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Abstract

Under the uniform Hörmander’s hypothesis we study smoothness and exponential

bounds of the density of the law of the solution of a stochastic differential equa-

tion (SDE) with locally Lipschitz drift that satisfy a monotonicity condition. To

obtain estimates for the Malliavin covariance matrix and its inverse, we extend the

approach in [8] to SDEs with non-globally Lipschitz coefficients. As in [6], to avoid

non-integrability problems we use results about Malliavin differentiability based on

the concepts of Ray Absolute Continuity and Stochastic Gateâux differentiability.

Keywords: Malliavin covariance matrix, Hörmander’s condition, exponential bounds

for density, monotone growth stochastic differential equation

1 Introduction

We use Malliavin calculus to study smoothness and exponential bounds for the density of the

law of the solution of a stochastic differential equation (SDE) with a locally Lipschitz drift
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Grant DG-2018-04449.
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that satisfy a monotonicity condition. These exponential bounds are important, for exam-

ple, to study the convergence rate of numerical schemes [2] for approximating the solutions

of the SDE. SDEs with non-globally Lipschitz coefficients appear in models for financial

securities and various models for dynamical systems such as stochastic Ginzburg–Landau

equation and stochastic Duffing–van der Pol oscillator [4, 7].

We consider the SDE

dX(t) = b(X(t))dt + σ(X(t))dW (t), X(0) = x ∈ R
d, t ∈ [0, T ], T > 0, (1)

where W (t) is an m− dimensional Brownian motion defined on the filtered complete prob-

ability space (Ω,F , {Ft}t≥0,P), and b : Rd → R
d, σ : Rd → R

d×m. We make the following

assumptions for the coefficients b and σ:

C: b has bounded partial derivatives of any order k ≥ 2 and σ has bounded partial

derivatives of any order k ≥ 1.

M: There exist L > 0, such that for any x1, x2 ∈ R
d we have

< x1 − x2, b(x1)− b(x2) >≤ L|x1 − x2|2 (2)

P: There exists L1 ≥ 0 and N ≥ 1 such that for any x1, x2 ∈ R
d we have

|b(x1)− b(x2)|2 ≤ L1(1 + |x1|2N−2 + |x2|2N−2)|x1 − x2|2 (3)

J: There exist L3 > 0 such that for any y ∈ R
d we have

y⊤∇xby > −L3|y|2. (4)

Supposing that b and σ are globally Lipschitz, C∞, all their derivatives have polynomial

growth, and the Hörmander’s hypothesis holds, in [8] it is shown that the strong solution

of (1) is Malliavin differentiable of any order and it is nondegenerate at any fixed positive

time. Furthermore, an estimate for the Malliavin covariance matrix ([8, Theorem 2.17]) is

used to show that the law of the solution of the SDE is absolutely continuous with respect
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to the Lebesgue measure, its density is infinity differentiable and exponential bounds are

proven under the uniform Hörmander’s hypothesis.

There are several approaches to extend these results for SDE with non-globally Lips-

chitz coefficients. In [10], assuming that the coefficients of the SDE are smooth and non-

degenerate on an open domain D, estimations of the Fourier transform are used to show

that the law of the solution has a smooth density and upper bounds for this density are

given. In [13] the Sobolev regularity of strong solutions with respect to the initial value

is established for SDEs with local Sobolev and super-linear growth coefficients. For SDEs

driven by fractional Brownian motions, in [3] it is shown that the density of the law of the

solution is smooth and admits an upper sub-Gaussian bound in the rough case.

For SDEs with random coefficients with drifts satisfying locally Lipschitz and mono-

tonicity conditions, in [6] the concepts of Ray Absolute Continuity and Stochastic Gateâux

Differentiability are used to prove Malliavin differentiability and absolute continuity of the

solution’s law. In [1] we extend this result and under assumptions C, M, and P we show

Malliavin differentiability of any order. Here under assumptions C, M, P and J we use the

results in [6] and [1] to get an estimate for the Malliavin covariance matrix similar with the

one in ([8, Theorem 2.17]). If in addition the uniform Hörmander’s hypothesis holds, we

prove that the solution of the SDE is nondegenerate and we obtain exponential bounds for

the density of the law of the solution of the SDE.

The paper is organized as follows. In the next section we present some results regarding

the Malliavin differentiability of the solution of the SDE. Section 3 includes estimates for the

Malliavin matrix. Based on these estimates in section 4 we prove the exponential bounds

for the density of the law of the solution of the SDE (1).

3



2 Notations and results about Malliavin differentiabil-

ity

We denote by ∇f the gradient of a differentiable function f : Rd → R, and for a vector

valued function v : Rd → R
d, let ∇v denote the matrix with components ∂vi,j(x) =

∂vi(x)
∂xj

,

i, j = 1, . . . , d. For any multi-index α = (α1, . . . , αd) with length |α| = α1 + · · ·+ αd, let ∂
α

denote the partial derivative of order |α|. If φ is a smooth function, we denote by ∂α
xφ(t, x, y)

the derivation with respect to the coordinates of x, where t, y are fixed.

For a vector v ∈ R
l, we denote by |v| :=

(

∑l
i=1 v

2
i

)
1
2
the Euclidean norm, and if

A = (aij) is an l1 × l2 matrix we denote by ‖A‖ :=
(

∑l1
i=1

∑l2
j=1 a

2
ij

)
1
2
the Frobenius norm.

For two vectors u, v ∈ R
l, we denote < u, v >=

∑l
i=1 uivi, and for two l1× l2 matrices A,B,

< A,B >=
∑l1

i=1

∑l2
j=1 aijbij denotes the Frobenius inner product.

We consider the Banach space (C([0, T ]), ‖ · ‖∞) where C([0, T ]) := {φ : [0, T ] →

R, φ uniformly continuous and bounded}, ‖φ‖∞ = supx∈[0,T ] |φ(x)|, and we denote C0([0, T ]) :=

{φ ∈ C([0, T ]), φ(0) = 0}.

We say that a function φ : Rl → R has polynomial growth, if there exist Cf > 0 and

qf ∈ N+ such that for any x ∈ R
l, we have |φ(x)| ≤ Cf(1 + |x|qf ). We define C∞

p (Rl) :=

{φ ∈ C∞(Rl), φ and all its derivatives are functions with polynomial growth}.

For any open set E ⊆ R
d, and n ∈ N we denote Cn

b (E,Rd) = {f ∈ Cn(E,Rd), f

and all its derivatives of order at most n are bounded } with the norm ‖f‖Cn
b (E,Rd) =

max0≤i≤n supx∈E |∂i
xf(x)|.

Let (Ω,F , {Ft}t≥0,P) be a filtered probability space. For any separable Banach space

(E, ‖·‖), we denote Lp(Ω;E) = {X : Ω → E , X is F measurable and ‖X‖p = E[‖X‖p]1/p <

∞}. Let L∞ be the subset of bounded random variables with norm ‖X‖L∞ = ess supω∈Ω |X(ω)|.

Let Sp([0, T ],Rd) = {(Yt)t∈[0,T ] stochastic processes, Yt ∈ R
d, that are {Ft}t∈[0,T ],

adapted and ‖Y ‖Sp = E[|Y ‖p∞]1/p = E[supt∈[0,T ] |Y (t)|p]1/p < ∞}. Let S∞([0, T ],Rd) =

∩p≥1S
p([0, T ],Rd).
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2.1 Malliavin calculus

Let Ω = C0 ([0, T ],R
m) = {ω : [0, T ] → R

m, ω = (ω1, . . . , ωm)
⊤, ωi ∈ C0([0, T ]), i =

1, . . . , m} be the canonical Wiener space, and W := (W 1
t , . . . ,W

m
t )⊤t∈[0,T ] be the canonical

Wiener process defined as W i
t (ω) := ωi

t for any ω ∈ Ω, i = 1, . . . , m. We set F0 the natural

filtration of W , P the Wiener measure, and F = {Ft}t∈[0,T ] the usual augmentation (which

is right-continuous and complete) of F0. In this setting W is a standard Brownian motion.

We denoteH := L2([0, T ];Rm) = {f : [0, T ] → R
m, Borel measurable and

∫ T

0
|f(s)|2ds <

∞} and the canonical inner product is

< f, g >H:=

∫ T

0

< f(s), g(s) > ds =

m
∑

i=1

∫ T

0

f i(s)gi(s)ds, f, g ∈ H.

