)*, i=1,...,m.
0

Hence for any t < 1/(4M(z)) we get

P ( sup (/Os |b(X (u,0,x))|du + Z/OS |0i(X(u,O,:E))|dWi(u)> > 1/2)

0<s<IAE

1
< 2dexp [~
= 0o ( 16dtM(:c)2)

Here we have applied Lemma 8.5 in [5, Chapter V,Section 8| for each component of X.
Thus we obtain for t < (Jy — x| A 1)/(4M(z))

(45)

P(X(¢,0,7) € 1)) < 2dexp (—M)

16d¢M ()2

Notice that from (@), (8) we get

M(:c)2 <C sup (14 |z\)2N <C sup (14 |z—x|+ \x|)2N
z€B(z,1) z€B(z,1)

<CER+ |z <22VO(1 4+ |z])*N
Replacing in (45]) we obtain for t < (|ly — x| A 1)/(4M(x))

P(X(t,0,7) € 1,)) < Cy exp (—@W) (46)

This inequality and (@4]) imply (@) for ¢ < (Jy — x| A 1)/(4M(x)).
Next we prove ([@2)). From [12, Proposition 2.1.5] we know that for any index «, and for

any y = (y1,...,yq) € RY such that y; >0V a;, i =1,...,d we have

where I, = H?Zl[yi, 00). Using this formula the proof is similar with the proof of (@1]). O
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Appendix A:Proof of Theorem [3|

Proof. The proof is similar with the proof of [8, Theorem 2.12]. By repeated application of

[27) we see that we have

JA@”“X@»::V@W+§:/LF%QbﬁVKX@»odWWQ::V@)

m

+Z[ai,V]( )/0 1odW'(s / / [0, V]I(X(s)) 0 dW (u) o dW'(s)

ﬂMHiWWU/MWZ+ZWUV //MM”OWM

* Z / / / (07, [o", VII(X (s)) 0 dW (v) 0 AW (u) 0 dW'(s)

- Z Ty (V) (@) I (1) + Y SOt Z(ay) (47)
ET jal=L

where as in [8, Proof of Theorem 2.12] we set (see also [12 equation 2.63, pp 130])

SO Z) =4

fo SZ(Q)OdWa() if |a] > 1,
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Notice that S (¢,1) = ¥ (¢).
From (7)) we have expansion (28]) with

Rp(t,z,V) =Y St Zw)+ Y Tiey(V)(@)I(t)

la|=L lef|>L
lal<L—1

For f € C(]0,1]) we have for any t € (0,1] and K > 1

N AT e R o
Ji = [ (5) - d$<o<i‘z?/K<sL/2 5/4)/ &
: = (x

) L—e/2+1
Hence for any 0 <t <1, K > 1 we have

1 [UE 1 2 |RL(s,2,V)|?
P(— R V) |2ds > <P|—— T T 2 > g2
(tL/o finl V)T = KLH-&) - <2L—eo<i§?/K S -

2
2
— €

L—¢€/2 L/2—e/4
2L — ¢ 0<s<1/K sL—e/ 0<s<1/K sb/2=</

B [Ru(s, 2, V)| _ (2L—e\"*
_P<0<i2113/1< sh/2=c/4 = 2 K

3 1805, Zie)| ( Tioy (V) (@)1 (s)| )

<) Pl su > Ky |+ sup > K, ),

) <0<ss113/1< stz 1 m%L vesor S g
la|<L—-1

€/2+1
L2 WP N
2L — €+20<s§1/K SL_6/2 K - 2L—€0<5<1/K SL 6/2

IN

where K; = (2= e)1/2 K2 with N = card{a € A, |a| = L}+card{a € A, |o| < L—1,|ja| >
L}.

To handle the terms of the first sum, let denote
Yi?(s) = T ()0, Tioy (V)X (s)), i=1,....m
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Z VI

[\DlH

sﬁ”@>=J‘%@(w

We get for any a € A, |a| =

59(s, Z(o))] 15(s, Zw))|
P( sup WEKl SP sup WzKl

0<s<1/K 0<s<1/K
1S (s, Zw))| /1/K 2
<P LS Al COVARS Y 76 Zioy(5)| < Ko, d <K
: (0<225K R 2 K s 1200 < Ko (3 fds) < e

m 1/2
+P ( sup | Ze(s)| = K2> 4P ((Z/ |Yi(°‘)(s)|2ds) . K2>
0<s<1/K i—1 Y0

= Pl(Oé) + PQ(OK) + Pg(Oé),

where Ky = K2 > K27 for K large enough because L < |la < 2|a| = 2L. From [8,
Theorem A.5] we know that there exist C'(L,€) > 0, A(L, €) > 0 such that

Pi(a) < C(L,e)exp (—i(L, €)K3) < C(L, ) exp (~M(L, KT ™) .
Thus there exist Cy(L,€) > 0, A\;(L,€) > 0, u1(L,€) > 0 such that

