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PURE POINT DIFFRACTION AND MEAN, BESICOVITCH AND WEYL

ALMOST PERIODICITY

DANIEL LENZ, TIMO SPINDELER, AND NICOLAE STRUNGARU

ABSTRACT. We show that a translation bounded measure has pure point diffraction if and
only if it is mean almost periodic. We then go on and show that a translation bounded
measure solves what we call the phase problem if and only if it is Besicovitch almost periodic.
Finally, we show that a translation bounded measure solves the phase problem independent
of the underlying van Hove sequence if and only if it is Weyl almost periodic. These results
solve fundamental issues in the theory of pure point diffraction and answer questions of

Lagarias.
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INTRODUCTION

This article deals with the harmonic analysis behind pure point diffraction. This topic
has received substantial attention since the discovery of quasicrystals some thirty five years
ago. Indeed, the pivotal article [11] by Bombieri / Taylor written right after the discovery of
quasicrystals has in its title the question ‘Which distributions of matter diffract?’. Of course,
in order to answer this question one needs to be more specific: How is the distribution of
matter modeled? What is meant by ‘diffract’? In this section, we will discuss this and present
our results. For further details and precise definition of certain concepts appearing along our
discussion, we refer the reader to Section 1.

As has become the custom in the last two decades, distribution of matter is modeled by
a measure in Euclidean space. This measure should satisfy a uniform boundedness condi-
tion, known as translation boundedness. This setting covers both Delone sets and bounded
densities. In fact, as far as our investigation here is concerned, there is no reason to restrict
to the Euclidean space. Instead we will from now on consider translation bounded measures
on a locally compact, o-compact Abelian group G. The dual group of G, i.e. the set of all
continuous group homomorphisms from G into the circle is denoted by G.

According to the mathematical setup developed by Hof [22] (dealing with the Euclidean
case) and extended by Schlottmann [51] (considering the group case), diffraction then comes
about after one fixes a van Hove sequence A = (A,,) of subsets of the group G. Such a
sequence is characterized by having the boundary of its members become arbitrarily small
compared to the volume for large n. The Eberlein convolution of the measure p with the
complex conjugate of its reflection along the sequence A is then known as autocorrelation
of u and denoted by 4 (provided it exists). This Eberlein convolution is positive definite
and, hence, possesses a Fourier transform. This Fourier transform is known as the diffraction
measure of u along A and is denoted by 74. It is this diffraction measure that models the
outcome of diffraction experiments. In our context the natural first question is the following;:

Question 1 (Characterization of pure point diffraction). Let a van Hove sequence
A be given, and let ;1 be a measure with autocorrelation 4. Under which conditions is the
diffraction measure 74 a pure point measure?
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This is a long standing problem and clearly a most relevant question in our context. How-
ever, it only deals with a partial aspect of the situation as the diffraction measure only gives
information on the diffraction amplitudes. It does not contain any information on the phases.
The real issue of diffraction concerns the phases. Accordingly, the topic of phases is a central
focus of Lagarias’ article [27] on the problem of diffraction.

The article [27] has been fairly influential. In particular, various works in recent years have
been devoted to answer questions from this article. This includes the work of Lev / Olevski
[29] on Poisson summation type formulae and generalizations of Cordoba’s theorem, the work
of Favorov [18] on the failure of certain such generalizations in dimension bigger than one,
and the work of Kellendonk / Sadun [25] and Kellendonk / Lenz [24] on the existence of sets
with pure point diffraction without finite local complexity or Meyer property.

Following Lagarias,’ we state the phase problem in the following way: Consider a measure
p with pure point diffraction supported on the set E C G. How can one associate phase
information a, € C, x € FE, such that both the Fourier transform of u formally equals
Exe £ 0,0y and the consistent phase property

v = Z ’ax‘z Oy (CPP)

XEE

holds? As already discussed in [27] when dealing with the phase problem, one first has to deal

with what is meant by the Fourier transform of u being formally equal to ) a0y . Here,

xE€EE
we take the point of view that this means that for each x € G the Fourier—Bohr coefficient

lim |A—1n| /A X dut)

n—oo

of 1 exists along the sequence A. Then, the phase problem can be stated in a precise mathe-
matical form as our second question:

Question 2 (Phase Problem). Let a van Hove sequence A be given. When does a
measure p satisfy the following three properties?

(P1) The autocorrelation 4 of u exists along A, and the corresponding diffraction measure
A4 is pure point.

(P2) For each x € G the Fourier-Bohr coefficient of 4 exists along A.

(P3) The consistent phase property holds.

So far, everything is developed with respect to a fixed van Hove sequence. However, it is
natural to aim for independence of the van Hove sequence. This leads us to the third question:

Question 3 (Uniform Phase Problem). When does a measure u solve the phase prob-
lem for every van Hove sequence A with Fourier—Bohr coefficients and diffraction independent
of the actual van Hove sequence?

1We use notation slightly different from the notation in [27]. Note also that the setting of [27] is restricted
to Delone sets in Euclidean space, and [27] assumes that the autocorrelation exists for any van Hove sequence,
whereas here we just assume existence along one fixed van Hove sequence.
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In our article we provide complete answers to all three questions in terms of almost peri-
odicity properties of . Our main results can be stated as follows:

Result 1 (Theorem 2.13). Let u be translation bounded with autocorrelation v 4 along A.
Then, 74 is pure point if and only if 1 is mean almost periodic.

Result 2 (Theorem 3.36). Let a van Hove sequence A be given. Then, the translation
bounded measure p solves the phase problem (along A) if and only if x is Besicovitch almost
periodic.

Result 3 (Theorem 4.16). The translation bounded measure u solves the phase problem
independent of the van Hove sequence if and only if p is Weyl almost periodic.

Result 1 solves a long standing open problem with some partial results obtained earlier.
For Delone sets in R?, a characterization of pure point diffraction has been given by Gouéré
in [20]. As we will discuss below, his characterization is just an alternative description of
mean almost periodicity for Delone sets. Thus, his result is a special case of our result (see
Theorem 2.15). For Meyer sets a sufficient condition for pure point diffraction is given by
Baake / Moody in [7]. Here, again, we can show that their condition actually is a description
of means almost periodicity in the context of Meyer sets. So, we not only recover their result
but in fact show that their condition is not only sufficient but also necessary (see Theorem
2.18).

Result 2 and Result 3 are completely unprecedented. They settle fundamental issues as
witnessed by the mentioned article of Lagarias [27]. Indeed, it has already been discussed
how that article focuses on the phase problem solved by Result 2 and Result 3. Moreover,
the discussion in that article suggests to tackle the problem via suitable notions of almost
periodicity. To be more specific, we need some more notation. A Patterson set in the sense
of [27] is a Delone set in Euclidean space such that its autocorrelation exists for any van
Hove sequence, is independent of the van Hove sequence, and has as its Fourier transform
a pure point measure. Let now B be a suitable vector space of almost periodic functions in
Euclidean space satisfying three natural additional assumptions viz a Parseval type condition,
a Riesz—Fischer property and translation invariance. Then, Lagarias calls a Delone set A in
Euclidean space a B-quasicrystal or a B-Besicovitch almost periodic set if

Y p(-—x)eB

TzEA
holds for each infinitely many differentiable function ¢ with compact support. In the introduc-
tion to his article, Lagarias writes (p 64): ‘...it remains to determine a good class B that gives
a reasonable theory.” and further on ‘It is natural to hope that a suitable class of B-Besicovitch
almost periodic sets will all be Patterson sets and have the consistent phase property given
in (3.9), but this is an open problem.” Now, our results can clearly be understood to answer
these issues. In fact, our result specifically can be seen as answers to Problems 4.6, 4.7 and
4.8 mentioned in the problem session of [27]. This deserves some further discussion: Problem
4.6 asks for a class B of almost periodic functions on Euclidean space such that their B-
quasicrystals satisfy:
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(a) each B-quasicrystal satisfies (CPP).
(b) every Patterson set coming from a cut and project scheme is a B-quasicrystal.
(c) every selfreplicating Delone set which is a Patterson set is a B-quasicrystal.

Our results show that the choice B as the 2-almost periodic Besicovitch functions provides
a solution to Problem 4.6: This choice of B entails that every B-quasicrystal is a Besicovitch
almost periodic measure and, by Result 2, each such measure satisfies (CPP). Moreover, by
Result 2 again, each Patterson set satisfying (CPP) belongs to B. Hence, (b) and (c) are
satisfied?.

Problem 4.7 asks whether every B-quasicrystal is a Patterson set. Now, this is not the case
for the choice of B as 2-almost periodic Besicovitch functions. The reason is that in Result 2
we do not obtain existence of the autocorrelation along any an Hove sequence (but just along
one fixed van Hove sequence). So, our Result 2 solves only a weakened version of Problem 4.7.
On the other hand, our Result 3 implies existence of the autocorrelation along any van Hove
sequence. So, Problem 4.7 is solved if one takes as B the Weyl almost periodic functions.

Strictly speaking, however, the Weyl almost periodic functions do not qualify as a B-class as
they do not satisfy the Riesz—Fischer property. On the other hand, we can show in Section 5
that any B-class satisfying Riesz—Fischer property and Parseval must actually agree with the
2-Besicovitch almost periodic functions under some mild additional assumptions. Now, with
the choice of B as 2-Besicovitch almost periodic functions one always ends up with some
quasicrystals for which the autocorrelation does not exist for all van Hove sequences. Thus, it
seems that one can not expect a full solution to Problem 4.7 when insisting on Riesz—Fischer
property and Parseval equality.

Problem 4.8 deals with a translation bounded measure p of B whose Fourier transform is
formally given by ) a¢de. It asks whether ag must be the Fourier-Bohr coefficient (if this
Fourier—Bohr coefficient exists). Now, this is (trivially) true in our context if one chooses
for B the Besicovitch 2-space as we have just defined the formal Fourier expansion via the
Fourier—Bohr coefficients.

Result 2 and Result 3 are not only of conceptual interest but also of direct consequence.
Result 2 sheds a new and different light on model sets of maximal density. Such model sets
have received attention in recent years [5, 26]. They have the particular feature that - unlike
most other basic models for aperiodic order - here the actual choice of the van Hove sequence
matters. As we show below, they can rather directly be seen to be Besicovitch almost periodic.
Given this, Result 2 allows one to recover most of the fundamental results obtained for such
models in the mentioned works (Theorem 3.40). Result 3 gives a new perspective on a class
of almost periodic measures recently introduced by Meyer [39]. Meyer showed that regular
model sets (in Euclidean space) belong to this class but did not give any results on their
diffraction. Here we show that this class of Meyer is contained in the class of Weyl almost
periodic measures (Corollary 4.26). Then, Result 3 provides a rather complete picture of the
diffraction of sets in this class of Meyer.

2The article [27] does not completely specify what is meant by Patterson set coming from a cut and project
scheme. We understand this to mean regular model sets.



6 DANIEL LENZ, TIMO SPINDELER, AND NICOLAE STRUNGARU

A few words on methods are in order. As discussed above diffraction theory starts with a
translation bounded measure. The Eberlein convolution (along a given van Hove sequence)
is then used to form its autocorrelation. The Fourier transform of the autocorrelation is the
diffraction measure. A key insight in the present article is that this theory can naturally
be placed within the context of group representations. Specifically, the autocorrelation gives
rise to an (pre-)Hilbert space structure on a certain space of functions, on which the group
acts continuously by isometries. The diffraction measure then appears as a kind of 'universal’
spectral measures of this group representation. In this way, tools from representation theory
become available in the study of diffraction. A convenient way of formalizing this part of
our approach is given by the concept of A-representation introduced below (for a van Hove
sequence A = (4,,)). Such a representation is a linear G-invariant map N : Cc(G) — Li,.(G)
with the additional property that the means

1

lim —— [ N(p)(s) N(¥)(s) ds =: (N(), N(¥))
n—o0 | Ay Apn

exist for all ¢, 1 € Cc(G). Under a mild additional assumption any such representation comes
with a measure o on G such that ¢ — (N (), TyN(p)) is just the Fourier transform of the finite
measure |p|20 for any ¢ € C.(G). The application of this general approach to diffraction of
measures is achieved by considering for a measure x4 on G the map N = N, defined on C.(G)
by
Nu(p) == pxp.

In this situation, the measure o can then be seen to be just the ‘usual’ diffraction measure
considered in the literature.

A second key insight of the present article is that almost periodicity properties of the
functions in the range of such an A-representation N store all pieces of information relevant
to us to deal with pure point diffraction and its strengthened variants. Our main results are
then obtained by combining the framework of A-representations with a thorough study of the
relevant sets of almost periodic functions (together with the translation action on them). To
provide such a study can be seen as a core of the article.

We single out three types of almost periodicity. These are mean almost periodicity, Besi-
covitch almost periodicity and Weyl almost periodicity. All these concepts are natural gen-
eralizations of Bohr almost periodicity. They arise by replacing the supremum norm by a
seminorm arising from averaging along a van Hove sequence in respective characterizations
of Bohr almost periodic functions.

While very natural, the concept of mean almost periodicity seems not to have been investi-
gated before. On the other hand, Besicovitch and Weyl almost periodic functions have been
considered in the literature, mostly in connection with differential equations i.e. in the one
dimensional Euclidean situation. Still, parts of the theory have also been considered for more
general groups. Here, we thoroughly develop the theory in the context of o-compact, locally
compact Abelian groups and point out earlier results along the way.

Our approach relies on group representations and Eberlein convolution. Accordingly, the
treatment of the group action on Besicovitch spaces by translation and discussion of the
Eberlein convolution of Besicovitch almost periodic functions are central to us. As these can
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not be found in the literature, we include full discussion. As for Weyl almost periodicity,
a key element for us is to characterize this within the Besicovitch class by uniformity with
respect to the van Hove sequences. This seems to be new.

Two additional advantages of our concept of A-representation may be worth mentioning.
First of all, it makes the underlying mathematics very transparent. In particular, it is clear
that the domain of N is rather irrelevant. The crucial ingredient is the range of N being
contained in certain classes of almost periodic functions. In fact, the domain C.(G) of N
could be replaced by any other subalgebra of continuous functions which is closed under
convolution and whose image under Fourier transform is dense in a suitable L?-space. In
particular, if G is the Euclidean space, we could develop a completely analogous theory based
on (tempered) distributions by considering A-representations N mapping smooth functions
with compact support (or elements of the Schwartz space) into the set of functions on G.
Then, any (tempered) distribution g would give a map N = N, defined by N,(¢) := o * ¢.

Secondly, we feel that this concept seems to be appropriate in terms of modeling. After all,
there is no intrinsic reason to prefer measures over distributions. The only thing relevant is
that - irrespective of how the distribution of matter in question is modeled - one should be able
to pair it with functions. This is exactly what is achieved by our concept of A-representation.
In the context of dynamical systems related ideas were developed in [31].