Let H be the Cameron-Martin space:

H :=

{

h : [0, T ] → R
m, h ∈ Ω, there exists ḣ ∈ H, such that h(t) =

∫ t

0

ḣ(s)ds, t ∈ [0, T ]

}

For h ∈ H we denote ḣ a version of its Radon-Nykodym density with respect to the Lebesgue

measure. For any Hilbert space K we define Lp(K) = {f : Ω → K, f is FT measurable and

‖f‖pLp(K) := (E[‖f‖pK)1/p < ∞}. Let

W (h) :=

∫ T

0

ḣsdWs :=

m
∑

i=1

∫ T

0

ḣi
sdW

i
s , h ∈ H.

Following [11] we set

S :=

{

F : Ω → R, F = f(W (h1), . . . ,W (hn)), f ∈ C∞
b (Rn),

hi ∈ H, i = 1, . . . , n, for some n ∈ N, n ≥ 1

}

For any F ∈ S we define the Malliavin derivative DF : Ω → H by

DF :=
n
∑

i=1

∂if(W (h1), . . . ,W (hn))hi.

We identify DF with the stochastic process {DtF}t∈[0,T ], where DtF ∈ R
m and

DtF (ω) =

n
∑

i=1

∂if(W (h1)(ω), . . . ,W (hn)(ω))hi(t), (t, ω) ∈ [0, T ]× Ω.
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Dj
tF will denote the jth component of DtF . We denote D

1,p, p ≥ 1 the closure of S with

respect to the semi-norm

‖F‖1,p := (E[|F |p] + E[‖DF‖pH)
1/p

,

and we set D1,∞ = ∩p≥2D
1,p.

The kth order Malliavin derivative DkF : Ω → Hk is defined iteratively and its com-

ponents are Dj1,...,jk
t1,...,tk

F := Djk
tk
. . .Dj1

t1F , with (t1, . . . , tk)
⊤ ∈ [0, T ]k, j1, . . . , jk ∈ {1, . . . , m}.

For the Nth order Malliavin derivative, DN,p, p ≥ 1 is the closure of S with the semi-norm

‖F‖N,p :=

(

E [|F |p] +
N
∑

i=1

E
[

‖DiF‖pHi

]

)1/p

=

(

‖F‖pLp(Ω) +

N
∑

i=1

‖DiF‖pLp(Ω;L2([0,T ]i,Rm))

)
1
p

.

We set D∞ = ∩p≥2 ∩i≥1 D
i,p

The definition of Malliavin derivative can be extended to mappings G : Ω → E, where

(E, ‖ · ‖E) is a separable Banach space ([6]). We consider the family

SE :=

{

G : Ω → E,G =

k
∑

j=1

Fjej , Fj ∈ S, ej ∈ E for some k ∈ N, k ≥ 1

}

SE is dense in Lp(F ;E;P) [6]. For any G ∈ SE we define the Malliavin derivative DG :

Ω → H ⊗E by

DG :=

k
∑

j=1

DFj ⊗ ej

We denote D
1,p(E), p ≥ 1 the closure of SE with respect to the semi-norm

‖G‖1,p,E := (E[‖G‖pE] + E[‖‖DG‖H‖pE)
1/p

,

Next, following [11] we will present a different characterization of the spaces D
1,p. We

start with some definitions from [6]. Let E be a separable Banach space and L(H,E) be

the space of all bounded linear operators V : H → E.

Definition 1. A measurable map f : Ω → E is said to be Ray Absolutely Continuous if for

any h ∈ H there exists a measurable mapping f̃h : Ω → E such that f̃h(ω) = f(ω), P a.s.,

and that for any ω ∈ Ω, t → f̃h(ω + th) is absolutely continuous on any compact subset of

R.
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Definition 2. A measurable map f : Ω → E is said to be Stochastically Gateâux differen-

tiable if there exists a measurable mapping F : Ω → L(H,E) such that for any h ∈ H,

f(ω + ǫh)− f(ω)

ǫ

P→ F (ω)[h] as ǫ → 0.

Definition 3. Let p > 1. A measurable map f ∈ Lp(Ω;E) is said to be Strong Stochastically

Gateâux differentiable if there exists a measurable mapping F : Ω → L(H,E) such that for

any h ∈ H,

lim
ǫ→0

E

[∥

∥

∥

∥

f(ω + ǫh)− f(ω)

ǫ
− F (ω)[h]

∥

∥

∥

∥

]

= 0.

Theorem 1. [6, Theorem 3.10]

Let p > 1. The space D1,p(E) is equivalent with the space of all random variables f : Ω → E

such that f ∈ Lp(Ω;E) is Ray Absolutely Continuous, Stochastically Gateâux differentiable,

and the Stochastic Gateâux derivative F : Ω → L(H,E) is F ∈ Lp(Ω;L(H,E)).

Theorem 2. [6, Theorem 3.13]

Let p > 1. The space D1,p(E) is equivalent with the space of all random variables f : Ω → E

such that f ∈ Lp(Ω;E) is Strong Stochastically Gateâux differentiable and have measurable

mappings F ∈ Lp(Ω;L(H,E)).

2.2 The solution of the SDE

From assumptions C, M, P we get for any x, y ∈ R
d

y⊤∇xb(x)y ≤ L|y|2, (5)

|σ(x)|2 ≤ C(1 + |x|2), (6)

|∇xσ(x)|2 ≤ C, (7)

|b(x)|2 ≤ C(1 + |x|2N), (8)

|∇xb(x)|2 ≤ C(1 + |x|2). (9)

From assumption C, (6) and Theorems 3.6 in [9] we know that there exists a unique

global solution X(t, 0, x) of the SDE (1). Also the solution (X(t, 0, x))t≥0 is {Ft}t≥0 adapted
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and we have

E

(
∫ T

0

|X(t, 0, x)|2dt
)

< ∞. (10)

Moreover from Theorems 9.1 and 9.5 in [9] we know that (X(t, 0, x))t≥0 is a time homoge-

neous Markov process, and from Theorem 4.1 in [9] we know that for any p ≥ 2 there exists

a constant αp > 0 such that we have

E [|X(t, 0, x)|p] ≤ 2
p−2
2 (1 + |x|p) epαpt, t ∈ [0, T ]. (11)

From Theorem 2.2 in [6], we know that the map t → X(t)(ω), is P a.s. continuous, and

for any p ≥ 2 we have X ∈ Sp := Sp([0, T ],Rd) and there exists C > 0 depending on p, b

and σ such that:

E

[

sup
t∈[0,T ]

|X(t, 0, x)|p
]

< C(|x|p + 1). (12)

From inequalities (6)-(9), (12), and assumption C, for any multi-index α = (α1, . . . , αd)

and any p ≥ 2 we get

E

[

sup
t∈[0,T ]

|∂αb(X(t))|p
]

< ∞, E

[

sup
t∈[0,T ]

|∂ασ(X(t))|p
]

< ∞. (13)

From Corollary 3.5 and Theorem 3.21 in [6] we know that X is Malliavin differentiable

and DX ∈ Sp ([0, T ], L2([0, T ])) for any p ≥ 2:

E





(

sup
t∈[0,T ]

∫ T

0

|DsX(t)|2ds
)p/2



 < ∞ (14)

Thus from (12) and (14) we have X ∈ D
1,p(Sp) for any p ≥ 2, so X ∈ D

1,∞(Sp) =

∩p≥2D
1,p(Sp). Thus, similarly with the case in Theorem 2.2.1 in [12] of globally Lipschitz

coefficients, for any t ∈ [0, T ] we have X(t) ∈ D
1,∞.

For any fixed s ∈ [0, T ] and i = 1, . . . , m, from (6), (5), (10), and Theorem 2.5 in [6] we

have for any p ≥ 2

E

[

sup
t∈[0,T ]

|Di
sX(t)|p

]

≤ CE
[

|σi(X(s, 0, x))|p
]

≤ C (1 + E [|X(s))|p])

8



This and (11) implies that for any t ∈ [0, T ] and any p ≥ 2

‖X(t, 0, x)‖p1,p = E[|X(t, 0, x)|p] + E

[

∣

∣

∣

∣

∫ T

0

|DsX(t, 0, x)|2ds
∣

∣

∣

∣

p/2
]

≤ C1,p(T )(1 + |x|p), (15)

where C1,p(T ) > 0 depends on p, T , b and σ. In [1] we extend this result and show that

under assumptions C, M, and P, X i(t) belongs to D
∞ for all t ∈ [0, T ], and i = 1, . . . , d.