> Pi(a) < Ci(L,€) exp (=M (L, e) KM 59)

la|=L

For K > 1, let

r=inf{s > 0 |J7Ns) = L|| V| X(s) — 2| > 1/2} AT

=inf{s>0:||J 7 s) = Iy|| vV |X(5) — x| > 1} AT

We denote F(s) = (X (s),J71(s))" We have

P < sup | Za)(s) = Z)(0)| = K2>

0<s<1/K

SP( sup \Z(a)(s) —Z(a)(O)‘ > Ko, 7> 1/K> —|—P(T < 1/K)

0<s<1/K

§P<sw w@@—ZMmMZKQ+P< sup W@—Fmﬂzwﬁ
0<s<IAT 0<s<1/KAE
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For K large enough we apply Lemma 8.5 in [5, Chapter V, Section 8| for each component
of Z(,) and F' and we get:

Py(a) < Crexp (—MK?/(1+ M(x))?) + Coexp (=X K/(1+ M(z))?)

Notice that we have

Z / Sy s » K2 <iﬂ” ap [V > K2
-om B i=1 Z -om

0<s<1/K

m 2
y@ K
sup Z- 5 P{ sup (s)| > —=
; ( 0<s<1/K N )|) Z <0<s<1/K (#)1 ﬁ)
For Yi(a), i =1,...,m we have a SDE similar with the one for Z,) but with [0, T(0)(V)]
replacing T(,)(V'), so we can treat P(«) and the terms of Ps(«a) similarly.
Finally since S (¢,1) = I®)(t), we get for any a € A, |a| < L —1, ||| > L

P(Sup T (V)@ Kl) SP(gup )| Ky )

0<s<1 8L/2—e/4 0<s<1 8L/2—e/4 — M(x)2

\S(O‘)(s,l)| K,
=P (0251 Sel/4 = N ()2

If K is large enough, using [8, Theorem A.5] we know that there exist C'(L,€) > 0, A(L, €) >
0 and py(L,€) > 0 such that

3 IP’( L (V)@)I ()] Kl) e (_)\(L,e) Kw,e))

G b (T M)

lal<L—1

Appendix B:Proof of Theorem {4

Proof. The proof is similar with the proof of [§, Theorem 2.17].

From (22)) and (B2)) notice that C(¢,x) is positive semi-definite and both C(¢,z) and
A(t, z) are non-decreasing with respect to ¢, so it is enough to prove @B0) for K > 1 large
enough. Since for any a,b > 0 we have (a+ b)? > a?/2 — b%, from [22) and (28)) we have for
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any t € (0,1, K >1land n € R, |n| =1
mo /K
<0, CH/K,zn>=Y / < J(s)" oM (X (s)),m >? ds
k=170

N Z/o < > Tiay(@®) (@) I (s) + Re(s, x,0%),n > ds

mo /K
S [ 2 T na@ @6 + < R0 > |

k=1"0 llaf|<L—1

1 [VE m_t/K
Z 3 Z/O < Y T (@) @)1 (s),n >* ds — Z/O < Rp(s,z,0%),n > ds
k=1

laf|l<L-1
>
k=1 la|<L-1

This implies

2

mo /K
mfZ/ < Y Tiy(o®)(x),n > I19(s) | ds
k=170

=1
= lal|<L—1

mo /K
<2inf <, Ot/K,z)n > +22/ |Rp(s, x,0")|*ds
In[=1 1 /0

B mo /K
= 2)\(t/K, x)+22/ |R(s,2,0%)|?ds
k=10

Let

My(z,n) = Y <Ti(c")(x),n>"

lall<L-1

Since for any n € R?, |n| =1

Vi(x,n) = iMk(:c,n) >V, Y S T (0*)(@),n >* _

k=1 lell<L-1 Mk(x>77)
we get
2
mo /K
in_flz / < Toy (™) (), > I9(s) | ds
=it Jo lafl<L-1
2
m t/K <Ta k >
S STy R I ol R R
T k=1, M (wm)>0 0 lafl<L—1 k(@7

vE i m o ot/K
/ < Z T(a)(gk)(x)aﬁ > [(a)(s) ds — Z/ Ry (s, z,0%)|%ds
' k=10



2

t/K
> inf ZMk x,n) inf / Z bo I (s) | ds Z b2 =1
0

= lal<Z—1 o <L—1
2

/K
= inf / Z bo I (s) | ds Z V2 =1 meL(:c n)
0

ol <L-1 lall <1 Inl=

t/K
> inf / Z bo I (s) | ds: Z b2 =17 V()
0

llal<L-1 lal<L-1
Here if My(z,n) = 0 then < T(4)(c*)(x),n >= 0 for any ||| < L — 1, so the term
corresponding to such £ is 0.