A standard tool in the investigation of aperiodic order is the use of dynamical systems.
Here, the basic idea is to gather together all ‘distributions of matter’ with the ‘same’ local
features. The arising set will be invariant under translation and compact and, hence, can be
considered as a dynamical system. This approach makes powerful methods from dynamical
systems available to the investigation of aperiodic order and has led to numerous results.
In particular, it has been instrumental in proving pure point diffraction for many concrete
models, see e.g. the recent monograph of Baake / Grimm [3] for discussion. On the conceptual
level, this approach has enabled Lee / Moody / Solomyak to characterize pure point diffraction
(of suitable Delone sets) via pure point spectrum of the associated dynamical system [28].
Their result has been generalized in various directions in [20, 6, 34, 31] in the last two decades.

Given this, it is natural to ask for applications of our approach to the dynamical system
setting. Two such applications are discussed in this article. Both are set within the class of
translation bounded measure dynamical systems (TMDS). Such dynamical systems are by
now a standard setting for the description of aperiodic order via dynamical systems.

Our first application concerns characterization of pure point spectrum for TMDS and cal-
culation of the eigenfunctions via mean almost periodicity and Besicovitch almost periodicity
of the measures in question (Theorem 6.8 and Corollary 6.11).

The other application gives an characterization of Weyl almost periodicity of a measure via
their associated dynamical system. It shows that the measure is Weyl almost periodic if and
only if the associated dynamical system is uniquely ergodic with pure point spectrum and
continuous eigenfunctions (Theorem 6.15). Within the context of aperiodic order this result
can be seen as a relevant step in understanding why typical models for aperiodic order yield
uniquely ergodic dynamical systems with pure point spectrum and continuous eigenfunctions.
Within the context of dynamical system the result may also be of interest. Recent results by
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Downarowicz / Glasner [14] (for actions of Z) and Groger/ Fuhrmann / Lenz [21] (for actions
of more general groups) characterize mean equicontinuity of a dynamical system via exactly
unique ergodicity, pure point spectrum and continuous eigenfunctions. In this context, our
result says that mean equicontinuity of a transitive TMDS means Weyl almost periodicity of
the involved measures.

In a companion article we study mean, Besicovitch, and Weyl almost periodicity for general
dynamical systems [33].

This article is organized as follows: In Section 1, we present the setting and discuss the
necessary concepts and tools for our considerations. In particular, we define the autocor-
relation and the Fourier-Bohr coefficients of a measure. We then discuss the fundamental
seminorms and the associated Besicovitch and Weyl type spaces and introduce the framework
of A-representations.

Section 2 is devoted to mean almost periodicity. We first introduce and discuss this notion
for functions and measures and then turn to our first main result, Theorem 2.13. Finally, we
discuss applications and show how our result contains the mentioned earlier results of [20]
and [7].

Section 3 deals with Besicovitch almost periodicity. This section is the core of our article.
We first present a thorough study of Besicovitch almost periodic functions. In particular, we
show that the p-Besicovitch almost periodic functions form a Banach space for every p > 1.
For p = 2 this space is even a Hilbert space with a natural orthonormal basis given by the
characters of the group. Expansion with respect to this orthonormal basis gives a convincing
Fourier type theory and is the basis for our solution to Problem 2. This solution is presented
in Theorem 3.36. As an application, we give in Theorem 3.40 and its proof a new approach
to results of [5, 26] dealing with weak model sets.

Our study of Weyl almost periodicity is given in Section 4. One key insight is that Weyl
almost periodicity can be understood as simultaneous Besicovitch almost periodicity for all
van Hove sequences. Given this, Result 3 is a rather direct consequence of Result 2. Details
are given in Theorem 4.16 and its proof. As an application, we discuss a (slight generalization
of a) concept of almost periodicity recently introduced by Meyer. As shown by Meyer, this
type of almost periodicity is present in regular model sets in Euclidean space. Indeed, finding
a concept of almost periodicity present in such models was exactly the motivation for Meyer.
Here, we show in Corollary 4.24 that this form of almost periodicity entails Weyl almost
periodicity. Given Result 3, this complements the results of Meyer by providing the missing
diffraction theory for this form of almost periodicity.

To a certain extent, Besicovitch almost periodic functions and Weyl almost periodic func-
tions are unavoidable when one deals with pure point diffraction. In this sense, there is a
uniqueness to our solution of the phase problem. Details are discussed in Section 5. Our
discussion of dynamical systems is given in Section 6.

The article is concluded by appendices, dealing with cut and project schemes, semi-
measures and a counterexample respectively.
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1. KEY PLAYERS AND FUNDAMENTAL FACTS

In this section, we introduce the main concepts in our investigations. These are the au-
tocorrelation and its Fourier transform, the diffraction measure, as well as the associated
Fourier—Bohr coefficients and certain seminorms arising from averaging. All these quantities
live on o-compact, locally compact Abelian groups, and we start this section with a discussion
of basic concepts related to such groups. At the end of this section, we introduce the abstract
framework of diffraction theory captured by our notion of A-representation.

1.1. Basic setting. For the entire paper G denotes a locally compact (Hausdorff), o-compact
Abelian group. The associated Haar measure is denoted by 6. For the Haar measure of a set
A C G we often write |A| instead of ;(A). Integration of an integrable function f: G — C
with respect to 6g is often written as fo(s) ds. For p > 1 we denote by L} (G) the space
of all measurable f : G — C with [, |f(t)[P dt < oo for all compact K C G.

We use the familiar symbols C(G), C.(G), Cy(G) and Cy(G) for the spaces of continuous,
compactly supported continuous, bounded uniformly continuous, and continuous functions
vanishing at infinity, which map from G to C. For any function ¢ on G and element t € G,
the functions g, 7rg and ¢! are defined by

g(s) = g(=s), (mg)(s):=g(s—1) and g'(s):=g(—s).
The dual group G of G is the set of all continuous group homomorphisms from G to {z €
C : |z| = 1}. It becomes a topological space in a natural way, see e.g. [10]. The Fourier
transform of g € C;(G) is the function

§:CA¥—>(C, Xt—)/%g(t)dt.
G

For basic properties of the Fourier transform we refer the reader to [49].
A subset A of G is relatively dense if there exists a compact set K C G with

G =+ K).
teA
A subset A of GG is uniformly discrete if there exists an open neighborhood U of the identity
with (z4+U)N(y+U) =0 for all z,y € A with x # y. A subset A of G is a Delone set if it
is both relatively dense and uniform discrete.
A Radon measure p on G is a linear functional on C.(G) such that, for every compact
subset K C G, there is a constant ax > 0 with

()] < ak @]l

for all ¢ € C.(G) with supp(¢) C K. Here, ||¢||oc denotes the supremum norm of ¢. Subse-
quently, we will simply call ;4 a measure. For general background on measures we recommend
[50] or [48, Appendix].

For a measure ;o on G and t € G, we define i, 7y and pf by

fi(g) = (@), (mp)(g) :=mTg) and pul(g) :=p(g").

Any measure p gives rise to a positive measure |u| with |u(p)| < |ul(|p]) for all ¢ € C.(G)
called the total variation of y (see [45, Thm. 6.5.6] or [48, Appendix] for the definition of



10 DANIEL LENZ, TIMO SPINDELER, AND NICOLAE STRUNGARU

|p]). A measure p on G is finite if |u|(G) < oo holds. A measure p on G is called translation
bounded if

|l == sup |p|(t +V) < oo
teG

holds for one (and then each) open relatively compact subset V' C G. This is equivalent to
wx @ € Cy(G) for all p € C.(G) [1, 43]. The space of all translation bounded measures on G
is denoted by M*>(G).

For ¢ € Cy(G), v € C(G) or p € C(G),y € Cu(G), the convolution ¢ x 1) € Cy(G) is
defined via

(g )(t) = /G ot — 5)(s) ds

for t € G. If both ¢ and v belong to C.(G) so does ¢ 1. The convolution of a finite measure
1 and a translation bounded measure v is the measure u * v defined by

(1) () = /G /G (s + 1) du(s) du(t)

For f € Cy(G) and € > 0 there exists a neighborhood U of 0 in G with ||f — f x ¢|lcc < €
for all ¢ € Cc(G) with support contained in U and [, ¢(t)dt = 1. This allows one to find
an approximate unit i.e. a net (o) in Cc(G) with ¢, * f — f with respect to || - ||co
for all f € Cy(G) and support of every ¢, contained in one fixed open relatively compact
neighborhood of 0 € G.

Finally, p is called positive definite if p(¢ * @) > 0 holds for all p € C.(G). Any positive
definite measure vy admits a (unique) measure 7 on G with [10, 43]

[!@\2dﬁ:/<w*¢>dw
G G

for all ¢ € C.(G). The measure 7 is called the Fourier transform of ~.

A function f € Cy(Q) is called Bohr almost periodic if the closure of {rf : t € G}
is compact in (Cy(G),|| - |loc). Equivalently, f is Bohr almost periodic if and only if for all
e>0theset {t € G: ||f —7if|lo <e} is relatively dense. The set of all Bohr almost periodic
functions is denoted by SAP(G) (for ‘strongly almost periodic functions’). It is a subalgebra
of the set of continuous bounded function on G and is closed with respect to the supremum
norm.

Finite linear combinations of elements of G are called trigonometric polynomials. The
trigonometric polynomials are a dense subalgebra of SAP(G). A measure p € M*>(G) is
called strongly almost periodic if, for all ¢ € C.(G), the function u x ¢ is Bohr almost
periodic. The set of all strongly almost periodic measures is denoted by SAP(G). Almost
periodic measures are particularly relevant to spectral theory as a positive definite measure
v on G is strongly almost periodic if and only if 7 is pure point [17, 43].

Averaging will play a main role in our considerations. The corresponding basics will be
discussed next. We will need the concept of van Hove sequences. While the notion of a
Fglner sequence suffices when dealing with functions, the van Hove property is essential for
calculating the mean of a measure (see [43, Lem. 4.10.6, Lem. 4.10.7]).
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Definition 1.1. A sequence (A,) of relatively compact open subsets of G is called a van
Hove sequence if, for each compact set K C G, we have
. |0F A,
lim

n—oo |An|

=0,

where the K-boundary 9% A of an open set A is defined as
A= (A+EK\A)U((G\A) —K)nA).

A locally compact Abelian group admits a van Hove sequence if and only if it admits a
Folner sequence, if and only if G is o-compact [53] (compare [51]). It is for this reason that
assume o-compactness throughout this article.

Whenever f belongs to L}, (G) and A is a van Hove sequence we define the mean of f
along A by

Ma(f) = Jim o [ poar
if the limit exists. In this case we also say that the mean M4 (f) exists.

For bounded measurable functions existence of the means along arbitrary van Hove se-
quences is characterized as follows.

Proposition 1.2 (Amenability of functions). Let f : G — C be bounded and measurable.
Let A be a van Hove sequence Then, the following statements are equivalent:

(i) The limit lim | / t) dt exists uniformly in s € G.
n +A,

n—oo |
1
(ii) For each van Hove sequence B the limit lim —/ f(t) dt exists uniformly in
n—00 |B | 1B,
s € G and is independent of the van Hove sequence.

1
(iii) The limit lim —/ f(t) dt exists for every van Hove sequence B.
n—o00 |Bn| B,

Proof. (i) = (ii) This follows from Proposition D.1 (see [15, Thm. 3.1] or [43, Prop. 4.5.6]
for f € Cy(Q)).

(ii) ==(iii) is obvious.

(iii) = (i) Assume by contradiction that

lim /
n—o0 ’A ‘ +A7L

does not exist uniformly in s. Note that by (d) the limit

M(f) = lim |A|/ 1)

n—o0

exists. Then, there exists some € > 0, an increasing sequence n; < ng < ... < ngi < ... and
some s; € G such that, for all k£, we have

1

|Ank | sk—l—Ank

f(t)dt — Ma(f)| >e. (1)
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Next, define By, = s + Ay, . Then, (By) is a van Hove sequence, and hence, by (iii)

1
M, = lim — t)dt
exists and |Mg(f) — Ma(f)| > € holds by (1). On the other hand, we can consider the
van Hove sequence C with Cs, = B,, and Cy,4+1 = A,, for all natural numbers n. Then, by
(iii) again the limit of f along this sequence exists and this shows M4(f) = Mp(f) giving a
contradiction. ([l

A bounded measurable function f : G — C satisfying one of the equivalent conditions of
the preceding proposition is called amenable.

The Eberlein convolution f ® 4 g of measurable functions f,g : G — C is defined as
the function

F®ag:G—C,  tes Ma(folt—-) = nmi/ £(s) gt — ) ds,
n—>oo|An| A,

if the integrals in question and the limit exist for all ¢t € G, [15, 43]. Similarly, the Eberlein
convolution u ® 4 v of measures p and v on G is the defined as the vague limit

@av = lim —(ula, * 7]
I AV—nl_{I;O’An‘(NAn v|-a,)

if this limit exists. Here, u|a, denotes the restriction of the measure p to the set A,. Note
that the convolution in the definition makes sense as p|4, and v|_4, are finite measures by
compactness of the A,,. If the van Hove sequence A is clear from the context, we drop it in
the notation.

Existence of the Eberlein convolution of translation bounded measures can be characterized
as follows.

Proposition 1.3. Let u and v be translation bounded measures on G. Let A be a van Hove
sequence. Then, the following assertions are equivalent:

(i) The Eberlein convolution 1 ® AV exists.

(ii) For all p,v € C(G) the mean Ma(p* ¢ - v *1)) exists.
If (i) and (ii) hold, then

Mu(px@-ve ) = ((n@a7) %) (0).
holds for all p,v € Cc(G).

Proof. This is essentially contained in (the proof of) [35, Lem. 7.1]. Specifically, this lemma
states that (i) implies (ii) and that the last statement holds and the proof shows that the
reverse implication holds as well. For the convenience of the reader we include some details.

For n € N, we define the measure m,, on G by m,, = |A_1n\/~"An * U|_4, and the map
My : Ce(G) — C by Mu(p) = x| [4, w(t) dt.

Now, (i) is the statement that the sequence (m,(¢)) converges for all ¢ € C.(G). Of course,
this is equivalent to convergence of the sequence ((m,, * ¢)(0)) for all p € C.(G). In fact, (i)
is actually equivalent to convergence of the sequence ((my, * ¢ * ¥)(0)) for all ¢,v € Ce(G).
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To see this consider ¢ € C.(G) arbitrary. Let K € G be compact with ¢ vanishing outside
of K. Choose an open, relatively compact neighborhgod U of 0 € G. Then, for any € > 0 we
can find a ¢ € Cc(G) supported in U with ||¢ — ¢ % ¢||oc < e. This gives

M () = Ml # )] < [mal(K +T) llp = ¢ % Ylloo < €|mal(K +T).

Due to the translation boundedness of 1 and v, the sequence (!mnl(K + U)) can be seen to
be bounded (compare Lemma 1.1 in [51]) and the desired statement follows.
Now, the proof of [35, Lem. 7.1] contains the line

im0 % )(0) = Ma(( % ) - v 5 9)| = 0.