Moreover, for any t ∈ [0, T ], p ≥ 2, k = 1, 2, . . . , there exist Ck,p(T ), βk,p > 0 depending on

p, k, T , b, σ such that

‖X(t, 0, x)‖pk,p ≤ Ck,p(T )(1 + |x|βk,p) (16)

.

3 Results about the Malliavin matrix

From Theorem 4.9 in [6] we know that under assumptions C, M, P the matrix valued SDE

J(t) = Id +

∫ t

0

∇xb (X(s, 0, x))J(s)ds+

∫ t

0

∇xσ (X(s, 0, x))J(s)dW (s), (17)

t ∈ [0, T ], has a unique solution J ∈ Sp
(

[0, T ],Rd×d
)

, p ≥ 2, and for any t ∈ [0, T ] the map

x → X(t, 0, x) is differentiable P a.s. and as ǫ → 0

X(t, 0, x+ ǫh)(ω)−X(t, 0, x)(ω)

ǫ
→ hJ(t)(ω) P a.s.. (18)

From Theorem 2.5 and Proposition 4.13 in [6] we know that under assumptions C, M, P,

J the matrix valued SDE

K(t) = Id −
∫ t

0

K(s) [∇xb (X(s, 0, x))− < ∇xσ,∇xσ > (X(s, 0, x))] ds

−
∫ t

0

K(s)∇xσ (X(s, 0, x) dW (s), t ∈ [0, T ], (19)

has a unique solution K ∈ Sp
(

[0, T ],Rd×d
)

, p ≥ 2, and we have K(t)J(t) = Id for all

t ∈ [0, T ] P a.s.. Consequently, the Jacobian matrix J(t) is P a.s. invertible for any choice

of t ∈ [0, T ], and J(t)−1 = K(t) P a.s..
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Let Js(t) = J(t)J(s)−1, t > s. Under assumptions C, M, P, J from Proposition 5.1 in

[6] we know that we have

Js(t) = Id +

∫ t

s

∇xb (X(r, 0, x))Js(r)dr +

∫ t

s

∇xσ (X(r, 0, x))Js(r)dW (r), (20)

and the Malliavin derivative ofX can be expressed for t > s asDsX(t, 0, x) = Js(t)σ(X(s, 0, x)).

The Malliavin matrix Q(t) is defined by

Q(t, x) :=

∫ t

0

DsX(t, 0, x)DsX(t, 0, x)⊤ds = J(t)C(t, x)J(t)⊤ (21)

C(t, x) :=

∫ t

0

J(s)−1σ(X(s, 0, x))σ(X(s, 0, x))⊤(J(s)−1)⊤ds (22)

The Lie bracket of the C1(Rd,Rd) vector fields V =
∑d

i=1 V
i ∂
∂xi

, U =
∑d

i=1 U
i ∂
∂xi

is defined as [V, U ](x) = ∂U(x)V (x) − ∂V (x)U(x), where ∂U = (∂iU
j)i,j=1,...d, ∂V =

(∂iV
j)i,j=1,...d are the Jacobian matrices of U and V respectively. Let us denote σ0 =

b− 1
2

∑m
i=1

∑d
j=1 σ

i
j∂jσ

i and let σ0, . . ., σm be the corresponding vector fields

σ0(x) =
d
∑

i=1

σ0
i (x)

∂

∂xi

, σj(x) =
d
∑

i=1

σj
i (x)

∂

∂xi

, j = 1, . . . , m.

We construct by recurrence the sets Σ0 = {σj, j = 1, . . . , m}, Σk = {[σj, V ], j = 0, . . . , m, V ∈

Σk−1}, k ≥ 1, Σ∞ = ∪∞
k=1Σk. We denote by Σk(x) the subset of Rm obtained by freezing

the variable x ∈ R
d in the vector fields of Σk. For x ∈ R

d we consider the Hörmander’s

hypothesis:

H(x): The vector space Span{Σ∞(x)} = R
d.

As in [8, Appendix] let A = {∅} ∪⋃∞
i=1({0, . . . , m})i. Given α = (α1, . . . , αi) ∈ A\{∅},

we define α∗ = αi and

α
′

=















∅, if i = 1

(α1, . . . , αi−1), if i ≥ 2.

Given α ∈ A set

|α| =















0 if α = ∅

i if α ∈ ({0, . . . , m})i,
‖α‖ =















0 if α = ∅

|α|+ card{j : αj = 0} if |α| ≥ 1.
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We define T(α) and I(α)(t) inductively on |α| by

T(α)(V ) =















V if α = ∅

[σα∗ , T(α
′
)(V )] if α 6= ∅,

, V ∈ C∞(Rd,Rd)

I(α)(t) =















1 if α = ∅,
∫ t

0
I(α

‘)(s) ◦ dW α∗
(s) if |α| ≥ 1,

where we consider W 0(t) = t, t ∈ [0, T ].

Given L ≥ 1 we define for any x, η ∈ R
d

VL(x, η) =

m
∑

k=1

∑

‖α‖≤L−1

< T(α)(σ
k)(x), η >2, VL(x) = inf

|η|=1
VL(x, η) ∧ 1.

Let

UL := {x ∈ R
d,VL(x) > 0}, U =

∞
⋃

L=1

UL

Notice that for L ∈ N
∗ = {1, 2, . . .} the hypothesis

HL(x): Span{φ(x), φ ∈ ∪L
i=1Σi} = R

d

is equivalent with x ∈ UL. As in [2] we consider the following assumption:

UH: For some integer L0 > 0, we have CL0 := infx∈Rd VL0(x) > 0.

Notice that assumption UH implies U = R
d and the Hörmander’s hypothesis H(x) is true

for any x ∈ R
d.

Suppose that H(x), C, M, P, J hold. Based on assumption H(x), (13), the formulas

(21), (22) for the Malliavin matrix Q(t, x), and proceeding as in the proof of Theorem 2.3.2

in [12] we can show that the Malliavin matrix Q(t, x) is invertible a.s.. Thus, since from

(15) we also know that X(t, 0, x) ∈ D
1,p for any p ≥ 2, this implies that the law of X(t, 0, x)

is absolutely continuous with respect to the Lebesgue measure ([12, Theorem 2.2.1]). Here

we replace assumption H(x) with assumption UH and we obtain an exponential bound for

the density of the law of X(t, 0, x) with respect to the Lebesgue measure.

Notice that we can write the equations (1), (17), (19) and (20) in Stratonovich form as:

X(t) = x+

∫ t

0

σ0(X(u))du+

m
∑

i=1

∫ t

0

σi(X(u)) ◦ dW i(u), (23)
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J(t) = Id +

∫ t

0

∇xσ
0 (X(s))J(s)ds+

m
∑

i=1

∫ t

0

∇xσ
i (X(s))J(s) ◦ dW i(s), (24)

J−1(t) = Id −
∫ t

0

J−1(s)∇xσ
0 (X(s)) ds−

m
∑

i=1

∫ t

0

J−1(s)∇xσ
i (X(s)) ◦ dW i(s), (25)

Js(t) = Id +

∫ t

s

∇xσ
0 (X(r))Js(r)dr +

m
∑

i=1

∫ t

s

∇xσ
i (X(r))Js(r) ◦ dW i(r). (26)

Given V ∈ C∞(Rd,Rd) we use Ito’s formula and equations (23) and (25) ([8, equation 2.10],

[12, equation 2.63, pp 130]) to obtain

J−1(t)V (X(t)) = V (x) +

∫ t

0

J−1(s)[σ0, V ](X(s))ds

+
m
∑

i=1

∫ t

0

J−1(s)[σi, V ](X(s)) ◦ dW i(s) (27)

Theorem 3. Suppose that assumptions C, M, P, J hold. For any L ≥ 1 and 0 < ǫ ≤ 1

there exist CL,ǫ, λ(L, ǫ), µL,ǫ > 0 such that for all x ∈ R
d and V ∈ C∞

p (Rd,Rd) we have

J−1(t)V (X(t)) =
∑

‖α‖≤L−1

T(α)(V )(x)I(α)(t) +RL(t, x, V ) (28)

for K ≥ K0(L, x, V ) > 1, with

sup
0<t<1

P

(

1

tL

∫ t/K

0

|RL(s, x, V )|2ds ≥ 1

KL+1−ǫ

)

≤ CL,ǫ exp

(−λ(L, ǫ)KµL,ǫ

(1 +M(x))2

)

(29)

with

M(x) = max{‖σi‖C2
b (B(x,1),Rd), i = 0, . . . , m} ∨max{‖T (α)(V )‖C0

b (B(x,1),Rd), |α| ≤ L+ 1}

The proof is inlcuded in appendix 4.