Thus, for any L > 1, ([A8)) yields for any € € (0, 1), (0,1], and K >1

2
At/ K, x) 1 o) 2
lall<L—1 lall<L-1
1
Z/ |Rp(s, 2, 0%)[? dngLH ) IP’(tLZ/ \RLsxg>|2dszW)

+p(V§t<f)if{/0 (Z bol @ )) ds: Y b21} KLilﬁ)
<

[la||<L-1 lal|<L-1

I 12 1
ZP(t—L/ ‘RL(S,SL’,O’ )| ds 2 W)

m
k=1

+P(<I:)Linf{/ow{ (aglbaﬂa) ) |a|<ZL 152 = 1} Vi(z ;lKl )

By [8, Theorem A.6] there exist Cy(L,€), p1(L, €) > 0 such that for all ¢ € (0, 1]

() el [ 5 ) o 5 o) i)

lal<L—1 lafl<L-1

< Cy(L,€)exp <_ (%KH)M(L,E))

By Theorem [ there exist Co(L,€), Ao(L, €), pio(L,€) > 0 such that for all ¢ € (0,1] and

K > 1 large enough

Sor(E [ I s> )

k=1
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— (Le)

)\2(L’ E) (ml/(L—H E)K),uz

< mCy(L —
< mCy( 7€)eXp< (1+ M(z))?
Replacing K by KX+ and then taking ¢ = 1/(L + 2) and using V;(z)) < 1 we get that
there exist C'(L) > 0, A(L) > 0, and /i, > 0, all of them independent of ¢°, ..., o™ such

that for all t € (0,1] and any K > 1 large enough

5 1/(L+1) 3 1/(L+1)
. ()\(t/K ) %> op (A(t/K @) _ 1 )

tL tL — K(L+1-¢)/(L+1)

(1—e)/(L+1) \ H1(Ls€)
< Ci(L,€) exp ( (VL(x)K ) )

1/(L+1-¢) Kl/(L+l))H2(L7€)
(14+ M(x))?

Kl J(L+2)\ M1 (L)
< Cl GXp ( ( )

(L) (m(L+2)/(L2+3L+1)K1/(L+1)) p2(L)

+ mC5(L, €) exp (

2

+mCy(L) exp | — (1+ M(x))?

< Cy(L)exp <_ 4#11 ) ((VL(x()l) L:j\];) “;)(L)/(L+2))
+mCy(L) exp <— s (1( ﬁ); (2;)())2“2 WH))
< (L) exp (-XL Eff?m@f))

For K > 1 large enough we can consider ji, € (0, 1].

Next, notice that for any n € R%, |n| =1

<, Q(s,x)n >=< J(s) ', C(s,2)J(s) ' >

—1J(s) 2 J(s)'n s T J(s)™n STrl2\(s. r

Let

r=inf{s >0 ||J(s) = Iy > 1/2Y AT, 7 =inf{s>0:|J(s)— L) >1}AT

=inf{s >0:|X(s) —a| >1/2} AT, & =inf{s>0:|X(s)—z| >1}AT.
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Notice that for s < 7 we have

U@fﬁVZKJw%—hfn+m2Z%MF—KJ@%—QVMQ

1
> 5 =17 (s) = Lall*nl* >

—_

1
2 4 4

[\)

Hence for s < 7 and for any n € R?, |n| =1
1~
<, Q(S7x)n >> Z)\(Su .CL’)

Thus there exist C(L) > 0, A(L) > 0, and pz > 0, all of them independent of ¢°,... o™

such that for all t € (0,1) and all K > 1 large enough we have

A(ﬁ%ﬁ%) 1 Atz @) 4 1

= K’ K1/(L+1
< ! P < 71
T Kl/(L—‘rl Z K@+ +P (< K1/(T+1)
<P M K”“*”’ 1) e sup 1J(s) — 1| > 1/2,¢ > !
Ll > 1/2, -
K 0<s<TIA—7¢r Ty KD
K
sup | X(s) — x| >1/2
0<s<§1/\W
L+2K)“0(L) A (L) K YL+
< Co + Ci(L -
o < s e (4 )

B L)K@+
1 + M(z )

Ao(L L+2K) po(L) (L) (VL(x)L+2K) 1/(L+1)
) exp ( 1+ M) ) + C1(L) exp (— SO

)\2 L+2K)1/ L+1)>

< Oy(L
+ Cy(L) exp

1+M( ))?

)\L L+2K) HL
L)exp 1 T M(2))?

Here we have used Vi (x) < 1, and for the first probability in the third inequality we have

used (30)(we have 4/K instead of 1/K but we can ajust the constants from the beginning
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of the proof of ([B0))). For the second and third probabilitites in the the third inequality
for K > 1 large enough we have applied Lemma 8.5 in [5, Chapter V, Section 8] for each

component of X and J. O
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