This shows that (ii) is equivalent to the convergence of ((m, * ¢ * V) (0)) for all p, 9 € Cc(G),
which is equivalent to (i) by our considerations above. This finishes the proof. g

As a consequence of the preceding proposition, we can easily see that the Eberlein con-
volution of functions in C,(G) agrees with the Eberlein convolution of the corresponding
measures.

Proposition 1.4. Let A be a van Hove sequence. Let f,g € Cy(G) be given. Then, the
following assertions are equivalent:

(i) The Eberlein convolution f ® 4 g exists.
(ii) The Eberlein convolution (f0q) ®.4 (90c) exists.

If (i) and (ii) holds we have (f0q) ®4 (90c) = (f ®4 g) 0. Moreover, in this case f ®4 g
belongs to Cy(G).

Proof. As (fOg) ¢ = f* ¢ and similarly (gfg) *x 1 = g+ for all p, 1 € C.(G), the previous
proposition easily gives that (ii) is equivalent to existence of the means M 4(f*p-g*1(—-)) for
all ¢, € Cc(Q). As f, g are uniformly continuous, this can easily be seen to be equivalent to
existence of f ® 4 g. Moreover, uniform continuity of f, g easily gives that ¢t — Ma(f-g(t—"))
is uniformly continuous (if it exists at all). O

Definition 1.5 (Upper mean and uniform upper mean). Given a van Hove sequence A =
(A,), we can define the upper mean M 4 and the uniform upper mean uM 4 on L}, (G)

via

M 4(f) = limsup’A—l‘/A f(t)dte,

n—o0

uM 4(f) := limsupsupi/ f(t)de.
n—oo zeG ‘An’ z+An

Finally, we introduce one more class of functions that we will meet. A function f € C,(G)
is called weakly almost periodic if the closure {7f : ¢ € G} is compact in the weak
topology of the Banach space (Cy(G), |||l ). Any weakly almost periodic f admits a (unique)
decomposition f = g + h with g being Bohr almost periodic and h being amenable with
M(|h|) = 0, see e.g. [43]. As any strongly almost periodic function is amenable, we infer
in particular that any weakly almost periodic function is amenable. A measure u is called
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weakly almost periodic if p * ¢ is a weakly almost periodic function for all p € C.(G).
Weakly almost periodic measures were recently investigated in [35].

1.2. Diffraction theory for measures: autocorrelation and Fourier—-Bohr coeffi-
cients. In this section, we introduce the autocorrelation and study some of its properties as
well as its Fourier transform. These are the main objects of interest to us in the article.

Definition 1.6 (Autocorrelation). Let p be a measure on G and let A = (A,,) be a van Hove
sequence. If the Eberlein convolution p ® 4 g exists, it is called the autocorrelation of p
along A and denoted by 4 or just 7 (if A is clear from the context).

Remark 1.7. For translation bounded measures in second countable groups G the existence
of the limit in the definition is rather a matter of convention. Indeed, the limit will always
exist for a suitable subsequence of (A,,).

By the standard argument of ‘mixing’ van Hove sequences (compare proof of Proposition
1.2) we obtain the following.

Proposition 1.8. Let p be a translation bounded measure on G. If the autocorrelation of p
exists along each van Hove sequence, then it is independent of the van Hove sequence.

In the situation of the proposition, we say that p has a unique autocorrelation.

It is easy to see that for any finite measure v, the measure v * U is positive definite, and
that vague limits of positive definite measures are positive definite [43]. Moreover, the Fourier
transform of any positive definite measure exists. Thus, we immediately obtain the following
corollary.

Corollary 1.9. Let v be the autocorrelation of the measure p with respect to the van Hove
sequence A. Then, ~v is positive definite. In particular, its Fourier transform 7 exists.

In the situation of the corollary, we refer to 7 as the diffraction or diffraction measure
of p (with respect to A).

For a given van Hove sequence (4,,), the Fourier—Bohr coefficient of the measure y on G
at x € G is defined as

af(u) = lim —/ t) du(t)

if the limit exists. We then say that the Fourier—Bohr coefficient of 1 exists (along A).
If (A,) can be replaced by A,, + s, with an arbitrary sequence (s,) in G, we say that the
Fourier—Bohr coefficient of . exists uniformly on G (along .A). Similarly, for a locally
integrable function f on GG, we define the Fourier—-Bohr coefficient of f as that of ffg and
write a?(f) for it.

We complete the section by discussing the connection between the Fourier—Bohr coefficients
of a measure y € M>(G) and the Fourier-Bohr coefficients of p * ¢ for ¢ € C.(G).

Lemma 1.10. Let A be a van Hove sequence, i € M™(G),¢ € Ce(G) and x € G. Set
K := supp(p). Then, for all s € G, we have

(/ (w*u)(t)Wdt>—($({x}))/ X0 dut 1<Hm |10 (An)] .
s+An s+An
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Proof. By a standard application of Fubini, we have

p|(f e ) - @) | +Anmdu(t)‘

| [ (aen ) = 1eran ) ot - ) 3G ar du(t)' .
GJG

A simple computation shows that (1544, (2) — 1s+a,(t)) p(r —t) = 0 unless we have r €
0K (s + A,) = s + 0% (A,). Therefore, we obtain

D< / / o — B)]drdlpal(t) < ||| * lul]| |05 (An)]
G Js+0K (A)

This finishes the proof. O

We note an immediate consequence of the lemma.

Corollary 1.11. Let A be a van Hove sequence, 1 € M>®(G), x € G and s € G be given.

(a) If p(x) # 0 for p € C(G) and the Fourier—Bohr coefficient a?(,u*go) exists (uniformly
on G), then the Fourier—Bohr coefficient a;?(,u) exists (uniformly on G).

(b) If the Fourier—Bohr coefficient a;?(,u) exists (uniformly on G ), then for all p € C.(G),
the Fourier—Bohr coefficient a;?(,u* p) exists (uniformly on G) and satisfies the iden-
tity asy (1% ) = B(x)ax ().

By combining Corollary 1.11 with Proposition 1.2 we also get the next corollary.

Corollary 1.12. Let A be a van Hove sequence, u € M (G) and x € G be given. Then,
the Fourier—Bohr coefficient af(,u) exist uniformly in s € G if and only if the Fourier—Bohr
coefficients aﬁ(,u) exist with respect to any van Hove sequence B.

1.3. Besicovitch and Weyl seminorms and associated spaces. One basic tool in our
considerations will be two seminorms and the corresponding spaces. These are introduced in
this section.

Let 1 < p < 0o, and let A be a van Hove sequence. For f € LI (G) define
_ 1
£ lop,a == (M a(I 1)) 7
_ 1
[ fllwpa = (uM a(|fP))7 .

Moreover, we set

BLY(G) :={f € L,o(G) : [ fllop.a < 00}, WLI(G) = {f € Lipo(G) : [[flwp.a < 00}

loc loc
Lemma 1.13 (Basic properties of the seminorms). Let 1 < p < oo, and let A be a van Hove
sequence. Then,
(a) The maps |- ||op.4 and ||-|jwp.a define seminorms on BLY (G) and W LY (G), respec-
tively.
(b) For all f € WLY(G), we have ||f[lyp.a < [[fllw,p.a-
(¢) If f € BLY(G) N L™(G), then, for all t € G, we have

1 llop.a = lI7efllo.p.a-
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(d) For all f € WLY(G) and all t € G, we have

[ llwp.a = 7Sl p,A

Proof. (a) The only thing which is not obvious is the triangle inequality. This follows imme-
diately from the triangle inequality for LP(G). Indeed, for each f,g € L} (G) and all m € N,
we have

1 1 I ,
T t)+g(t pdt) < T ( t pdt> + - < t pdt> :
([ sora)” < 2 (f opa)” s (o)

Taking the limsup gives the desired inequality. The proof for the uniform limit is identical.
(b) is obvious from the definition.

(c) We have
A |/ Afd=— |/ Imf () ds
1
= |— Pt — —— — )P dt
ML ,Am,/Am F(s—1) \
S L (Y PR TS R
‘Am‘ Am ‘Am‘ t+Anm
1 |Apm A (t+ Ay
= |— f(x)Pdz| < F1S -
| Al AmA(t-i-Am)’ )] | Am| 171

Therefore, by the Fglner condition, we get that

] p _ P _
%ﬂnoo<|Am|/ 2 dz |Am|/ e (#) ds) 0

lim su Pdz = limsu / T Pds.
mow 1 [, G s =limsw s [ s
(d) Follows immediately from the definition. Indeed,

and hence

flP lim sup sup —— 7 f(s)|Pds
H twa,P,A Mmoo 2l ’Am’ oAy, ’ tf( )‘
1
= limsup sup —— Pds=|f
mswpsup e [ ds = 1710
This finishes the proof. O

Remark 1.14. For general (not necessarily bounded) functions f it may well be that f
belongs to BLY(G) and 7,f does not belong to BLY(G) for some ¢t € G. Consider for
example the case G = R. Let two strictly increasing sequences (a,) and (b,) converging to
oo be given and define f: R — R by f(z) = a, for b, <ax <b,+1and -b,—1 <z < b,
and f(z) =0 else. Let A,, = [~by, b,]. Then, by suitably adjusting (b,,) and (a,,) we can have
| fllop.a =0 and ||7f]|pp.4 = oo for all t # 0.

We refer to || - ||pp4 as the Besicovitch p-seminorm and to || - [[w,p4 as the Weyl p-
seminorm.
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Remark 1.15. For G = R and special choices of A, the spaces BL&(G) were investigated by
Marcinkiewicz [37] under the name ‘Besicovitch space’. Later these spaces were then called
Marcinkiewicz spaces, see e.g. [13].

We next give some standard inequalities involving the mean and square mean. Such esti-
mates were used in [15, 17] for weakly almost periodic functions.

Lemma 1.16. Let 1 < p < oo be arbitrary and q the conjugate exponent of p (i.e 1/p+1/q =
1). Let A be a van Hove sequence.

(a) For each f € L} (G) and g € L}, (G) we have
1fglle,r,a < 1 fllopallgllog.a-

In particular, for each f € L} (G) we have ||f|lp1.4 < | fllbp.a-
(b) For each f € L}, .(G) N L>(G) and each van Hove sequence A, we have

1
115 pa < ILFIES 1 Nlb,1a -
Verbatim the same statements hold with || - ||y p 4 replaced by || - ||w.p,A-

Proof. (a) By the Holder’s inequality, we have

iy [, s ae s (g o 'pda’> (i /1o 'qdf”)l

Taking limsup,,_,,, on both sides yields the first statement. The last statement follows by
considering g = 1.

(b) The inequality

pa;<fp1< da:),
[ ser izt (o [ e

is obvious, and again, taklng lim sup,,_,., on both sides ﬁnlshes the proof.

The preceding proofs carry over with || - || 5 4 replaced by || - ||w,p,4 and this yields the last
statement of the lemma. O

We note the following consequence of Lemma 1.16.

Lemma 1.17 (Inclusion of spaces). Let 1 < p < g < oo be arbitrary, and let A be a van Hove
sequence. Then, for all f € L (G), we have

HbeJLA < Hf”b7q7«4 and | fllw,p.a < (1 fllw,ga-

Proof. We only discuss the Besicovitch norm. The argument for the Weyl norm is identical.
We have
£ 15 pa = NS Pllora < WS Pllo 20 = 1115 ga -

The claim follows. U

We now come to the crucial completeness result. The result is certainly known. As we
could not find it in the form stated here we include a proof (see [43] for related reasoning).
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Theorem 1.18 (Completeness of BLY(G)). For each p > 1 and every van Hove sequence
A, the space (BLY(G), || - [lp,p,4) is complete.

Proof. We distinguish two cases.
Case 1: G is compact. It suffices to show that BL"(G) is the space LP(G) of measurable

f:G — Cwith [, [f|Pdt < oo and ||fllop.a = ([ |7 dt)"/? holds.

Via a standard renormalization, we can assume without loss of generality that |G| = 1.
Setting K = G in the definition of the van Hove sequence, we see that G\ 4,, C 9% (A,,), and
hence, by the definition of the van Hove sequence, we get

A (A,
lim sup |G\ A, | < limsup [\ An] < limsup 9" (Am)

=0.

From here, it follows immediately that, for all f € LP(G), we have

£ llb.p.a =

1
1 P
lim | —— f(t pdt> = fllp-
Jim (i [ s 171
It is easy to deduce from here that (BL?

2 (). Ip.a) = (L2(G), |- |) and the desired claim
follows.

Case 2: G is not compact. Hence, |G| = oo holds. By Proposition 2.2 of [13] it suffices to
find for each f € BLY(G) with || f|lsp.4 > 0 an f* € BLY(G) satisfying the following two
properties:

. 1 . v
1= Flopa=0  and S‘”m(/A ! <t>rpdt) <20yt

neN

To do so, choose a natural number N large enough such that

1 1/p
<m/A @) dt) <2|flopa  foralln>N.

Now consider f* with f* = 0 on the relatively compact A1 UAs---UAx and f* = f else. By
construction, f* has the second desired property. Thus, it remains to show ||f — f*[|s .4 = 0.
This in turn follows immediately once we show |A,| — oco,n — oo. Let n > 0. Since G is not
compact, |G| = co. Therefore, we can find a compact set 0 € K such that |[K| > 2n. Since
0 € K, we immediately get that A,, C A,, + K C A,, U9%(A4,,) for all m. The van Hove
property then gives lim,;, |A|’z:f‘ = 1. Therefore, there exists some M such that, for all

m > M, we have |A"Z+f(‘ < 2. Since A, is non-empty, there exists some t,, € A,,. Then, for

each m > M we have

1 1 K

This finishes the proof. O

Finally, we turn to establishing a (continuous) translation action. As shown in Remark 1.14
the Besicovitch semi-norm is far from being invariant under translations and it may even be
that translates of a function with finite Besicovitch semi-norm do not belong to Besicovitch



MEAN ALMOST PERIODICITY 19

space. Thus, we can not hope to find a translation action on the whole space. To remedy
this, we will restrict our attention to a subspace. We define for 1 < p < oo

BC% (G) := Closure of Cy(G) in BLY,(G) with respect to || - [[o.p.A-

Elements in BC%(G) can naturally be approximated by their cut-off functions. To make this
precise, we define for L € (0,00) the cut-off ¢y, at L by

2l < L,

(2)

2y
¢, :C—C cr(z) =
’ =) { |Z|, otherwise .

Then, |cr(2) — cr(w)| < |z —w| for all z,w € C and this implies

llew(f) = eL(g)llbpa < [If = gllb.p.a
for all f,g € BCYH(G), where c,(f)(t) := cn(f(t)).

Proposition 1.19. For f € BCY(G), we have ¢,,(f) — f in (BCH(G), | - lo.p,4) as n — co.