Theorem 4. Suppose that assumptions C, M, P, J hold. For any L ≥ 1 there exist C(L),

C̃(L) > 0, λ(L), λ̃(L) > 0, and µL, µ̃L ∈ (0, 1], all of them independent of σ0, . . . , σm such

that for all t ∈ (0, 1] and all K ≥ 1 we have

P

(

λ̃
(

t
K1/(L+1) , x

)

tL
≤ 1

K

)

≤ C̃(L) exp

(

− λ̃L

(

VL(x)
L+2K

)µ̃L

(1 +M(x))2

)

(30)

P

(

λ
(

t
K1/(L+1) , x

)

tL
≤ 1

K

)

≤ C(L) exp

(

−λL

(

VL(x)
L+2K

)µL

(1 +M(x))2

)

, (31)
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where

λ̃(s, x) = inf
|η|=1

< η,C(s, x)η >, λ(s, x) = inf
|η|=1

< η,Q(s, x)η > (32)

M(x) = max{‖T (α)(σk)‖C2
b (B(x,1),Rd), k = 0, . . . , m, |α| ≤ L+ 1} (33)

The proof is given in appendix 4.

3.1 The Malliavin matrix under uniform Hörmander’s hypothesis

Let denote

∆(t, x) := det (Q(t, x)) , ∆̃(t, x) := det (C(t, x))

Equations (22) and (32) implies that C(t, x) is positive semi-definite and both C(t, x) and

λ̃(t, x) are non-decreasing with respect to t. Thus for t ≥ 1

Q(t, x) = J(t)C(t, x)J⊤(t) ≥ J(t)C(1, x)J⊤(t)

= J(t)J(1)−1Q(1, x)J⊤(1)−1J⊤(t) = J1(t)Q(1, x)J⊤
1 (t), (34)

where J1(t) = J(t)J(1)−1, t ≥ 1 is the solution of (20).

From Theorem 2.5 and Proposition 5.1 in [6] we know that under assumptions C, M,

P and J the matrix valued SDE

G(t) = Id −
∫ t

1

G(s) [∇xb (X(s, 0, x))− < ∇xσ,∇xσ > (X(s, 0, x))] ds

−
∫ t

1

G(s)∇xσ (X(s, 0, x) dW (s),

t ∈ [1, T ], has a unique solution G ∈ Sp
(

[0, T ],Rd×d
)

, p ≥ 1, and we have G(t)J1(t) = Id

for all t ∈ [1, T ] P a.s.. Consequently, the matrix J1(t) is P a.s. invertible for any choice

of t ∈ [0, T ], and J1(t)
−1 = G(t) P a.s.. Moreover, for any p ≥ 1 there exist Ap, Bp > 0

depending on C in (7) such that for any t ≥ 1 we have

E

[

sup
u∈[1,t]

‖J1(u)
−1‖2p

]

≤ Ap exp (Bp(t− 1)) (35)
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From (34) we get Q(t, x)− J1(t)Q(1, x)J⊤
1 (t) ≥ 0 and since all the eigenvalues of a positive

semi-definite matrix are non-negative we have det(Q(t, x)) ≥ det(J1(t))
2 det(Q(1, x)). Since

the Frobenius norm of a matrix ‖A‖ ≥
√

λmax(AA⊤) where λmax(AA
⊤) is the largest

eigenvalue of AA⊤, because J(t) and J(t)−1 are symmetric matrices we have

(det(J1(t)
−1)2 = det(J1(t)

−1(J1(t)
−1)⊤)) ≤

(

λmax(J1(t)
−1(J1(t)

−1)⊤)
)d

≤ ‖(J1(t)
−1‖2d. (36)

Theorem 5. Suppose that assumptions C, M, P, and J hold, and let L ∈ N
∗. For any

p ≥ 1 there exists K(L, p), µ(L) > 0 also depending on the coefficents b and σ, such that

we have for any t ∈ (0, 1] and any x ∈ UL

E

[∣

∣

∣

∣

1

∆(t, x)

∣

∣

∣

∣

p]

≤ K(L, p)
(1 + |x|2)pµ(L)

(VL(x)1+2/Lt)pdL
(37)

Proof. Similarly with (36) we get (det(J(t)−1)2 ≤ ‖(J(t)−1‖2d. Moreover we know from

(22) that C(t, x) is positive semi-definite, so that the smallest eigenvalue of C(t, x) is equal

with λ̃(t, x), and we have (λ̃(t, x))d ≤ det(C(t, x)). These and (21) imply

∣

∣

∣

∣

1

∆(t, x)

∣

∣

∣

∣

=

∣

∣

∣

∣

1

det(Q(t, x)

∣

∣

∣

∣

=

∣

∣

∣

∣

(det(J(t)−1)2

det(C(t, x))

∣

∣

∣

∣

≤ (det(J(t)−1)2

λ̃(t, x)d
≤ ‖(J(t)−1‖2d

λ̃(t, x)d
(38)

From Theorem 2.5 in [6] applied to the matrix valued SDE (25) we know that under as-

sumptions C, M, P, and J, for any p ≥ 1 there exist ap, bp > 0 depending on C in (7) such

that we have for any t ∈ (0, 1]

E

[

sup
u∈[0,t]

‖J(u)−1‖2p
]

≤ ap exp (bpt)

Replacing in (38) and using Cauchy-Schwarz inequality we get for any p ≥ 1 there exists

Mp > 0 such that

E

[∣

∣

∣

∣

1

(∆(t, x))p

∣

∣

∣

∣

]

≤ E
[

‖(J(t)−1‖4pd
]1/2

E

[

1

λ̃(t, x)2pd

]1/2

≤ M2pd
p E

[

1

λ̃(t, x)2pd

]1/2

(39)

Next, since t → λ̃(t, x) is non-decreasing, from (30) we get for any t ∈ (0, 1] and K ≥ 1

P

(

λ̃(t, x)

tL
≤ 1

K

)

≤ P

(

λ̃(t/K1/(L+1), x)

tL
≤ 1

K

)

≤ C̃(L) exp

(

− λ̃L

(

VL(x)
L+2K

)µ̃L

(1 +M(x))2

)

,

14



where C̃(L), λ̃L > 0, µ̃L ∈ (0, 1], and M(x) are as in Theorem 4. Using this we get

E

[

1

λ̃(t, x)2pd

]

=

∫ ∞

0

2pdy2pd−1
P

(

λ̃(t, x)−1 > y
)

dy =

∫ ∞

0

2pdy2pd−1
P

(

λ̃(t, x)

tL
<

1

ytL

)

dy

=

∫ 1/A

0

2pdy2pd−1
P

(

λ̃(t, x)

tL
<

1

ytL

)

dy +

∫ ∞

1/A

2pdy2pd−1
P

(

λ̃(t, x)

tL
<

1

ytL

)

dy

≤ 2pd

(

1

A

)2pd

+

∫ ∞

1/A

2pdy2pd−1C̃(L) exp

(

− λ̃L (Ay)
µ̃L

(1 +M(x))2

)

dy

= 2pd

(

1

A

)2pd

+ 2pd
C̃(L)

µ̃L

(

1

A

)2pd ∫ ∞

1

z(2pd)/µ̃L−1 exp

(

− λ̃Lz

(1 +M(x))2

)

dz

≤ 2pd

(

1

A

)2pd

+ 2pd
C̃(L)

µ̃L

(

1

A

)2pd ∫ ∞

1

zk−1 exp

(

− λ̃Lz

(1 +M(x))2

)

dz,

where

A := VL(x)
L+2tL ∈ (0, 1], k =

⌊

2pd

µ̃L

⌋

+ 1 ≥ 1.

By repeatedly applying integration by parts we get

E

[

1

λ̃(t, x)2pd

]

≤ C1(L, p)

(

1

A

)2pd

(1 +M(x))4pd/µ̃L+2

From assumption C and (6)-(9) we get

M(x)2 ≤ C1(1 + |x|2N).

This yields

E

[

1

λ̃(t, x)2pd

]

≤ C1(L, p)
(1 + |x|2)4Npd/µ̃L+2N

(VL(x)1+2/Lt)
2pdL

≤ C1(L, p)
(1 + |x|2)2Npd(2/µ̃L+1)

(VL(x)1+2/Lt)
2pdL

Thus for µ̃L ∈ (0, 1] replacing in (39) we get (37).

Corollary 1. Suppose that assumptions C, M, P, J, and UF hold. For any p ≥ 1 and

any x ∈ R
d there exists L ∈ N

∗, µL > 0, and KL,p(t) such that we have

E

[∣

∣

∣

∣

1

∆(t, x)

∣

∣

∣

∣

p]

≤ KL,p(t)
(1 + |x|2)pµL

tdpL
, t ∈ (0, T ] (40)

with t → KL,p(t) non-decreasing.
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Proof. We choose any p ≥ 1 and any x ∈ R
d. Form assumption UF there exists L ∈ N

∗

such that x ∈ UL. If t ∈ (0, 1], we get (40) from Theorem 5.

For 1 < t ≤ T , from (34) we get

∣

∣

∣

∣

1

∆(t, x)

∣

∣

∣

∣

=

∣

∣

∣

∣

1

det(Q(t, x))

∣

∣

∣

∣

≤ 1

det(J1(t))2 det(Q(1, x))
=

det(J1(t)
−1)2

∆(1, x)
≤ ‖(J1(t)

−1‖2d
∆(1, x)

Using Chauchy-Shwarz inequality and (35), there exist ap, bp > 0 depending on C in (7)

such that

E

[∣

∣

∣

∣

1

∆(t, x)

∣

∣

∣

∣

p]

≤ E

[∣

∣

∣

∣

‖J1(t)
−1‖2d

∆(1, x)

∣

∣

∣

∣

p]

≤ E
[

‖J1(t)
−1‖4dp

]1/2
E

[

∣

∣

∣

∣

1

∆(1, x)

∣

∣

∣

∣

2p
]1/2

≤ ap exp (bp(t− 1))E

[

∣

∣

∣

∣

1

∆(1, x)

∣

∣

∣

∣

2p
]1/2

= apt
pdL exp (bp(t− 1))

1

tpdL
E

[

∣

∣

∣

∣

1

∆(1, x)

∣

∣

∣

∣

2p
]1/2

This and Theorem 5 imply (40).

4 Exponential bounds for the density of X(t) under a

uniform Hörmander’s hypothesis

Theorem 6. Let X be the solution of SDE (1) and suppose that the assumptions C, M,

P, J, and UH hold. Then for any t ∈ (0, T ] and any x ∈ R
d the law of the random vector

X(t, 0, x) is absolutely continuous with respect to the Lebesgue measure and the density

y → pt(x, y) is a C∞ function. Moreover, for any x ∈ R
d the following inequalities hold

pt(x, y) ≤
K0(T )(1 + |x|Q0)

tq0
exp

(

−C0
(|x− y| ∧ 1)2

t(1 + |x|)2N
)

, (41)

∣

∣∂α
y pt(x, y)

∣

∣ ≤ Kα(T )(1 + |x|Qα)

tqα
exp

(

−Cα
(|x− y| ∧ 1)2

t(1 + |x|)2N
)

, (42)

for any t ∈ (0, T ], y ∈ R
d, t ≤ (|y − x| ∧ 1)/(4M(x)), where N is as in (8) and M(x) =

sup
z∈B(x,1)

{‖σ(z)‖ ∨ |b(z)|}. Here the non-decreasing functions K0, Kα and the positive real

numbers C0, Cα, Q0, Qα depend on L ∈ N
∗ such that x ∈ UL and on the coefficients b, σ.

Proof. From Corollary 1 we get that 1/∆(t, x) ∈ ⋂p≥1 L
p(Ω,R), and since X(t, 0, x) ∈ D

∞,

X(t, 0, x) is non-degenerate for any t ∈ (0, T ], x ∈ R
d (see [12, Definition 2.1.1]). Thus we
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have the integration by parts formulas [12, Proposition 2.1.4]: for any φ ∈ C∞
p (Rd), G ∈ D

∞

and any index α, there exists Hα(X(t, 0, x), G) ∈ D
∞ such that

E[∂αφ(X(t, 0, x))G] = E[φ((X(t, 0, x))Hα(X(t, 0, x), G)].

Moreover, for any 1 < p < q1 < ∞ there exist constants Cp,q > 0, β, γ > 1 and k1, k2 ∈ N
∗

such that

‖Hα(X(t, 0, x), G)‖p ≤ Cp,q1

∥

∥

∥

∥

1

∆(t, x)

∥

∥

∥

∥

k1

β

‖DX(t, 0, x)‖k2|α|,γ‖G‖|α|,q1. (43)

Using this it can be shown [12, Proposition 2.1.5] that the density pt belongs to the Schwarz

space S(Rd) = {f : Rd → R : f ∈ C∞(Rd), sup
x∈Rd

|x|k|∂αf(x)| < ∞ for any k ≥ 1, and any

index α}. Moreover, for any y = (y1, . . . , yd) ∈ R
d, such that yi > 0 ∨ xi, i = 1, . . . , d we

have

pt(x, y) = E[1Iy(X(t, 0, x))H(1,...,1)(X(t, 0, x), 1)], Iy =

d
∏

i=1

[yi,∞).

Using Cauchy-Schwarz inequality, (43), (40) in Corollary 1, and (16) we get that for any

x ∈ R
d, t ∈ (0, T ]

pt(x, y) ≤ E[1Iy(X(t, 0, x))]1/2E[|H(1,...,d)(X(t, 0, x), 1)|2]1/2

≤ (P(X(t, 0, x) ∈ Iy))
1/2C

∥

∥

∥

∥

1

∆(t, x)

∥

∥

∥

∥

k1

β

‖DX(t, 0, x)‖k2d,γ

≤ CKL(t)
(1 + |x|Q)

tdLk1
(P(X(t, 0, x) ∈ Iy))

1/2, (44)

where L ∈ N
∗ is as in Corollary 1, KL(·) is non-decreasing, C > 0, β, γ > 1, and k1, k2 ∈ N

∗.

Let

τ = inf
s∈[0,T ]

{|X(s, 0, x)− x| ≥ 1/2} ∧ T, ξ = inf
s∈[0,T ]

{|X(s, 0, x)− x| ≥ 1} ∧ T

If |y − x| < 1 we have

P(X(t, 0, x) ∈ Iy)) = P

(

d
⋂

i=1

{Xi(t, x) ≥ yi}
)

= P

(

d
⋂

i=1

{Xi(t, x)− xi ≥ yi − xi}
)
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≤ P (|X(t, 0, x)− x| ≥ |y − x|)

≤ P

(

sup
0≤s≤t∧ξ

∣

∣

∣

∣

∣

∫ s

0

b(X(u, 0, x))du+
m
∑

i=1

∫ s

0

σi(X(u, 0, x))dW i(u)

∣

∣

∣

∣

∣

≥ |y − x|
)

≤ P

(

sup
0≤s≤t∧ξ

(

∫ s

0

|b(X(u, 0, x))|du+
m
∑

i=1

∫ s

0

|σi(X(u, 0, x))|dW i(u)

)

≥ |y − x|
)

For s ≤ t ∧ ξ we have |X(u, 0, x) − x| ≤ 1 for any u ∈ [0, s], so X(u, 0, x) ∈ B(x, 1) and

|b(X(u, 0, x))| ≤ M(x), ‖σ(X(u, 0, x))‖ ≤ M(x) for any u ∈ [0, s]. This implies

∫ s

0

|b(X(u, 0, x))| du ≤ tM(x) ≤ |y − x|/2,

for any t ≤ |y − x|/(2M(x)). We also have

∫ s

0

|σi(X(u, 0, x))|2du ≤ M(x)2t, i = 1, . . . , m.