Proof. Let € > 0 be arbitrary. Then, we can choose g € Cy(G) with || f —g|lpp.4 < €/2. Then,
for all n € N with n > ||g||cc we have ¢,(g) = ¢ and, hence, find

1f = enlPlopa < 1F = gllopa+llealg) = enlFllbpa <&

where we used |[en(f) = ¢n(9)llop.a < I = gllop.a- =

On BCY(G) we introduce the equivalence relation = with f = g whenever || f —gl[y.4 = 0.
Then, || - [|p,p,4 descends to a norm on the quotient BC%(G)/ = making it into a complete
space. Then, it is not hard to establish the following crucial feature of this space: For each
t € G the map 7 : Cy(G) — Cy(G) can be extended uniquely to a continuous map 7} on
BC"(G)/ =. The map T; is isometric for each t € G, and for each [f] € BCY(G)/ = the map

G — BCH(G)/ =, t—Tlf],

is continuous.
For ¢ € Cc(G) we define the operator T'(¢) of convolution with ¢ on BC%(G)/ = by setting

T(o)lf] == /G o(s) Tulf] ds

for [f] € BC%(G). Here, the integral is defined via Riemannian sums (which is possible as
G — BCY(G), s — ¢(s)Ts[f], is continuous with compact support). As each T}, t € G, is
an isometry, the inequality | T'(¢)|| < ||¢|/1 holds for all ¢ € Cc(G). It is not hard to see that
T(p) agrees on C,(G) with convolution by ¢, i.e.

T(p)f] = [f * ¢l

holds for all ¢ € C.(G) and f € Cy(G). Indeed, the function GXxG — C, (¢, s) — ¢(s)f(t—s)
is bounded and uniformly continuous and this shows that the approximation of [ ¢(s) Ts[f] ds
by Riemannian sums is close to f * ¢ in uniform norm and hence also in BC%(G).

In particular, if () is an approximate identity, we find that

T(ea)[f1 = [,
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first for all f € Cy(G) and, then, by uniform boundedness of the T'(¢,), for all f € BCY(G).

Moreover, we easily see by a direct computation that ¢ f,, converges to 7.f for all t € G
and @ * f,, converges to ¢ * f with respect to || - || p, 4 whenever f is bounded and measurable,
fn belongs to Cy(G) and (f,,) converges to f with respect to || - ||pp 4. So, we obtain

Ti[f] = [mfl  aswellas  T(@)[f] = [ * f]
for all bounded f € BCH(G).

Proposition 1.20 (Compatibility with translations). Let A be a van Hove sequence. Let
f € BCY(G) be given. If 7y f € BCY(Q) for some t € G, then Ty[f] = [r.f].

Proof. By Proposition 1.19, we have ¢, (f) — f as well as ¢, (1¢f) — 7¢f. Moreover, as (¢, (f))
is bounded by construction, we have Ti[c,,(f)] = [rien(f)] = [en(7ef)]. Putting this together,
we arrive at the desired conclusion. O

In subsequent parts of the article, we will consider the situation that we are given a subspace
S’ of C,y(G), which is invariant under translation and closed in || - ||. Hence, this subspace is
also invariant under taking convolutions with elements from C.(G). We will be interested in
the closure S of this subspace in BC% (G) equipped with || - ||, 4. Clearly, translation action
and convolution then descend from BC%(G) to S and the above considerations holds for S
as well. Specifically, we find the following:

Proposition 1.21 (Translation action and convolution). Let 8’ be a subspace of Cy(G),
which is invariant under translation and closed in || - ||o. Let S be its closure in BLY(G).

(a) For eacht € G, there exists a (unique) continuous map Ty : S/ =— S/ = extending
the translation 7, on S’. Each Ty is an isometry.

(b) The map G — S/ =, t — Ty[f], is continuous for each f € S.

(¢) Ty oTs =Tiys and Ty = Id hold for all t,s € G.

(d) For each ¢ € C.(Q), there exists a unique continuous map T(p) : S/ =— S/ =
with T(@)[f] = [f * ] for all f € S'.

(e) If (pq) is an approzimate identity, then T(va)[f] — [f] for all f € S.

(f) For all f € SN L>®(G), we have 1pf € S for allt € G and Ty[f] = [1f].

(g) For all f € SN L>®(G), we have fx @ € S for all p € C(G) and T'(9)[f] = [f * ¢].

One can even extend validity of T'(p)[f] = [f * ¢] to all f € BCY(G) with f6 € M>(G).
This is discussed next. We need some preparation.

Lemma 1.22. Let A be a van Hove sequence and p > 1 be given. Let f € BLY(G) and
v € C(G). If flg € M™(G), then
1 * @llopa < 2 fllopallel

Proof. For each n, we have by Young’s convolution inequality

J

P
at < loll? / FePa.

n

/ La, (£ — ) f(t — 5) (s) ds
G
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We also have
/1An(t)f(t—8 s)ds| < ‘/ 1a,(t—s)f(t—s)p(s)ds
G

Next, using the standard inequality (a + b)P < 2P(a? + bP), we get
[ s 9e@as| <2 [ -5 -9 e as
G G
+27 (Tox (a (D1 # ¢lc)”

Therefore,
d<?/
G

[rao
+ [ omqan (17 ol at.

Using the van Hove property and boundedness of f * ¢ (which follows from f05 € M*(G),
we get the claim. O

+ 1o (a,) @) [1f * ¢l oo -

p
<2

p

P
dt

ft—s s)ds

/ La, (t = 5) f(t— 5) () s
G

We also note the following.

Proposition 1.23 (f vs fOg). Let S’ be a subspace of Cy(G) which is invariant under
translation and closed in || - ||o. Let S be its closure in BLY(G) with respect to || - ||pp,A-
Then, the following holds:
(a) fxpe8 foral feS and ¢ € C(G).
(b) Let f € LY (G) such that fOq is a translation bounded measure, and assume that
(fn) is a sequence in S" with f, — f with respect to || - ||pp.a. Then, f*¢ belongs to
S and (fn * ) converges to f * ¢ with respect to || - ||pp -
(c) For f € BLY(G) with f0g € M>®(G) the following assertions are equivalent:
(i) f belongs to BCH(G) and fx¢ € S for all ¢ € Cc(G).
(ii) f belongs to S.
In particular, f € Cy(QG) belongs to S if and only if f * @ belongs to S for all ¢ €
C.(G).

Proof. (a) This follows easily as &’ is closed under translations and with respect to || - ||oo-
(b) As S is closed, it suffices to show that (f,,* ) converges to f+*¢ with respect to ||-{/p.p,4-
By Lemma 1.22, we have
1f* @ = faxellopa < 20F = fallop.allelh
and the desired statement follows.
(c) The implication (ii)== (i) follows from (b). It remains to show (i)==-(ii): As, by (i),
the function f * ¢ belongs to S for all ¢ € C.(G) and S is closed, it suffices to show that

|l f — f*¢llpp,.4 becomes arbitrarily small. Now, for ¢ € Cc(G) with |¢|l1 <1 and g € Cy(G),
we find

If = Ffxollopa < If—gllbpatllg—g*elpatllg*e—f*eolopa
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< Wf=gllbpatllg—g*elloe+2g— flop.a

where we used Lemma 1.22 and || - ||pp.4 < || - ||cc- Now, the right hand side can be made
arbitrarily small, by first choosing g sufficiently close to f (which is possible due to the
assumption f € BCY(G)) and then choosing ¢ € Cc(G) with |lg — g * ¢||s sufficiently small
(which is possible due to g € C,(G)). This proves (ii). O

On the WL (G) the situation is different. For each t € G, the map 7 gives an isometric
map from W LY (G) into itself. In general this map will not be continuous in ¢ € G. However,
it can easily be seen to give a continuous map on

WCY(G) := Closure of Cy(G) in WL (G).

Clearly, each element of WC%(G) belongs to BC(G) as well.
All spaces of almost periodic functions considered in the remainder of the article will be
subspaces of BC’Z(G). Hence, they can and will be equipped with a continuous translation.

1.4. Diffraction theory for A-representations. In this section, we develop an abstract
version of diffraction theory. It covers the diffraction theory developed above for translation
bounded measures.

Let ‘H be a vector space with semi-inner product (-,-) and associated seminorm || - ||. Let
G act continuously on H via isometries T3, t € G. Then, a short computation shows that
g:G— C, t— (f,T,f) satisfies

n n
2
> Tyt —t)) = H > CjthfH >0
k=1 =1

for n € N and arbitrary c¢q,...,¢, € C and t4,...,t, € G. Hence, this function is positive
definite for each f € H, and is clearly continuous. Thus, by a result of Bochner, there exists
for each f € H a unique positive finite measure oy on G' with

(. Tof) = /éx(t) doy(x)

for all t € G. This measure is called the spectral measure of f.
Whenever we have a continuous action of G by isometries T; on H, we can define the
operator

T(o):H—H, [ /G S()T f ds,

for ¢ € C.(G). Then, T(p) will be a bounded operator with || T(¢)|| < |l¢|l1. The spectral
measure is compatible with taking convolutions in the following sense.

Proposition 1.24. Let H be a vector space with semi-inner product (-,-). Let G act contin-
wously on H via isometries Ty, t € G. Then,

or(o) = |@°os.



MEAN ALMOST PERIODICITY 23

Proof. A direct computation shows that both o7, and || have the same (inverse)
Fourier transform:

(T TT()f) = /G /G o(8) P07 (s Thsar f) ds dr
- //¢<s>mﬁx<t—s+r>dof<x>dsdr
GJG

G

_ / X(®) [B00 2 dos ().
G

By uniqueness of Fourier transform the desired claim follows. O

We will be particularly interested in the situation that all spectral measures are pure point
measures. To put this in context consider a continuous representation 1" on a Hilbert space.
An f € H with f # 0 is called an eigenfunction of T to the eigenvalue y € G if

Tif = x@)f

for all t € G. Then, T is said to have pure point spectrum if there exists an orthonormal
basis of eigenfunctions. As is well known (and not hard to see), pure point spectrum of 7" is
equivalent to all measures o being pure point measures. This suggests to look for criteria
ensuring that a spectral measure is a pure point measure. The following characterization is
well-known, see e.g. [34] for a recent discussion.

Proposition 1.25. Let H be a vector space with semi-inner product (-,-) and associated
seminorm || - ||. Let G act continuously on H via isometries Ty, t € G. Then, for f € H the
following assertions are equivalent:

(i) The spectral measure oy is pure point.
(ii) The function G — C, t — (f,Tif), is Bohr almost periodic.
(iii) The function G — H, t — Tif, is almost periodic in the sense that for each € > 0
the set {t € G : ||f — Tif|| < e} is relatively dense.

Proof. The equivalence between (i) and (ii) is a classical result of Wiener.

(ii)==(iii): Let € > 0 be given. By (ii) the set of t € G with |(f, f) — (f, T f)| < €/2 is
relatively dense. Now, a direct computation using that 7} is an isometry gives for each such
ted

and (iii) follows.

(ili)=>(ii): Set F'(t) = (f,Tif). Let ¢ > 0. Then, for each t € G with ||f — T,f| <
e/(||fll +1), we have

[F(t+5) = F(s)| = [(f, Tors /) = (TP < T = TeF NI = T f = FINIAN < e

and (ii) follows. O
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We will now consider special representations. An A -representation of G is a quadruple
(N, H,(-,-),T) consisting of a vector space H with semi-inner product (-,-) together with a
continuous action T3, t € G, of G on H by isometries and a linear G-equivariant map

N:C(G) — H.

When we are given an N -representation, we denote the spectral measure of N(p) by o,
(instead of op(,)). We will often just refer to N : Cc(G) — H or even just N as an
N -representation.

For us, the situation where H is a Hilbert space and N(C.(G)) is dense in H will be
particularly relevant. We then speak about an N -representation on a Hilbert space with
dense range. Note that this is not so much an assumption but rather a matter of convenience.
Indeed, whenever N : C.(G) — H is an N-representation, we can always factor out elements
with vanishing seminorm and then take the completion of N(C¢(G)).

We call the N -representation N intertwining if

T(p)N(¢) =T($)N(p)
holds for all ¢, 9 € C.(G).

Proposition 1.26 (Intertwining follows from continuity). If N is continuous (with respect
to inductive limit topology) then N is intertwining.

Proof. A short computation using the continuity of N gives

TN = [ o) TN ds = [ N(e(s)rb)ds = Nig + ).
From this we directly see that IV is intertwining as ¢ * 1) = ¢ * . g

Definition 1.27. Define K3(G) to be the subspace of Cc(G) spanned by {¢* : p,¢ € Cc}.
A linear map ¥ : K3(G) — C is called semi-measure. A semi-measure ¥ is Fourier
transformable if there exists a measure 9 on G such that, for all ¢ € C.(G), we have
o[ € L'(|9]) and

(@) = 0(18l").
In this case we call the measure 9 the Fourier transform of 9.

Note that, given a semi-measure ¥, for all ©» € K9(G), we can define the convolution
(O * ) (t) = I(P(t —)).

We say that N possesses the semi-autocorrelation 7 if n is a Fourier transformable

semi-measure with
(N(2), N()) = (n+ % $)(0) (3)

for all ¢,1) € Cc(G). We say that N possesses an autocorrelation if 7 is a measure. Finally,
we say that IV possesses the diffraction measure o if o is a positive measure on G with
@0 = oy, for all p € C(G).

Note here that, whenever a semi-measure satisfying (3) exists, it is Fourier transformable
by Remark C.7.
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Lemma 1.28. Let N : C.(G) — H be an N -representation. Then, the following assertions
are equivalent:

(i) N is intertwining.
(ii. N possesses a semi-autocorrelation 1.
(iii) N possesses a diffraction measure o.

If one of these equivalent conditions holds then n = o.
Proof. (i)==(iii): By Lemma C.3 in Appendix C, it suffices to show that
1B oy = [0 o
for all p,1 € C.(G). This, however, is immediate from (i) and Proposition 1.24.
(iii)==(i): From (iii and polarisation, we find

(N(@), LN () = /éx(t) 300 900 do(x)

for all t € G and p,9 € C(G). Given this, a direct computation similar to the one in the
proof of Proposition 1.24 shows

(T()N (@), T(Q)N(E)) = /ﬁ(x) 3(x) 300 £x) do ()

G
for all ¢, 1, 0,& € Cc(G). This then easily gives

IT(9)N () = T()N(p)|* = 0.

(ii)== (iii): Let o be the Fourier transform of n. From the defining properties of o,  and
the spectral measure we find for all t € G

/A X(t) 1217 do(x) = (nx ¢ * 79)(0) = (N(¢), TiN(p)) = /A x(t) doys(x) -
G G

As this holds for all ¢ € G we conclude (iii).

(iii)=>(ii): By (iii) the measures |p|*c agree with o, and, hence, are finite for all ¢ €
C.(G). Hence, o is weakly admissible in the sense of Appendix C. Then, Proposition C.4
gives existence of a semi-measure 1 whose Fourier transform is o. Then, (ii) follows as 7
satisfies

~

(5 D)0) = (e +0)) = [ 200900 dotx) = V(). N )
for all p,1 € C(G). Here, the last equality follows from (iii) and polarisation.
The last statement has been shown along the proofs of (iii)==(ii) and (ii)==-(iii). O

In the situation of the preceding lemma L2(a, o) admits a natural continuous action of G
by multiplication, i.e. via

(- ) = x@)f ()
We will always think about L2(a, o) as equipped with this action.
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Theorem 1.29. Let N : C.(G) — H be an intertwining N -representation on a Hilbert space
with dense range. Then, there exists a unique unitary map

U:L*G,0) — H
with @ — N(p) for all ¢ € C(G). This map is a G-map.
Proof. We have
18126y = [ 1670 = [ dop = NP

This shows that the map is well-defined and isometric on the subspace L := {@ : p € C.(G)} C
Lz(@, o). Hence, it can be extended to an isometric map on the closure of L. This closure is
L2(é, o). The map has dense range as N has dense range. As it is an isometry, it must then
be unitary. Finally, note that the map is a G-map on L as N is a G-map. O

As a unitary map completely preserve spectral features, we immediately obtain the next
result.

Corollary 1.30. Let N be intertwining with dense image and assume furthermore that H
is a Hilbert space. Then, T on H has pure point spectrum if and only if o is a pure point
measure. In this case, each eigenvalue has multiplicity one and the functions c, = U(1,) for
X € G with o({x}) # 0 form a canonical orthogonal system with dense span in H satisfying

(exsex) = a({x})-

Consider the situation of the corollary. Now, assume that we are given additionally an
orthonormal basis of eigenfunctions e, of H. Then we can define the Fourier coefficient
A, of N (with respect to (e,)) as the unique factor with

Avey =cy .
Then, the following will be true

[Axl? = llexl? = o({x})

and
(N(9),ex) = (B 25) = B(x) Ax
X

where we used o({x}) = A, - A, in the last step.

Now, let A be a van Hove sequence. Consider BC%(G) (which is the closure of C,(G) with
respect to || - |[p.2,4) and note that it allows for an action of G by translations T3, t € G (see
Section 1).

A linear map

N : Ce(G) — Lij,e(G)
is called an A-representation if it satisfies the following properties:
e N(C.(G)) C BC%4(G).
o M4(fg) exists for all f,g € N(C.(Q)).
e N(1(p)) =1 N(p) for all t € G and ¢ € C(Q).
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Any A-representation N gives naturally rise to a AN-representation on a Hilbert space with
dense range. Specifically, we define

H := Closure of {[N(p)], ¢ € Cc(G)}, in BC%4(G)/ = .

Note that
([f],l9]) == Ma(f9)

is well defined and gives an inner product on H whose associated norm || - || satisfies

NI = Mallf )2 = [ £lls,20a -

By construction, ‘H is an Hilbert space. By the defining properties of N and Proposition 1.21
this Hilbert space is invariant under the translation action and the map

N:C(G) —H, ¢~ [N,

is G-invariant with dense range. Then, (N, H, (-,-),T) is an A-representation on a Hilbert
space with dense range. If this N -representation is intertwining, then we say that the A-
representation N is intertwining.

We will be mostly interested in A-representations induced by measures. More specifically,
for a measure p on G we consider

N, :Ce(G) — Li,(G) defined by N, (¢):=pux*¢p.

In order for this to give an A-representation, y ¢ must belong to BC%(G) for all ¢ € Cc(G)
and M 4(p * ¢ - o % 1)) must exist for all p,1) € C.(G). The property 7:N(¢) = N(1¢p) for
t € G and ¢ € C.(G) is then automatically satisfied (see Proposition 1.20). Finally, in order
to apply the above theorems we also need that N, is intertwining. We next gather some
classes of measures for which all these assumptions are satisfied.

Proposition 1.31 (Translation bounded measures with autocorrelation). Let p be a trans-
lation bounded measure whose autocorrelation «y exists with respect to A. Then, N, is an
intertwining A-representation.

Proof. As p is translation bounded, p * ¢ belongs to Cy(G) C BC%(G) for all ¢ € Cc(G).
Moreover, by Proposition 1.3, we have Ma(u* ¢ -px) = (y*p*1)(0) for all o, € Ce(G).
So, N, is indeed an A-representation. Clearly, IV, possesses the autocorrelation v and, hence,
is intertwining by Lemma 1.28. O

Remark 1.32. From Proposition 1.3 we see that there is a converse of sorts to this propo-
sition: If 4 is translation bounded such that IV, is an intertwining .A-representation; then p
possess an autocorrelation. Let us also note that in this case N, is continuous (as a short
computation shows).

Proposition 1.33 (A-representation derived from continuity). Let p be a measure with uxp €
BC%(G) for all ¢ € C(G) such that M(p * ¢ - p* ) exists for all p,vp € C(G). If
C(G) — BC’i(G), © = @, s continuous, then N, is an intertwining A-representation.
In particular, N, possesses a semi-autocorrelation.
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Proof. By Proposition 1.26 N, is an intertwining .A-representation. The last statement follows
from Lemma 1.28. U

Proposition 1.34 (A-representation derived from positive measures). Let p be a positive
measure with p* o € BCE‘(G) for all ¢ € C(G) such that M(u * ¢ - 1)) exists for all
0, € C(G). Then, N, is an intertwining A-representation. In particular, N, possesses a
semi-autocorrelation.

Proof. This follows from the previous proposition as the map C.(G) — BC’i(G), O [k,
is continuous. To see this consider a sequence (p,) in Cc(G) converging to ¢ € Cc(G) in the
inductive limit topology on C¢(G). Then, there exists a compact set K C G such that the
support of all ¢, (and then the support of ¢ as well) is contained in K. Let 1) € C.(G) be a
nonnegative function with ¢» =1 on K. Then, |¢ — ¢n| < || — ¢nlloo? and

s —pxon| =px(0—en) < llo—enllo (1)

follows from positivity of . This easily gives the desired continuity. O

2. MEAN ALMOST PERIODICITY AND CHARACTERIZATION OF PURE POINT DIFFRACTION

In this section, we introduce a notion of almost periodicity for functions and measures
based on the (semi)norms arising from averaging. This form of almost periodicity seems not
to have been considered before. We use it to characterize pure point diffraction.

2.1. Mean almost periodic functions and measures. In this section, we introduce mean
almost periodicity.

Definition 2.1 (Mean almost periodic functions in C,(G)). Let A = (4,) be a van Hove
sequence. A function f € C,(G) is called mean almost periodic with respect to A if, for
each € > 0, the set

{teG:[If —7uflopa<e}
is relatively dense. The set of all mean almost periodic f € C,(G) will be denoted by
MAPA(G).

The previous definition features || - ||3,1,4. However, we could also work with || - || 4 for
any p > 1 as shown next.

Proposition 2.2 (Independence of p > 1). For f € Cy(QG) the following assertions are
equivalent:

(i) The function f is mean almost periodic.
(ii) There exists a p > 1 such that the set

{teG:|If —nfllopa <e}

is relatively dense for each € > 0.
(iii) For all p > 1, the set

{teG:|If —nflopa<e}

1s relatively dense for each € > 0.
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Proof. This is a direct consequence of Lemma 1.16 and Lemma 1.17. O

Proposition 2.3 (Mean almost periodic functions as subspace of C,(G)). Let A be a van
Hove sequence. Then, the set of mean almost periodic f € Cy(G) is a subspace of Cy(G)
closed under uniform convergence and invariant under translations.

Proof. As || - [[p,1,4 < || - ||oc, the set in question is closed under uniform convergence. It
is invariant under translations as || - ||p,1,4 is invariant under translations when applied to
bounded functions. It remains to show that it is a vector space. This follows by standard
arguments. We sketch the proof for the convenience of the reader. The set is clearly closed
under multiplication with scalars. To show that it is closed under addition of functions we
proceed as follows: Whenever ¢ > 0 is given, we call a t € G an e-almost period of f if
Il f —7¢fllp1.4 < € holds. Denote the set of all e-almost periods of f by A(f,¢).
Whenever t, s are e-almost periods of f then t — s is a 2e-almost period of f as

\f = 7—sfllopa < f = eflloa+ |17 f — Ti—sflloa < e+ |7 f — fllog,4 < 2e.

Note that this uses invariance of the norm under translations in a crucial way. This invariance
holds for bounded functions.

Let now mean almost periodic f,g € C,(G) be given and € > 0 be given. Then, we can
find an open neighborhood U of 0 € G with ||f — 7¢.f||co, |g — Ttgllec < € for all t € U.

The preceding considerations easily give that the (A(f,e) — A(f,e)) + U is contained in
A(f,3¢e) and (A(g,e) — A(g,¢€)) + U is contained in A(g,3¢). Moreover, as both A(f,e) and
A(g,¢€) are relatively dense by assumption, the set

((A(f;e) = A(f,¢)) + U) N ((Alg, €) — Alg,€)) +U)

is relatively dense by standard arguments (see e.g. appendix of [33]). Hence, there is a
relatively dense set of 3e-almost periods of both f and g and this easily gives that f 4+ ¢ has a
relatively dense set of 6e- periods. As e > 0 was arbitrary, we infer that f 4+ g is mean almost
periodic. O

Definition 2.4 (Mean almost periodic functions). Let A = (A,) be a van Hove sequence
and let 1 < p < co. We define Map”)(G) to be the closure of MAP4(G) in BCY(G) with
respect to || - ||pp,4. The elements of Map’;(G) are called p-mean almost periodic functions.

Remark 2.5. We have defined Map”)(G) as the closure of M AP4(G) in BCY(G). Of course,
we could also have taken the closure in BLY (G) (as MAP4(G) C Cy(G) holds).

We now turn to an intrinsic characterization of Map"(G).

Lemma 2.6 (Intrinsic characterization of mean almost periodic functions). An f € BCH(G)
is p-mean almost periodic if and only if for each € > 0 the set

{t € G T[] = [fllbp.a < e}

is relatively dense in G.
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Proof. The ‘only if’ statement follows easily from the definition and a short approximation
argument. It remains to show the ‘if’ statement. So, let f € BC’Z(G) be given such that for
each € > 0 the set

{t € G T[] = [fllop.a <}

is relatively dense in G. Without loss of generality we can assume that f is bounded as
otherwise we could use Proposition 1.19 to replace it by a cut-off version of it. Now, we have
T(p)[f] = [f x| for any ¢ € C.(G) and f * ¢ belongs to C,(G). Hence, a short computation
gives

I7e(f * ) = [+ @llop.a = 1T = [Dllopa < el 1T = [Fllbp.a

by the results above. From the assumption on f we then easily infer that f *¢ is mean almost
periodic. The desired statement now follows by choosing an approximate identity (¢q) in
Cc(G) and noting that T'(¢a)[f] = [f * va] = [f]- O

Proposition 2.7 (Inclusion of spaces). Map®(G) is contained in M aph(G) with continuous
inclusion for any p > 1. Moreover, for any p > 1, we have

Map"(G) N L>®(G) = Map}(G) N L>(G) .

Proof. The first statement as well as the inclusion C in the second statement follow immedi-
ately from Lemma 1.17. The inclusion D in the second statement follows from Lemma 1.16
and a short approximation argument. O

Theorem 2.8 (Completeness of Map (G)). Let A = (Ay) be a van Hove sequence and let
1 < p < oo be given. Then, (Map"y(G), |- |lop.4) is a complete vector space and Maph (G)/ =
1s invariant under translations.

Proof. By construction M apﬁ(G) is the closure of a vector space in the ambient space
BL"(G). Hence, it closed in this ambient space. As the ambient space BLY;(G) is complete
by Theorem 1.18, so is then Map"(G). Invariance under translations follows as Map’;(G) is
invariant under translations. ]

We next show that taking the closure does not introduce additional mean almost periodic
functions in C,(G).

Proposition 2.9 (Consistency). Let A = (A,) be a van Hove sequence and let 1 < p < oo.
Let f € Cy(QG) be given. Then, the following assertions are equivalent:

(i) The function f is mean almost periodic.
(ii) The function f belongs to Map’y(G) for some p > 1.
(iii) The function f belongs to Map"(G) for all p > 1.

Proof. (i)==(iii) and (iii)==-(ii) are obvious. We show (ii)==-(i): Let ¢ > 0 be arbitrary. By
definition there exists a mean almost periodic h € Cy(G) with ||f — hl[pp.a < /3. As h is
mean almost periodic, there exist a relatively dense set A C G with

1h = 7ehljppa <e/3
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for all t € A. Then, we find for all t € A

1f = 7S llbp.a <If = hllopa+[1h = 7ihllop.a+ I7eh = e fllop.a <e,

where we used ||7zh — 7¢.f||p,p,4 = ||h — fllp.p,4. Now, the statement follows from Proposition
2.2. g

Definition 2.10 (Mean almost periodic measures). Let A = (4,,) be a van Hove sequence,
and let 1 < p < co. A measure p is called mean p-almost periodic with respect to A if|
for all ¢ € Cc(G) we have pux ¢ € Map"(G). The space of mean p-almost periodic measures
is denoted by Map” (G).

As noted in Proposition 2.3, Map4(G) contains Map"(G) for all 1 < p by Lemma 1.17
and then also Map!y(G) contains Map’y(G) for all 1 < p. For this reason we often drop the
superscript 1 when referring to Ma p}4(G) and call its elements just mean almost periodic
measures. From Proposition 2.3 we also see that a translation bounded measure belongs to
Map® (G) for some p > 1 if and only if it belongs to Mapy(G).

For f € C,(G) mean almost periodicity as a function and as a measure are equivalent. In
fact, even the following holds.

Proposition 2.11. Let A be a van Hove sequence on G and 1 < p < oo be given. Let f
belong to the closure of Cy(G) in BLY(G) and assume that f0c is translation bounded. Then,
f is mean almost periodic if and only if f0q € Map4(G). In particular, f € Cy(G) is mean
almost periodic if and only if fOq is mean almost periodic.

Proof. This follows from Proposition 1.23 applied to 8’ = Map4(G). The assumption of that
proposition are satisfied by Proposition 2.3. O

2.2. Characterization of pure point diffraction. In this subsection, we show that a
translation bounded measure is pure point diffractive if and only if it is mean almost periodic.
This generalizes partial results in this direction obtained earlier by [7, 19].

Theorem 2.12 (Characterization A-representation with pure point spectrum). Let N :
C.(G) — BC%(G) be an A-representation with semi-autocorrelation n and diffraction mea-
sure o. Then, the following assertions are equivalent:

(i) The diffraction measure o is a pure point measure.
(i) N(Ce(G)) C Map?(G).
Proof. The measure o is a pure point measure if and only if |$|?0 is a pure point measure for

all p € Cc(G). By Lemma 1.28, we have |3|? o = oy, for all ¢ € Cc(G). So, from Proposition
1.25 we see that o is a pure point measure if and only if the set

{t e G:TN(p)] = NPl < e}

is relatively dense for all ¢ > 0 and all ¢ € C.(G). This in turn is equivalent to N(p) €
Map*(G). O

As a consequence of the previous considerations, we obtain a characterization of pure point
diffraction.
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Theorem 2.13 (Characterization pure point diffraction). Let p be a translation bounded
measure and let v be its autocorrelation with respect to some van Hove sequence A. Then, 5
s a pure point measure if and only if u is mean almost periodic with respect to A.