Hence for any t ≤ |y − x|/(2M(x)) we get

P

(

sup
0≤s≤t∧ξ

(

∫ s

0

|b(X(u, 0, x))|du+

m
∑

i=1

∫ s

0

|σi(X(u, 0, x))|dW i(u)

)

≥ |y − x|
)

≤ 2d exp

(

− |y − x|2
8dtM(x)2

)

Here we have applied Lemma 8.5 in [5, Chapter V,Section 8] for each component of X .

Similarly, if |y − x| > 1

P(X(t, 0, x) ∈ Iy)) ≤ P (|X(t, 0, x)− x| ≥ |y − x|)

≤ P (τ ≤ t) = P

(

sup
0≤s≤t∧ξ

|X(s, 0, x)− x| ≥ 1/2

)

= P

(

sup
0≤s≤t∧ξ

∣

∣

∣

∣

∣

∫ s

0

b(X(u, 0, x))du+
m
∑

i=1

∫ s

0

σi(X(u, 0, x))dW i(u)

∣

∣

∣

∣

∣

≥ 1/2

)

≤ P

(

sup
0≤s≤t∧ξ

(

∫ s

0

|b(X(u, 0, x))|du+
m
∑

i=1

∫ s

0

|σi(X(u, 0, x))|dW i(u)

)

≥ 1/2

)
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For s ≤ t ∧ ξ we have |X(u, 0, x) − x| ≤ 1 for any u ∈ [0, s], so X(u, 0, x) ∈ B(x, 1) and

|b(X(u, 0, x))| ≤ M(x), ‖σ(X(u, 0, x))‖ ≤ M(x) for any u ∈ [0, s]. This implies

∫ s

0

|b(X(u, 0, x))| du ≤ tM(x) ≤ 1/4,

for any t ≤ 1/(4M(x)). We also have

∫ s

0

|σi(X(u, 0, x))|2du ≤ M(x)2t, i = 1, . . . , m.

Hence for any t ≤ 1/(4M(x)) we get

P

(

sup
0≤s≤t∧ξ

(

∫ s

0

|b(X(u, 0, x))|du+

m
∑

i=1

∫ s

0

|σi(X(u, 0, x))|dW i(u)

)

≥ 1/2

)

≤ 2d exp

(

− 1

16dtM(x)2

)

Here we have applied Lemma 8.5 in [5, Chapter V,Section 8] for each component of X .

Thus we obtain for t ≤ (|y − x| ∧ 1)/(4M(x))

P(X(t, 0, x) ∈ Iy)) ≤ 2d exp

(

−(|y − x|2 ∧ 1)

16dtM(x)2

)

(45)

Notice that from (6), (8) we get

M(x)2 ≤ C sup
z∈B(x,1)

(1 + |z|)2N ≤ C sup
z∈B(x,1)

(1 + |z − x|+ |x|)2N

≤ C(2 + |x|)2N ≤ 22NC(1 + |x|)2N

Replacing in (45) we obtain for t ≤ (|y − x| ∧ 1)/(4M(x))

P(X(t, 0, x) ∈ Iy)) ≤ C1 exp

(

−C2
(|y − x|2 ∧ 1)

t(1 + |x|)2N
)

(46)

This inequality and (44) imply (41) for t ≤ (|y − x| ∧ 1)/(4M(x)).

Next we prove (42). From [12, Proposition 2.1.5] we know that for any index α, and for

any y = (y1, . . . , yd) ∈ R
d, such that yi > 0 ∨ xi, i = 1, . . . , d we have

∂α
y pt(x, y) = (−1)|α|E

[

1Iy(X(t, 0, x))Hα

(

X(t, 0, x), H(1,...,1)(X(t, 0, x), 1)
)]

,

where Iy =
∏d

i=1[yi,∞). Using this formula the proof is similar with the proof of (41).
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Appendix A:Proof of Theorem 3

Proof. The proof is similar with the proof of [8, Theorem 2.12]. By repeated application of

(27) we see that we have

J−1(t)V (X(t)) = V (x) +

m
∑

i=0

∫ t

0

J−1(s)[σi, V ](X(s)) ◦ dW i(s) = V (x)

+
m
∑

i=0

[σi, V ](x)

∫ t

0

1 ◦ dW i(s) +
m
∑

i,j=0

∫ t

0

∫ s

0

J−1(s)[σj, [σi, V ]](X(s)) ◦ dW j(u) ◦ dW i(s)

= V (x) +

m
∑

i=0

[σi, V ](x)

∫ t

0

1 ◦ dW i(s) +

m
∑

i,j=0

[σj, [σi, V ]](x)

∫ t

0

∫ s

0

1 ◦ dW j(u) ◦ dW i(s)

+
m
∑

i,j,k=0

∫ t

0

∫ s

0

∫ u

0

J−1(s)[σk, [σj, [σi, V ]]](X(s)) ◦ dW k(v) ◦ dW j(u) ◦ dW i(s)

=
∑

|α|≤L−1

T(α)(V )(x)I(α)(t) +
∑

|α|=L

S(α)(t, Z(α)) (47)

where as in [8, Proof of Theorem 2.12] we set (see also [12, equation 2.63, pp 130])

S(α)(t, Z(α)) =















Z(α)(t) if α = ∅,
∫ t

0
S(α‘)(s, Z(α)) ◦ dW α∗

(s) if |α| ≥ 1,
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Z(α)(t) = J−1(t)T(α)(V )(X(t)) = T(α)(V )(x) +
m
∑

i=0

∫ t

0

J−1(s)[σi, T(α)(V )](X(s)) ◦ dW i(s)

= T(α)(V )(x) +

m
∑

i=1

∫ t

1

J−1(s)[σi, T(α)(V )](X(s))dW i(s)

+

∫ t

0

J−1(s)

(

[σ0, T(α)(V )] +
1

2

m
∑

i=1

[σi, [σi, T(α)(V )]]

)

(X(s))ds

Notice that S(α)(t, 1) = I(α)(t).

From (47) we have expansion (28) with

RL(t, x, V ) =
∑

|α|=L

S(α)(t, Z(α)) +
∑

‖α‖≥L
|α|≤L−1

T(α)(V )(x)I(α)(t)

For f ∈ C([0, 1]) we have for any t ∈ (0, 1] and K ≥ 1

∫ t/K

0

|f(s)|2ds =
∫ t/K

0

( |f(s)|
sL/2−ǫ/4

)2

sL−ǫ/2ds ≤ sup
0<s≤1/K

( |f(s)|
sL/2−ǫ/4

)2 ∫ t/K

0

sL−ǫ/2ds

=
2

2L− ǫ+ 2
sup

0<s≤1/K

|f(s)|2
sL−ǫ/2

(

t

K

)L−ǫ/2+1

≤ 2

2L− ǫ
sup

0<s≤1/K

|f(s)|2
sL−ǫ/2

(

t

K

)L−ǫ/2+1

Hence for any 0 < t ≤ 1, K ≥ 1 we have

P

(

1

tL

∫ t/K

0

|RL(s, x, V )|2ds ≥ 1

KL+1−ǫ

)

≤ P

(

2

2L− ǫ
sup

0<s≤1/K

|RL(s, x, V )|2
sL−ǫ/2

t1−ǫ/2 ≥ Kǫ/2

)

≤ P

(

2

2L− ǫ
sup

0<s≤1/K

|RL(s, x, V )|2
sL−ǫ/2

≥ Kǫ/2

)

≤ P





2

2L− ǫ

(

sup
0<s≤1/K

|RL(s, x, V )|
sL/2−ǫ/4

)2

≥ Kǫ/2





= P

(

sup
0<s≤1/K

|RL(s, x, V )|
sL/2−ǫ/4

≥
(

2L− ǫ

2

)1/2

Kǫ/4

)

≤
∑

|α|=L

P

(

sup
0<s≤1/K

|S(α)(s, Z(α))|
sL/2−ǫ/4

≥ K1

)

+
∑

‖α‖≥L
|α|≤L−1

P

(

sup
0<s≤1

|T(α)(V )(x)I(α)(s)|
sL/2−ǫ/4

≥ K1

)

,

whereK1 =
(

2L−ǫ
2

)1/2 Kǫ/4

N
, withN = card{α ∈ A, |α| = L}+card{α ∈ A, |α| ≤ L−1, ‖α‖ ≥

L}.