Proof. As discussed in Proposition 1.31 a translation bounded measure p with autocorrelation
7 gives rise to the A-representation N, (defined by N,(¢) = p * ¢) with autocorrelation ~.
Now, the claim is a direct consequence of the previous theorem and the definition of mean
almost periodicity for measures. O

Remark 2.14. In Theorem 2.13, one can relate explicitly the mean almost periods of u * ¢
to the Bohr almost periods of 7 * ¢ % ¢. Indeed, it is not hard to see that

(a) every %—Bohr almost period of v * ¢ * ¢ is an e-mean almost period for p * ¢.
2

(b) every 7 +('y*so*¢§(0)llu*solloo -mean almost period for p* ¢ is an e-Bohr almost period for

vk Q.

2.3. Delone and Meyer sets with pure point diffraction. In the context of aperiodic
order, a particular case of interest are translation bounded measures arising from Delone sets
and Meyer sets. Specifically, for a uniformly discrete set A C G we define its Dirac comb to

Sa ::Z&t

teA
with ds being the unit point mass at s € GG. For such measures, sufficient conditions for pure
point diffraction have been given earlier. Here, we show how mean almost periodicity of Dirac
combs of Delone sets and Meyer sets can be characterized. This is then used to exhibit earlier
results as particular cases of Theorem 2.13.

be the measure

Recall that a subset A of G is a Delone set if it is relatively dense and uniformly discrete.
First, in the spirit of [19], given two Delone sets A and I" and an open set 0 € U C G, we
denote by A Ay I' the set

AAyT = (A\T+U)UuT\(A+D)) .
Theorem 2.15 (Characterizing mean almost periodicity for Delone sets). If A is a Delone

set, then dp is mean almost periodic if and only if, for each open neighbourhood U C G of 0
and each € > 0, the set

AAy (t+ A A,
{tEG:limsupﬁ( vlt+A)n <€}

is relatively dense.

Remark 2.16. The result shows that mean almost periodicity for Delone sets is equivalent
to the conditions of [19, Thm. 3.3(5)]. Hence, it follows that [19, Thm. 3.3] is a special case
of Theorem 2.13.

Proof. =: Let U be an open neighbourhood of 0, and let € > 0. Pick some open set V' such
that 0 € V and V C U. Let ¢ € C.(G) be such that ¢ > 1y and supp(¢) C U. A simple
computation shows that

[(6a * @) () — Te(0a * @) ()| = 1
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for all t € G and for all z € (A Ay (t + A)) + V. Therefore, for all t € G we have
AA A)NA,
Oc(V) limsupﬁ( ult+A)n

< MA(0p %@ — 14(6p * ) .

The claim follows.

<=: Fix some open neighbourhood U = —U of 0 such that A is U — U uniformly discrete.
Let p € C.(G), e > 0, and let K := supp(p). As ¢ is uniformly continuous, there exists some
open neighbourhood V' C U of 0 such that, for all z,y € G with x — y € V, we have

€
2|K|dens(A) +1°
Now, for each x € A\ (A Ay (¢t + A)), there exists a unique y, € (t+ A)\ (A Ay (t + A)) such
that x — y, € V. We know that the set

) F(AAy (t+A)NA, £
P .= {t € G : limsu
el A, SO Tt dt+ 1}
is relatively dense. It follows from a standard Fubini and van Hove type argument that, for
all t € P, we have

lp(z) — p(y)] <

HA(dA*gp—TtdA*cp)Slimsupﬁ(AAV (t+4))0An /\ t)| dt
n—o0 | An
+ lim sup / lp(z —t) — o(y, — t)| dt
n—oo | An|

EA\(AAV(H-A )NAn

€
< — +limsup — Z |K|
2 n—00 ‘An’xEA\(AA (t4+A))N 2|K|dens( )—l—l
€ €
< -~ +dens(A — K| <e.
< g el s 1
This finishes the proof. O

Remark 2.17. If G is metrisable, it is easy to show that the condition in Theorem 2.15 can
be replaced by the following statement: For each ¢ > 0, the set

AA t+A))NA,
P = {tEG : limsupﬁ( 5.0 (1 F )) <E}

is relatively dense, compare [19]. Here, B,.(0) denotes the ball around 0 € G with radius
r > 0.

We now turn to Meyer sets. Here, a Delone set A C G is Meyer if A — A — A is uniformly
discrete. Moreover, if G is compactly generated, this is equivalent to A — A being uniformly
discrete (and even weaker conditions [8, 54]).

Theorem 2.18 (Characterizing mean almost periodicity for Meyer sets). If A is a Meyer
set, then 6p is mean almost periodic if and only if, for each € > 0, the set

{te G : limsupﬁ(AA(t—i_A))mAn <E}
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is relatively dense.

Remark 2.19. The result shows that mean almost periodicity for Meyer sets is equivalent
to the condition given in [7, Thm. 5]. Hence, it follows that [7, Thm. 5] is a special case of
Theorem 2.13.

Proof. =: If dens(A) = 0, the claim is trivial. So, without loss of generality, we can assume
that dens(A) > 0.

Fix an open and precompact neighbourhood U = —U of 0 such that A — A is U uniformly
discrete. Let 0 < ¢ < dens(A). We know that the set

P = {te G : limsupﬁ(AAU(rA+|A))mAn < %}
n—o0 n

is relatively dense. As

Jim sup BF(AAy (t+A)NA

" < dens(A),

there exists some z € AN ((¢ +A) 4+ U). Since z € t + A + U, there exists some s € U such
that z € (t —u) + A. Then, x = (t —u) + 2’ for some 2’ € A and hence t —u =z —a' € A—A.
We claim that

AVt —u) +A) € (AAy (E+A)) |
((t—u) + ANA C —u+ (AAy (t+ A)) .

First, let y € A\((t — u) + A). Assume by contradiction that y € (¢t + A) + U. Then, there
exist some z € A,v € U such that y =t + z + v. Then, one has

(y—2)—u=(t—u)+wv.

Since y — z,t —u € A — A, —u,v € U and A — A is U uniformly discrete, we get that
y—z =1t —wu and hence y € (t —u) + A a contradiction. Therefore, we can conclude that
ye A\((t+A)+U) C(AAy(t+A)).

Next, let y € ((t —u) + A)\A + U. We will show that

ye—u+(t+M\(—u+A+U)C(—u+MNAy(t+A—u)=—-u+ (AAy (t+A)) .

Assume by contradiction that y € —u+ A+ U. Then, there exist some z € A,v € U such that
y = —u+z+v. Moreover, as y € ((t —u)+A), there exists some 2z’ € A so that y =t —u+2.
Therefore, we have

(t—u)+u=(2—-2")+wv.
Since t —u,z — 2’ € A — A,u,v € U and A — A is U uniformly discrete, we get t —u = z — 2/
and hence y =t —u+2 = 2z € A C A+ U, which is a contradiction. This shows that, for
each t € P, there exists some u € U such that

o EAA G Uk D)0y L (AN (¢ =) +A) 1 Ay

+ timsup EE =0 T ANY) 0 4,




MEAN ALMOST PERIODICITY 35

F(AAy (t+A)) N A,

< 2limsu <e.
= e 4]
Since U is compact, the claim follows.
<=: This follows from Theorem 2.15 and AAy (t +A) CAA(t+ A). O

3. BESICOVITCH ALMOST PERIODICITY AND THE PHASE PROBLEM

In this section, we first study Besicovitch almost periodic functions. This is done in two
steps. In the first step, we develop some general theory and in the second step we restrict
attention to a certain Hilbert space of Besicovitch almost periodic functions. This Hilbert
space structure will allow us to set up a Fourier expansion type theory. Having this theory at
hand we can then turn to A-representations with values in the Besicovitch almost periodic and
characterize them by pure point diffraction together with existence of the Fourier coefficients.
As a consequence, we obtain our solution of the phase problem.

3.1. Besicovitch almost periodic functions: general theory. In this section, we study
Besicovitch almost periodic functions. Part of the subsequent considerations are known and
we indicate relevant literature along the way.

Definition 3.1 (Besicovitch almost periodic functions). Let A = (A,) be a van Hove se-
quence, and let 1 < p < co. A function f € L} (G) is called Besicovitch p-almost periodic
with respect to A if, for each € > 0, there exists a trigonometric polynomial P = > "7_, cixk
with ¢, € C and yj € G such that

1f = Pllopa <e.
We denote the space of Besicovitch p-almost periodic functions BapZ(G). When p =1 we
will simply write Bapa(G) := Bapy(G).

Remark 3.2. A function is Besicovitch p-almost periodic if and only if, for each € > 0,
there exists a Bohr almost periodic function g such that ||f — g|lpp.a4 < €. In particular,
all trigonometric polynomials and all Bohr almost periodic functions are Besicovitch almost
periodic (for any p > 1). In fact, it is not hard to see that every weakly almost periodic
function is Besicovitch p-almost periodic (for any p).

From the considerations in Section 1, we obtain the following.
Proposition 3.3 (Inclusions of spaces). (a) For each 1 < p < oo, we have
Bap"(G) € Map’(G)

with continuous inclusion map.
(b) For each 1 <p < g < o0, we have

Bap?(G) € Bap’y(G) € Bapa(G)

with continuous inclusion map.
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Proof. (a) Let f € Bap’(G) be arbitrary. Let e > 0 be arbitrary. Then, for each ¢ > 0
there exists an trigonometric polynomial P with ||f — P||s, 4 < €. Now, any trigonometric
polynomial clearly is Bohr almost periodic and, hence, is mean almost periodic. Hence, we
can approximate f arbitrarily well by mean almost periodic functions and f € M apil(G)

follows.

(b) This follows from Lemma 1.17. O
Remark 3.4. The space Map”(G) is in general strictly bigger than Bap’)(G). To see this,
we consider G = R with the van Hove sequence A,, = [-n,n]. Let f : R — R be the function

1 ifx>1
fl)y:=< o if0<z<1
0 itz <0

Then, clearly f is uniformly continuous and ||f — 7 f||p1,4 = 0 for all t € R. So, f is mean
almost periodic. However, f is not Besicovitch p-almost periodic. Indeed, any trigonometric
polynomial sufficiently close to f in Besicovitch norm must essentially be close to 1 on z > 0
and close to 0 on x < 0. This, however, is not possible for a Bohr almost periodic function
(see Remark 6.12 below for a similar reasoning).

We next show that for bounded functions Besicovitch p-almost periodicity is independent
of p. We start with the following preliminary lemma.

Lemma 3.5. Let f € L*°(G) N Bap’y(G). Then, for each &€ > 0 there exists some trigono-
metric polynomial P such that

If = Pllopa<e  and  [[Plloc <|[flloc +1.

Proof. 1t suffices to prove the claim for 0 < ¢ < 1. Fix such an ¢ and pick some trigonometric
polynomial @ such that [|f — Q|lsp.4 < §. Set L := ||f|lsc + 3, and define g := c1(Q) where
cr, is the cutoff function from (2). Since |f(z)| < L for all x € G, we have ||f — gllpp.a =
ler(F) = cr(@)lopa < I1f = Qllopoa and gl < L. Tt s casy to see that |rg(a) — g(a)] <
|7:Q(x) — Q(z)| for all t,z € G. Since @ is a trigonometric polynomial, it is Bohr almost
periodic, and hence so is g. Therefore, there exists a trigonometric polynomial P such that
lg — Plloc < 5. We then have

9
1Plloc < 1P = glloo +llglloc < L+ 5 <Iflloc +1

and
1f = Pllop,a < IIf = gllop,a +1lg = Pllop,a < If = Qllopa+llg— Pl <e.
This finishes the proof. O

Remark 3.6 (Normal contractions). The construction of g by cutting of ) in the preceding
proof points to a general feature of the spaces of almost periodic functions: A map ¢: C — C
with ¢(0) = 0 and |¢(z) — c(w)| < |z—w]| is called a normal contraction. Then, we clearly have
o) = ()l < 1 = gllo for all £,g € Cu(G) as well as [le(f) = c(9)lopa < 1 = gllspoa for
all f,g € BLZ(G). This easily shows that the set of Bohr almost periodic functions as well
as Map"(G) and Bap’)(G) are closed under taking normal contractions.
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Now, we can show that Besicovitch-p-almost periodicity does not depend on p for bounded
functions (see also [36, Thm. 2.1]).

Proposition 3.7. For each 1 < p < oo we have Bap’y(G) N L*°(G) = Bapa(G) N L=(G) .

Proof. The inclusion C follows from Proposition 3.3. To show the inclusion 2O let f €
Bapa(G) N L*(G), and let € > 0. Then, by Lemma 3.5 we can find some trigonometric
polynomial P such that
P
- P < and Plloo < +1.
1f Hb,lw‘\ I Flle)P T+ 1 [1Plloo < [|f]loo

Therefore, by Lemma 1.16 we have
&P

PP <|f—P|Pt < oo + I1P]log)P~t < €P.
1f = Plypa < ILf =PI [[fllo,4 < (1 flloe + [1P]loo) Gl 11

This finishes the proof. O

We next review the basic properties of Bap®(G). Since Bapa(G) N L>(G) = Bap’(G) N
L*(G) and Bap"(G) C Bapa(G), some of the properties below need only be proven for
Bap4(G). Recall from Remark 3.2 that the subspace SAP(G) of Bohr almost periodic func-
tions is dense in Bapﬂ(G) as every trigonometric polynomial is Bohr almost periodic. We
will often use this fact.

Property (a) below can be found in [36, Thm. 2.4].

Proposition 3.8. Let A be a van Hove sequence on G.
(a) If f € Bapa(G), then the mean of f

. 1
My(f) = lim m/Amf(t)dt

m—o0

exists with respect to (Am) and |Ma(f)| </ fllp,1,4 holds.
(b) If f,g € Bap"(G) for some 1 < p and x € G,ceC, then fLg,cf, f.xf € Bap"(G).
(¢) If f,g € Bapa(G) N L>®(G), then fg € Bapa(G) N L>(G) and g(- — t) € Bapa(G)
forallt € G.