To handle the terms of the first sum, let denote

Y
(α)
i (s) = J−1(s)[σi, T(α)(V )](X(s)), i = 1, . . . , m
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Y
(α)
0 (s) = J−1(s)

(

[σ0, T(α)(V )] +
1

2

m
∑

i=1

[σi, [σi, T(α)(V )]]

We get for any α ∈ A, |α| = L

P

(

sup
0<s≤1/K

|S(α)(s, Z(α))|
sL/2−ǫ/4

≥ K1

)

≤ P

(

sup
0<s≤1/K

|S(α)(s, Z(α))|
s‖α‖/2−ǫ/4

≥ K1

)

≤ P

(

sup
0<s≤1/K

|S(α)(s, Z(α))|
s‖α‖/2−ǫ/4

≥ K1, sup
0<s≤1/K

|Z(α)(s)| ≤ K2,

( m
∑

i=1

∫ 1/K

0

|Y (α)
i (s)|2ds

)1/2

≤ K2

)

+ P

(

sup
0<s≤1/K

|Z(α)(s)| ≥ K2

)

+ P

(

( m
∑

i=1

∫ 1/K

0

|Y (α)
i (s)|2ds

)1/2

≥ K2

)

=: P1(α) + P2(α) + P3(α),

where K2 = K2−‖α‖

1 ≥ K2−2L

1 for K large enough because L ≤ ‖α‖ ≤ 2|α| = 2L. From [8,

Theorem A.5] we know that there exist C(L, ǫ) > 0, λ(L, ǫ) > 0 such that

P1(α) ≤ C(L, ǫ) exp (−λ1(L, ǫ)K2) ≤ C(L, ǫ) exp
(

−λ1(L, ǫ)K
2−2L

1

)

.

Thus there exist C1(L, ǫ) > 0, λ1(L, ǫ) > 0, µ1(L, ǫ) > 0 such that

∑

|α|=L

P1(α) ≤ C1(L, ǫ) exp
(

−λ1(L, ǫ)K
µ1(L,ǫ)

)

.

For K > 1, let

τ = inf{s ≥ 0 : ‖J−1(s)− Id‖ ∨ |X(s)− x| ≥ 1/2} ∧ T

ξ = inf{s ≥ 0 : ‖J−1(s)− Id‖ ∨ |X(s)− x| ≥ 1} ∧ T

We denote F (s) = (X(s), J−1(s))⊤ We have

P

(

sup
0<s≤1/K

|Z(α)(s)− Z(α)(0)| ≥ K2

)

≤ P

(

sup
0<s≤1/K

|Z(α)(s)− Z(α)(0)| ≥ K2, τ > 1/K

)

+ P (τ ≤ 1/K)

≤ P

(

sup
0<s≤1∧τ

|Z(α)(s)− Z(α)(0)| ≥ K2

)

+ P

(

sup
0<s≤1/K∧ξ

|F (s)− F (0)| ≥ 1/2

)
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For K large enough we apply Lemma 8.5 in [5, Chapter V, Section 8] for each component

of Z(α) and F and we get:

P2(α) ≤ C1 exp
(

−λ1K
2/(1 +M(x))2

)

+ C2 exp
(

−λ2K/(1 +M(x))2
)

Notice that we have

P3(α) ≤
m
∑

i=1

P

(

∫ 1/K

0

|Y (α)
i (s)|2ds ≥ K2

2

m

)

≤
m
∑

i=1

P

(

sup
0<s≤1/K

|Y (α)
i (s)|2 ≥ K2

2

m

)

≤
m
∑

i=1

P





(

sup
0<s≤1/K

|Y (α)
i (s)|

)2

≥ K2
2

m



 =
m
∑

i=1

P

(

sup
0<s≤1/K

|Y (α)
i (s)| ≥ K2√

m

)

For Y
(α)
i , i = 1, . . . , m we have a SDE similar with the one for Z(α) but with [σi, T(α)(V )]

replacing T(α)(V ), so we can treat P2(α) and the terms of P3(α) similarly.

Finally since S(α)(t, 1) = I(α)(t), we get for any α ∈ A, |α| ≤ L− 1, ‖α‖ ≥ L

P

(

sup
0<s≤1

|T(α)(V )(x)I(α)(s)|
sL/2−ǫ/4

≥ K1

)

≤ P

(

sup
0<s≤1

|I(α)(s)|
sL/2−ǫ/4

≥ K1

M(x)2

)

≤ P

(

sup
0<s≤1

|S(α)(s, 1)|
s‖α‖/2−ǫ/4

≥ K1

2M(x)2

)

If K is large enough, using [8, Theorem A.5] we know that there exist C(L, ǫ) > 0, λ(L, ǫ) >

0 and µ1(L, ǫ) > 0 such that

∑

‖α‖≥L
|α|≤L−1

P

(

sup
0<s≤1

|T(α)(V )(x)I(α)(s)|
sL/2−ǫ/4

≥ K1

)

≤ C(L, ǫ) exp

(

−λ(L, ǫ)Kµ1(L,ǫ)

(1 +M(x))2

)

Appendix B:Proof of Theorem 4

Proof. The proof is similar with the proof of [8, Theorem 2.17].

From (22) and (32) notice that C(t, x) is positive semi-definite and both C(t, x) and

λ̃(t, x) are non-decreasing with respect to t, so it is enough to prove (30) for K ≥ 1 large

enough. Since for any a, b ≥ 0 we have (a+ b)2 ≥ a2/2− b2, from (22) and (28) we have for
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any t ∈ (0, 1], K > 1 and η ∈ R
d, |η| = 1

< η,C(t/K, x)η >=
m
∑

k=1

∫ t/K

0

< J(s)−1σk(X(s)), η >2 ds

=
m
∑

k=1

∫ t/K

0

<
∑

‖α‖≤L−1

T(α)(σ
k)(x)I(α)(s) +RL(s, x, σ

k), η >2 ds

=

m
∑

k=1

∫ t/K

0



<
∑

‖α‖≤L−1

T(α)(σ
k)(x)I(α)(s), η > + < RL(s, x, σ

k), η >





2

ds

≥ 1

2

m
∑

k=1

∫ t/K

0

<
∑

‖α‖≤L−1

T(α)(σ
k)(x)I(α)(s), η >2 ds−

m
∑

k=1

∫ t/K

0

< RL(s, x, σ
k), η >2 ds

≥ 1

2

m
∑

k=1

∫ t/K

0



<
∑

‖α‖≤L−1

T(α)(σ
k)(x), η > I(α)(s)





2

ds−
m
∑

k=1

∫ t/K

0

|RL(s, x, σ
k)|2ds

This implies

inf
|η|=1

m
∑

k=1

∫ t/K

0



<
∑

‖α‖≤L−1

T(α)(σ
k)(x), η > I(α)(s)





2

ds

≤ 2 inf
|η|=1

< η,C(t/K, x)η > +2

m
∑

k=1

∫ t/K

0

|RL(s, x, σ
k)|2ds

= 2λ̃(t/K, x) + 2
m
∑

k=1

∫ t/K

0

|RL(s, x, σ
k)|2ds (48)

Let

Mk(x, η) :=
∑

‖α‖≤L−1

< T(α)(σ
k)(x), η >2

Since for any η ∈ R
d, |η| = 1

VL(x, η) =
m
∑

k=1

Mk(x, η) ≥ VL(x),
∑

‖α‖≤L−1

< T(α)(σ
k)(x), η >2

Mk(x, η)
= 1

we get

inf
|η|=1

m
∑

k=1

∫ t/K

0



<
∑

‖α‖≤L−1

T(α)(σ
k)(x), η > I(α)(s)





2

ds

= inf
|η|=1

m
∑

k=1,Mk(x,η)>0

Mk(x, η)

∫ t/K

0





∑

‖α‖≤L−1

< T(α)(σ
k)(x), η >

√

Mk(x, η)
I(α)(s)





2

ds
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≥ inf
|η|=1

m
∑

k=1

Mk(x, η) inf







∫ t/K

0





∑

‖α‖≤L−1

bαI
(α)(s)





2

ds :
∑

‖α‖≤L−1

b2α = 1







= inf







∫ t/K

0





∑

‖α‖≤L−1

bαI
(α)(s)





2

ds :
∑

‖α‖≤L−1

b2α = 1







inf
|η|=1

VL(x, η)

≥ inf







∫ t/K

0





∑

‖α‖≤L−1

bαI
(α)(s)





2

ds :
∑

‖α‖≤L−1

b2α = 1







VL(x)

Here if Mk(x, η) = 0 then < T(α)(σ
k)(x), η >= 0 for any ‖α‖ ≤ L − 1, so the term

corresponding to such k is 0.