Proof. (a) Define M,, on L} (G) by M,(f) = \A—lnl fAn f(t)dt. Then, a short computation

shows
lim sup [M,,(f) — My (g)] < lin"fup Mu(If —gl) =1If —9gllbr.a-

n— o0

Moreover, lim, oo My (f) = Ma(f) exists for all f € SAP(G). As Bapl(G) is the closure
of SAP(G) with respect to || - [|5,1,4, We easily infer that M4(f) exists for f € BapY(G) and
satisfies [Ma(f)| < ||fllo,4 for all f € Bap!((G).
(b) For each trigonometric polynomials P, Q we have
If+9=FP+Qlbpa<|f=Plopatlls—CQllopa,
lef = cPllop.a = lelIlf = Pllop,a

Ixf = XxPllopa=IF = Plopa=If = Pllopa-



38 DANIEL LENZ, TIMO SPINDELER, AND NICOLAE STRUNGARU

(c) Let € > 0. Pick some trigonometric polynomial P such that

I = Plosa<grr—g  and [Pl < [1fllo +1.
Next, pick some trigonometric polynomial @ such that ||g — Qlp.1,4 < m Then, we
have
1fg—PQllby,a < [If9—Pyloga+[[Pg—PQlp1,.4
<|If = Pllsrallglloe +llg = Qllsr,al[Pllee <&
This finishes the proof. O

We can talk about Fourier coefficients on Bap4(G), see [36, Thm. 2.5] for existence of the
corresponding limits as well.

Corollary 3.9 (Existence and continuity of the Fourier coefficients). For any x € é, the
map

A .
al' : Bapa(G) — C, fr lim —
X m—o0 |Ap| Ja,,

X(t) f(t) dt,
is well defined and continuous. In particular, a?(f) = a;?(g) whenever || f — gllp1,4 = 0.
Moreover,
ad (f %) = 2(x) ax (f)

holds for all f € Bapa with f0g € M (G) and all p € C(G).

Proof. By (b) of the previous proposition, x f belongs to Bap4 for any f € Bap4. Moreover,

the map m, : Bapa — Bapa, f — xf, is clearly continuous. By (a) of the previous
A
A=
on Bap 4. Continuity directly gives that a;? agrees on f and g with ||f — g||pp.4 = 0.

proposition, M 4 is a continuous map on Bap 4. Hence, a M gom,, exists and is continuous

It remains to prove the last statement. If f is a trigonometric polynomial, the statement
follows from a simple direct computation. The general case now follows from the continuity
of af, the continuity of convolutions (see (b) of Proposition 1.23 with &' = SAP(G)) and the
denseness of trigonometric polynomials in Bap 4. O

Next, we turn Bapil(G) into a normed space, and show that it is a Banach space. To do
this, we need to factor out all the elements of norm 0. We define an equivalence relation =
on Bap"(G) via

f=ge|lf —9gllbpa=0.
Moreover, if h € LY (G) satisfies ||hlpp.4 = 0, then h € Bap’(G) and h = 0. As usual we

denote by [f], the equivalence class of f. When there is no possibility of confusion, we will
use the shorter notation [f]. Then, || - |5, 4 becomes a norm on the space

(Bapy(G)/ =) = {[f]: f € Bapy(G)},

of equivalence classes, and (Bap’y(G)/ =, || - ||lpp,4) is a normed space.
Note that Corollary 3.9 allows us to define the Fourier—Bohr coefficient of [f] € Bapa(G)/ =
in x € G via
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We show now that Bap4(G)/ = is a Banach space. The following result gives the crucial
completeness of the Besicovitch spaces (as spaces of functions on the group). The result is
certainly known, see e.g. [13, Rem. 2.

Theorem 3.10 (Completeness of Besicovitch spaces). For each 1 < p < oo the space
(Bap’y(G)/ =, - lb,p,4) is a Banach space.

Proof. From Theorem 1.18, we know that (BLY(G), || - |ls,p,4) is complete. Thus, it suffices
to show that Bap’y(G) is closed in BLY(G). To do so, consider a sequence (fy,) in Bap’(G)
with f, — f in (BLY(A), || - lop.4)- Let € > 0. Pick some n such that [|f, — fllspa < 5.
Since f,, € Bap’y(G), there exists a trigonometric polynomial P such that || f, — Pllppa < 5.
Then, ||f — P|lppa <. As e > 0 was arbitrary, the desired statement follows. O

It is possible to extend the translation action from SAP(G) as well as the convolution
on SAP(G) to all of Bap(G)/ =. Indeed, with &' = SAP(G) and & = Bap"(G) we are
exactly in the situation discussed in Section 1. In particular, from Proposition 1.21 we find
that for each t € G there is a unique isometric map T; : Bap(G)/ =— Bap’y(G)/ = with
Ti[f] = [ref] for all f € SAP(G). Moreover, Proposition 1.21 gives the following:

Proposition 3.11 (Translation). (a) For each s,t € G, we have
TioTs =Tyt and To = 1d.

(b) For each [f] € Bap"(G)/ =, the function G — Bap"(G)/ =, t — T;[f], is continu-
ous with |Ty{flspt = I[f]lspoa for all £ € G.
(¢) If f € (Bap’y(G)/ =) N L>(G), then we have Ty[f] = [r f].

We finish this section by providing an alternative view on Bap";(G)/ = via the Bohr com-
pactification of G. In particular, this will show that (Bap’;(G)/ =, || - ||lpp,4) is isometrically
isomorphic to (LP(Gy), || - |lp) [44] (compare [12, p.45]). In the case p = 2 we get a Hilbert
space isometric isomorphism, which will yield some strong consequences.

Recall first that we have a natural embedding i, : G — Gy of G into its Bohr compacti-
fication G},. Under this embedding, a function f € C,(G) on is Bohr almost periodic if and
only if there exists fi, € C(Gp) such that f = fp, oip. In this case the function f, is unique,
and the mapping f — f, is called the Bohr mapping (see [43] for the details). Moreover,
we have

Ma(f) = : fo(t)dt,

where on the right hand side we use the probability Haar measure on G} (see again [43]).
This immediately yields the following.

Lemma 3.12. Fiz a van Hove sequence A. Then, for all f € SAP(G) and all 1 < p < oo,
we have 1
P
= ([ 10 at)”
Gp

Therefore, we obtain the next result (compare [16] for G = R%).
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Theorem 3.13. [44, p.12] Fiz a van Hove sequence A. Then, for each 1 < p < oo the Bohr
mapping (+)p : SAP(G) — C(Gy) C LP(Gy) extends uniquely to an isometric isomorphism
(b = (Bapy(G)/ =, 11+ lop.a) = (LP(Gb), [| - lp) -

Proof. Let us think of SAP(G) as a subspace of Bap"(G)/ =.
For each 1 < p < o0, by Lemma 3.12, the Bohr mapping is a norm preserving isometry
from (SAP(G),| - |p.p,a) into the Banach space LP(G},). Since (SAP(G),| - ||p,p,4) is dense

in (Bap’y(G)/ =, || - lpp,4), the Bohr mapping has a unique extension to an isometry (-)pp
(Bapy(G)/ =, || - lbp,a) = (LP(Gp), || - ||p). Since the range contains C(Gp), as the image of
SAP(G), the extension (-),, has dense range, and hence, as an isometry, is onto. O

Remark 3.14. (a) If P = Y }_ ¢k xk, then By, = > p ¢k (xx)b where xp denotes the
character x € G = G}, viewed as a character on Gp,.

(b) Let f € Bap’y(G) and let (P,) be a sequence of trigonometric polynomials such that
limy, 00 || f — Pullpp.a = 0. Then, it follows from Theorem 3.13 that in (LP(Gb),|| - ||p) we
have

[f]b,p = nh_)n;o(Pn)b .

In particular, for all 1 < p < ¢ < oo and all f € Bap’(G) C Bap’(G)/ =, we have
[flbp = [flb,q in LP(Gp). (Indeed, if we pick some trigonometric polynomials P, such that
lf — Pullbg.a — 0, then || f — Py||pp,4 — 0. This gives

lim [|[flog — (Pslly=0  and  lim [[flo, — (Bl = 0.

n—oo n—oo

Since LI(Gy) € LP(Gp) and on L(G) we have || - ||; < || - ||p, the claim follows.)
We now discuss how Theorem 3.13 gives a complementary view on averaging and taking

Fourier-Bohr coefficients on Bap4(G).
Lemma 3.15. Let A be a van Hove sequence Then, for all f € Bapa(G) we have

(a) limy,—eo \A—lml fAm fG t) dt.

(b) af(f) = [f]b,l(Xb)'
Proof. Both sides are continuous functionals on Bap4(G) which agree on the dense subspace
SAP(G). d

If 1 <p,qg <ooare conjugates then LP(Gy) and L(Gy) are dual spaces, with the duality
given by (f,g) fG t)dt. This leads to the following observation.

Theorem 3.16. Let 1 < p < oo and let q be the conjugate of p. Then Bap?(G)/ = is the
dual space of Baph(G)/ =, with the duality given by

(9], [F1) = Ma(gf)
for all [g] € Bap?(G)/ = and [f] € Bap’y(G)/ =.

Finally, we note that one can also understand the translation action via the Bohr map. Let
f € Bap"y(G) and t € G. Then, T;[f] is the only class [g] € Bap’(G) such that

9Dy = ([Dpp (- = i6(t)) -
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3.2. Besicovitch almost periodic functions: Fourier expansion. In this section, we
turn to Bap%(G). This space has a natural Hilbert space structure and we use it to develop
a Fourier expansion theory.
Recall from Proposition 3.8 that the mean
1
Ma(f) = lim —— [ f@yae

exists for all f € Bapa(G). Together with the subsequent proposition this will allow us to
introduce an inner product on Bapil(G). This inner product structure is the crucial tool in
our Fourier analysis.

Proposition 3.17. Let A be a van Hove sequence. If f,g € Bapil(G), then fg € Bapa(G).

Proof. Let 0 < ¢ < 1. Pick trigonometric polynomials P, such that ||f — Pljp2.4 <
72”!]”;2%4_1 and ||g — Qllp2,4 < 72||f||bj€2,A+3' Note first that

1Pllo,2,4 < [ fllb,2.4 + [[f = Pllo2.a <[ fllp2.4+1.
By a standard application of Cauchy— chwarz inequality for [ 4, dt, we have

19~ PQlls.a = timsup = [ 1F(0)a(t) - POQ)
< limsup / [ 160 - PO gt

+limsup —— [ [(g(t) — Q(¥))(P(t))[ dt
\A | Ja,

n—o0

< limsup / |2dt/ ()2 dt
n—o0 ’A [V Ja., An
+ limsup — / ]2dt/ |P(t)|2 dt
n—oo ‘A‘ n An

<|If = Pllozallgllbza+ 19— Qlp2.allPllp2a <e.
This finishes the proof. O

As a consequence, we obtain that Bap%(G)/ = is a Hilbert space.

Remark 3.18. Note that Prop 3.17 is also proven in [36, Thm. 2.7]. Note also that the
proof can easily be generalized to give that fg € Bapa(G) whenever f € Bap’(G) and
g € Bap?,(G) with 1/p+1/q = 1.

Theorem 3.19 (Bap%(G)/ = as Hilbert space). Let A be a van Hove sequence.
(a) The map (-,-) : Bap%(G)/ = xBap*}(G)/ =— C defined by

. 1 —
fLloha = Jim o [ )90

is an inner product on Bapi(G)/ =. The norm defined by this inner product is
|- lp,2.4-
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(b) (BapA( )/ =,(-,-).4) is a Hilbert space.
(c) G is an orthogonal basis in BapA( )/ =.
(d) For all f € Bap%(G) and x € G, we have

ax (1F) = ([f1, X)) -

(e) For all f € Bap%(G), one has af(f) # 0 for at most a countable set of characters,

and we have the Parseval identity

1F1Z0a = la(H)]

xe@G

ie. f=3 caar (f)x in (Bapi(G)/ =, - n2.4)-

Proof. (a) For f,g € BapA(G), Proposition 3.8 gives fg € Bapa(G) and hence M 4(fg) exists.
It follows immediately from Cauchy-Schwarz’ inequality that ([f],[g]).4 does not depend on
the choice of the representative, and hence is well defined. Clearly, the associated norm is

just || - [[p,2,4

(b) Follows from Theorem 3.10.

(c) Tt is well-known that M4(x€) = 0 whenever x, ¢ € G do not agree. This shows that
the characters form an orthonormal system in Bapil(G) / =. Moreover, linear combinations
of characters are dense in Bap%(G)/ = by the very definition of Besicovitch space and as the
norm on Bap?(G)/ = agrees with || - [|2,4 due to (a). This gives (c).

(d) This follows directly from the definition of the inner product and the Fourier-Bohr
coeflicient.

(e) is immediate from (b) and (c). O
Corollary 3.20 (Riesz—Fischer Property). Let a : G — C, and let A be a van Hove sequence.

Then, there is some f € Bap%(G) such that a;?(f) = a(x) if and only if zxeé la(x)|? < .
Moreover, in this case, [f] is unique.

The preceding results allow us to give an intrinsic direct characterization of Bapi‘(G).
Corollary 3.21 (Characterization Bap%(Q)). Let f € L} (G) and A a van Hove sequence.

Then f € Bapil(G) if and only if the following three conditions hold:

(a) For each x € G the Fourier-Bohr coefficient af(f) exists.

(b) Ma(|f|?) exists.
(¢) The Parseval equality

A1) = et (f

xEG

holds.

Proof. This follows from Theorem 3.19. Indeed, the ‘only if’ part is immediate from The-
orem 3.19. As for the ‘if’ statement, let ¢ > 0 be given. Then, we can find characters
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X1s---3 XN € @ such that
N
2
S lad (1)) = Ma(f1?) <.
k=1

Let P := >, afk(f))(k. Using that M4(|f|?) exists and that af = Ma(fX) exist for all
x € G and that Ma(x) =1 for x =1 and M4(x) = 0 we easily compute

N N
2 2 2
Ma(lf = PI*) = M(f) Z\% DI =21 (DI + 3 ey, (£)]
k=1 k=1
Putting this together, we see that || f — P H hoa <€ Ase >0 was arbitrary, this finishes the
proof. O

Next, as consequence of Proposition 3.11, we obtain that the translation action of G on
Bapil(G) / = is a strong unitary representation.

Proposition 3.22 (Translation). Let A be a van Hove sequence.
(a) For eacht € G, the map T; : Bap}(G)/ =— Bap4(G)/ = is a unitary map.
(b) For each [g] € Bap%(G)/ =, the function t — Ty[g] is continuous and so is then
t— ([g], Ti[g]) as well.
(¢) For each s,t € G, we have Ty o Ts = Ty+s and Ty = Id.

Remark 3.23. It is instructive to consider the Bohr completion in this situation as well.
Theorem 3.13 gives immediately that the Bohr mapping (-), : SAP(G) — C(Gp) C L?*(Gp)
extends uniquely to an inner product preserving isomorphism

(b2 (Bapi(G)/ =, (-, )a) = (L*(G). (")) -

We complete the section by defining an Eberlein convolution for Bapil(G) / = and dis-
cussing some of its properties.

Proposition 3.24 (Involution). There ezists a unique isometric involution™ on Bap?(G)/ =
satisfying
[fl=1[f]  forall f € SAP(G)

and

([F1,[9D)a = {[£]; [9])a for all f,g € Bap(G)/ = .