Thus, for any L ≥ 1, (48) yields for any ǫ ∈ (0, 1), t ∈ (0, 1], and K ≥ 1

P

(

λ̃(t/K, x)

tL
≤ 1

KL+1−ǫ

)

≤ P

(VL(x)

2tL
inf







∫ t/K

0





∑

‖α‖≤L−1

bαI
(α)(s)





2

ds :
∑

‖α‖≤L−1

b2α = 1







− 1

tL

m
∑

k=1

∫ t/K

0

|RL(s, x, σ
k)|2ds ≤ 1

KL+1−ǫ

)

≤ P

(

1

tL

m
∑

k=1

∫ t/K

0

|RL(s, x, σ
k)|2ds ≥ 1

KL+1−ǫ

)

+ P

(VL(x)

2tL
inf







∫ t/K

0





∑

‖α‖≤L−1

bαI
(α)(s)





2

ds :
∑

‖α‖≤L−1

b2α = 1







≤ 2

KL+1−ǫ

)

≤
m
∑

k=1

P

(

1

tL

∫ t/K

0

|RL(s, x, σ
k)|2ds ≥ 1

mKL+1−ǫ

)

+ P

((

K

t

)L

inf







∫ t/K

0





∑

‖α‖≤L−1

bαI
(α)(s)





2

ds :
∑

‖α‖≤L−1

b2α = 1







≤ 4

VL(x)K1−ǫ

)

By [8, Theorem A.6] there exist C1(L, ǫ), µ1(L, ǫ) > 0 such that for all t ∈ (0, 1]

P

((

K

t

)L

inf







∫ t/K

0





∑

‖α‖≤L−1

bαI
(α)(s)





2

ds :
∑

‖α‖≤L−1

b2α = 1







≤ 4

VL(x)K1−ǫ

)

≤ C1(L, ǫ) exp

(

−
(VL(x)K

1−ǫ

4

)µ1(L,ǫ)
)

By Theorem 3 there exist C2(L, ǫ), λ2(L, ǫ), µ2(L, ǫ) > 0 such that for all t ∈ (0, 1] and

K ≥ 1 large enough

m
∑

k=1

P

(

1

tL

m
∑

k=1

∫ t/K

0

|RL(s, x, σ
k)|2ds ≥ 1

mKL+1−ǫ

)
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≤ mC2(L, ǫ) exp

(

−λ2(L, ǫ)
(

m1/(L+1−ǫ)K
)µ2(L,ǫ)

(1 +M(x))2

)

Replacing K by K1/(L+1) and then taking ǫ = 1/(L+ 2) and using VL(x)) ≤ 1 we get that

there exist C̃(L) > 0, λ̃(L) > 0, and µ̃L > 0, all of them independent of σ0, . . . , σm such

that for all t ∈ (0, 1] and any K ≥ 1 large enough

P

(

λ̃(t/K1/(L+1), x)

tL
≤ 1

K

)

≤ P

(

λ̃(t/K1/(L+1), x)

tL
≤ 1

K(L+1−ǫ)/(L+1)

)

≤ C1(L, ǫ) exp

(

−
(VL(x)K

(1−ǫ)/(L+1)

4

)µ1(L,ǫ)
)

+mC2(L, ǫ) exp

(

−λ2(L, ǫ)
(

m1/(L+1−ǫ)K1/(L+1)
)µ2(L,ǫ)

(1 +M(x))2

)

≤ C1(L) exp

(

−
(VL(x)K

1/(L+2)

4

)µ1(L)
)

+mC2(L) exp






−
λ2(L)

(

m(L+2)/(L2+3L+1)K1/(L+1)
)µ2(L)

(1 +M(x))2







≤ C1(L) exp

(

− 1

4µ1(L)

(

(VL(x))
L+2K

)µ1(L)/(L+2)

(1 +M(x))2

)

+mC2(L) exp

(

−λ3(L)
(

(VL(x))
L+2K

)µ2(L)/(L+1)

(1 +M(x))2

)

≤ C̃(L) exp

(

− λ̃L

(

VL(x)
L+2K

)µ̃L

(1 +M(x))2

)

For K ≥ 1 large enough we can consider µ̃L ∈ (0, 1].

Next, notice that for any η ∈ R
d, |η| = 1

< η,Q(s, x)η >=< J(s)⊤η, C(s, x)J(s)⊤η >

= |J(s)⊤η|2 < J(s)⊤η

|J(s)⊤η| , C(s, x)
J(s)⊤η

|J(s)⊤η| ≥ |J(s)⊤η|2λ̃(s, x)

Let

τ = inf{s ≥ 0 : ‖J(s)− Id‖ ≥ 1/2} ∧ T, τ1 = inf{s ≥ 0 : ‖J(s)− Id‖ ≥ 1} ∧ T

ξ = inf{s ≥ 0 : |X(s)− x| ≥ 1/2} ∧ T, ξ1 = inf{s ≥ 0 : |X(s)− x| ≥ 1} ∧ T.
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Notice that for s ≤ τ we have

|J(s)⊤η|2 = |(J(s)− Id)
⊤η + η|2 ≥ 1

2
|η|2 − |(J(s)− Id)

⊤η|2

≥ 1

2
− ‖J(s)− Id‖2|η|2 ≥

1

2
− 1

4
=

1

4

Hence for s ≤ τ and for any η ∈ R
d, |η| = 1

< η,Q(s, x)η >≥ 1

4
λ̃(s, x)

Thus there exist C(L) > 0, λ(L) > 0, and µL > 0, all of them independent of σ0, . . . , σm

such that for all t ∈ (0, 1) and all K ≥ 1 large enough we have

P

(

λ
(

t
K1/(L+1) , x

)

tL
≤ 1

K

)

≤ P

(

λ̃
(

t
K1/(L+1) , x

)

tL
≤ 4

K
, τ >

1

K1/(L+1)

)

+ P

(

τ ≤ 1

K1/(L+1)
, ξ >

1

K1/(L+1)

)

+ P

(

ξ ≤ 1

K1/(L+1)

)

≤ P

(

λ̃
(

t
K1/(L+1) , x

)

tL
≤ 4

K

)

+ P



 sup
0<s≤τ1∧

1

K1/(L+1)

‖J(s)− Id‖ ≥ 1/2, ξ >
1

K1/(L+1)





+ P



 sup
0<s≤ξ1∧

1

K1/(L+1)

|X(s)− x| ≥ 1/2





≤ C0(L) exp

(

−λ0(L)
(

VL(x)
L+2K

)µ0(L)

(1 +M(x))2

)

+ C1(L) exp

(

−λ1(L)K
1/(L+1)

(1 +M(x))2

)

+ C2(L) exp

(

−λ2(L)K
1/(L+1)

(1 +M(x))2

)

≤ C0(L) exp

(

−λ0(L)
(

VL(x)
L+2K

)µ0(L)

(1 +M(x))2

)

+ C1(L) exp

(

−λ1(L)
(

VL(x)
L+2K

)1/(L+1)

(1 +M(x))2

)

+ C2(L) exp

(

−λ2(L)
(

VL(x)
L+2K

)1/(L+1)

(1 +M(x))2

)

≤ C(L) exp

(

−λL

(

VL(x)
L+2K

)µL

(1 +M(x))2

)

Here we have used VL(x) ≤ 1, and for the first probability in the third inequality we have

used (30)(we have 4/K instead of 1/K but we can ajust the constants from the beginning
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of the proof of (30)). For the second and third probabilitites in the the third inequality

for K > 1 large enough we have applied Lemma 8.5 in [5, Chapter V, Section 8] for each

component of X and J .

29


	Introduction
	Notations and results about Malliavin differentiability
	Malliavin calculus
	The solution of the SDE

	Results about the Malliavin matrix
	The Malliavin matrix under uniform Hörmander's hypothesis

	Exponential bounds for the density of X(t) under a uniform Hörmander's hypothesis