Proof. The mapping f — fis an involution on SAP(G). Moreover, for all f,g € SAP(G),
we have

f] i 1 f(H) gt dt = lim
(7], [aha = lim il | o= tm / Jieoren)
= tim o [ FO90 =TT
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with the last equality following from the fact that for the Bohr almost periodic functions the
mean is independent of the Fglner sequence [15, 43].

In particular, for all f € SAP(G) we have [|[f]|lp2,4 = ||[f]llp2,4. The claim follows
immediately from the denseness of SAP(G) in Bap?(G)/ =. O
Remark 3.25. (a) Tt is easy to see that (f)p = fo for all f € SAP(G). It follows

immediately that, for all f € Bap%(G)/ =, we have
oo = (171), -
(b) In the same way as in Proposition 3.24, it can be shown that the involution ~ on SAP
can be uniquely extended to an isometric involution -~ on (Bapi(G) /= Mlbp,a)

Definition 3.26 (Abstract Eberlein convolution). Let [f],[g] € Bap%(G)/ =. We define the
abstract Eberlein convolution [f] ® [¢] : G — C via

([f1® [g)(®) = ([f], Tulg]) -

By the properties of the inner product on Bap%(G)/ =, we have for [f], [g] € Bap’(G)/ =,
t € G, and h € Ti[g],

. 1 >
(M@ [gh(#) = lim m/Amf(S)h(S) ds. (4)

m—0o0

In particular, whenever f and g are bounded functions with [f], [g] € Bap%(G)/ =, we have
by (c¢) of Proposition 3.11,

. 1 _
(Ukﬂmﬂﬂzlmlpﬂlémﬂ@gw—ﬂd&

So, in this case we just recover the usual definition of the Eberlein convolution between f and
g (see Section 1). This is the reason for our notation. Also note that

(/1@ [g)(®) = (/] Telgl) = (T-[f].9) = (lg] ® [F) (). (5)

We note the following continuity property of the Eberlein convolution.

Proposition 3.27 (Continuity of Eberlein convolution). Let A be a van Hove sequence. Let

(fn), (gn) be sequences in Bap*(G) converging to f and g respectively. Then, [fn] ® [g,] —

[f] ® [g] with respect to || - ||oo-

Proof. This follows by a straightforward computation: For each t € G, we find

([f) @ [9) ) = (A @Ol = [fals Tilgnl) = (1), Tig))]
<l 1T (gn] = TgD Il + 11T = Il I TG
= [ fulllllgn] = Tglll + [IL/T = Ufnlll g}l = 0

Here, we used that T; is an isometry. As the convergence to zero in the last line is clearly
independent of ¢t € GG the proof is finished. O

Now, we can list the properties of the Eberlein convolution.
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Theorem 3.28 (Properties abstract Eberlein convolution). Let f,g € Bapil(G). Then,

(a) [f] ®.4[g] € SAP(G).
(b) For all x € G, we have

ax(If1®alg]) = a}(f) agl9) -
(c) Ift € G is such that Ti[g] = [rrg], then

. 1
()@ ) = Jim /A RCreenrs

m—ro0

(d) If g € Bap*(G) N L>®(G), then f ®4 g exists and

fl®lg=f®g.

Remark 3.29. We note that the Eberlein convolution of [f] and [g] from Bap%(G)/ = can
also be understood as the usual convolution of the functions ([f]); and (Eﬂ)b on the Bohr
compactification. Indeed, this is clear if f and g are trigonometric polynomials. It then
follows for general f,g € Bapit(G) by continuity of Eberlein convolution (Proposition 3.27).

Proof. (a) This is easy to see when f and g are trigonometric polynomials. The general case
follows from the denseness of trigonometric polynomials in Bapi‘(G) and the continuity of
the Eberlein convolution given in Proposition 3.27.

(b) As in (a) this is easy to see when f and g are trigonometric polynomials. The general
case follows from the denseness of trigonometric polynomials in Bapi‘(G), the continuity of
the Eberlein convolution given in Proposition 3.27 and the continuity of the Fourier—Bohr
coefficients given in Corollary 3.9.

(c) follows immediately from Eqn. (4) by setting h = 1rg € Ti[g].
(d) By Proposition 3.11, we have Ti[g] = [1:g] and hence the claim follows from (c). O

3.3. Besicovitch almost periodic measures. Having studied Besicovitch almost periodic
functions in the last section we now turn to Besicovitch almost periodic measures.

Definition 3.30 (Besicovitch almost periodic measures). Let a van Hove sequence A on G
and 1 < p < oo be given. A measure p on G is called Besicovitch p-almost periodic (with
respect to A) if the function ¢ * p is Besicovitch p-almost periodic for all ¢ € C.(G). The
space of Besicovitch p-almost periodic measures is denoted by Bapa(G). In the case p =1 we
drop the superscript 1.

Remark 3.31 (Independence of p for translation bounded measures). It follows from Propo-
sition 3.7 that a measure in M (G) is Besicovitch p-almost periodic if and only if it is
Besicovitch 1-almost periodic.

Remark 3.32 (Inclusion of spaces). From the definition and Proposition 3.3, we immediately
obtain the following:

(a) For each 1 < p < oo, we have
Bap!y (G) € Map!y(G).
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(b) For each 1 < p < ¢ < oo, we have

Bap?i(G) C Bapy(G) C Bap4(G).

As in the case of mean almost periodic measures we can use (c) of Proposition 1.23 (with
§' = SAP(G) instead of 8" = M AP4(G)) to show that for a function f € C,(G) almost
periodicity as function and as a measure coincide:

Proposition 3.33. Let A be a van Hove sequence on G and 1 < p < oo be given. Let
fe L}OC(G) be given such that fOg is a translation bounded measure, and assume that there
ezists a sequence (fn) in Cy(G) with f, — f with respect to || - ||p.p. 4. Then, fOq belongs to
Bap’y(G) if and only if f belongs to Bap’y(G). In particular, f € Cy(G) belongs to Bap’(G)
if and only if f0g € Baphy(G).

3.4. Pure point diffraction with Fourier—-Bohr coefficients. In this section, we char-
acterize when an A-representation has pure point diffraction and at the same time possesses
Fourier coefficients. As a consequence, we obtain a solution to the phase problem.

For x € G we denote throughout the section the characteristic function of {x} by 1.

Theorem 3.34 (Characterization of A-representation with Fourier coefficients). Let N be
an A-representation which possesses a semi-autocorrelation. Let H be the associated Hilbert
space. Then, the following assertions are equivalent:

(i) The Fourier transform of the semi-autocorrelation of N is a pure point measure
o and there exist (necessarily unique) complex numbers A, for x € G satisfying

MA(N(p)X) = AyP(x) for all ¢ € C(G) as well as |Ay|? = a({x}).

(i) N(C(G)) € Bap4 ().

(iii) The space H has a dense subspace consisting of trigonometric polynomials.
If these equivalent conditions hold, then

IN(©)] = > 4@
x€qG
in Bap*(G)/ = holds for all ¢ € C<(G) and the (unique) unitary map
U:L*G,0) — H

with @ — N () for all ¢ € C(Q) satisfies U(1y) = Ayx. Moreover, in this case the trigono-
metric polynomials in (iii) are exactly the linear span of the x € G with o({x}) > 0.

Remark 3.35 (Fourier-Bohr coefficients A,). (a) The theorem gives that the A,, x € G,
are exactly what we called the Fourier—Bohr coefficients of the AN -representation associated
to N with respect to the orthonormal basis given by the characters.

(b) From (i) of the theorem we see that the A,, x € @, have the property that

D IBOOP AR = D 1800 o({x}) = 18120 < o0

XE@ XE@
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for all ¢ € C.(G). Conversely, when A, € C, x € é, are given with the summability property
eré 120012 Ay|? < oo for all ¢ € Cc(G), we can define an N -representation

N:Ce(G) — Bapy(G)/ =, N(p) =Y 3(x) A\

xeG

This N-representation has a semi-autocorrelation, whose Fourier transform is a pure point
measure o with o({x}) = |4,|? for all x € G. In this sense, there is a one-to-one correspon-
dence between A, x € G satisfying this summability property and N -representations with
Fourier coefficients.

Proof. (iii)==(ii): Recall that the norm on H agrees with || - [|5.2,4. Given this, (iii) and the
definition of Besicovitch almost periodicity clearly imply (ii).

(ii)==>(i): As Bap*(G) C Map*(G) and N possesses a semi-autocorrelation, we infer from
(ii) and Theorem 2.12 that the Fourier transform of the semi-autocorrelation is a pure point
measure 0. Theorem 1.29 then gives that there exists a (unique) unitary G-map

U:L*G,0) — H

with @ — N(p) for all p € C(G). As 1, € L2(é,a) is an eigenfunction for each y € G with
o({x}) > 0, we obtain for each such x an eigenfunction U(1,) in H. As the Besicovitch space
has an orthonormal basis consisting of characters and these characters are eigenfunctions to
different eigenvalues, we obtain that an eigenfunction in the Besicovitch space must be a
multiple of the character. Hence, each U(1,) must be a (multiple of a) character, i.e. there
exist Ay, x € G with U (1,) = Ay [x]. Moreover, we then have

N =U@ U (D #001) = 3 200 A [\]

x€G xe@

for all ¢ € C.(G). This gives

P00 Ax = ([N (), [X]) = Ma(N(£)X)
for all x € G and ¢ € Cc(Q).
Finally, since |p|?0 = on(p) We get for all x € G and ¢ € Cc(G).
P00 o({x}) = one ({x}) = [POO AL
This finishes the proof of (i).

(i)==(iii): By (i), N possesses a semi-autocorrelation whose Fourier transform o is a pure
point measure. Hence, we infer from Theorem 1.29 that there exists a (unique) unitary G-map

U: Lz(é,a) — H
with U(p) = N(y) for all ¢ € CC(G). As U is unitary, we infer from (i)
IN@IP = 11817 = D 1800 o({x}) = D 18O 1A = D IMa(N(9)X)I-

x€G xe@ xe@
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Moreover, a short direct computation invoking M4(xo) = 0 for x, 0 € G with X # 0 gives

MA(IN(p) = Y Ma(N(@)X)]) = IN@)IIP = D IMa(N(@)%)
XEF XEF

for all finite sets F C G. Putting these together, we arrive at (iii).

The last statements of the theorem have been shown along the proof of the equivalence. [
From the previous theorem, we obtain easily the solution to the phase problem.

Theorem 3.36 (Solution to the phase problem). Let p be a translation bounded measure.
Then, p € Bap?A(G) if and only if the following three conditions hold true:

(a) The autocorrelation v of u exists with respect to A and 7 is a pure point measure.
(b) The Fourier—Bohr coefficients af(,u) exist for all x € G.
(¢) The consistent phase property

) = |a ()|

holds for all x € G.

Proof. We first note that for u € Bap?(G) the limit M4(p*p-p * ) exists for all p,9 € Cc(G)
due to the existence of means for products of functions from Bapi‘(G). Hence, for such p the
autocorrelation exists by Proposition 1.3. Given this, we infer from Proposition 1.31 that the
map

Ny Ce(G) — Llloc(G)’ Nu(p) =px*p
is an intertwining A-representation.

We also note that, for a translation bounded measure u, the existence of the Fourier—-Bohr
coeflicients af(u) is equivalent to the existence of the Fourier-Bohr coefficients af(u * ) =
Ma((p* @) -x) for all ¢ € Cc(G) due to Corollary 1.12.

Now, we can easily infer the statement of the theorem by an application of Theorem 3.34
to the A-representation NV, with the Fourier-Bohr coefficients A, appearing in Theorem 3.34
given by the Fourier-Bohr coefficients a;?(,u) of the measure p. O

Remark 3.37. (a) We could replace the assumption that p is translation bounded by the
assumption that p is positive. The proof would proceed along the very same lines with
Proposition 1.3 and Proposition 1.31 replaced by Proposition 1.34.

(b) In the situation of the theorem the Fourier-Bohr coefficients af(,u) are exactly the ab-
stract Fourier—Bohr coefficients appearing in Theorem 3.34. Hence, they satisfy the following
square summability type condition: For all ¢ € C(G), we have

~ 2
D 180)at ()] =l * elF oa-
xeq@
In the particular case u € SAP(G), this was proven in [17, Prop. 8.3].
Remark 3.38 (Example). As it is instructive, we discuss here an example to see the difference

between mean almost periodic measures and Besicovitch almost periodic measures. Consider
in G = R and with A,, = [-n,n] the function f : R — [0,1] with f(z) = 0 for z < 0 and
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f(z)=1for x > 1and f(x) =z for 0 <z < 1. Then, f belongs to C,(R). It is clearly mean
almost periodic (as || f — 74 f||p1,4 = 0 for all ¢ € R). Let = fA (with the Lebesgue measure
A). In this case, everything can be computed explicitly:

1
= — A
Y 5N
i.e. v has a density function h = % So,
1
~ = —5
Y 5 1,

where we write 1 for the character which maps everything to 1. (This character could also be
denoted as 0 if we identify R with R.)

Now, let us consider H,: Clearly, the #, norm is just the Besicovitch 2-norm. (This is
always true in the mean almost periodic case.) Moreover, we note that

,u*gp:f*cp:</R<p(x)dx>-f€’Hu

for all ¢ € C.(R). (Here the first equality holds in the sense of honest functions and the
last equality holds in BL}4 i.e. after factoring out things which vanish in Besicovitch norm).
Therefore, H,, is one dimensional

M, ={cf:ceC}.

In particular, f is an eigenfunction to the eigenvalue 1. (This can also directly be seen as
clearly T;f = f in the sense of Besicovitch space). Now, the character 1 does *not* belong
to H,. However,

n—oo

_ . 1 —
Mﬂf%%:mﬂmﬂ[;ﬂﬁﬂﬁw

exists for all x in the dual group of R and it is zero for x # 1. For x = 1, we find

So in this example all Fourier coefficients exist but the characters are not in the Hilbert space
H,, and, moreover,

P = 3 # 5 =300}

3.5. Weak model sets of maximal density. In this section, we apply the preceding con-
siderations to the study of weak model sets of maximal density. This will allow us to recover
various recent results. For generalities on cut and project schemes we refer to Appendix B.

Whenever a CPS (G, H, L) and a compact set W C H is given, we say that A (W) is a
weak model set of maximal density with respect to A (see Definition B.3) if

dens( A (W)) = dens(L) 0 (W) .

Proposition 3.39. Let A be a weak model set of mazximal density with respect to A. Then,
on € Bap4(G) N M>(G).
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Proof. First, it is well known that jy, € M*>(G).
Let ¢ € C.(G) be non-negative. Let (G, H, L) be the CPS and W the window which gives
A = A (W) as a maximal density model set.
Pick g € C.(H) such that 1y > g and
€

t)—1w(t)) dt < .
/H(g( ) w(t)) 2 (fG o(t) dt) dens(L) +1
For simplicity, we will set C := 2 ([, ¢(t) dt) dens(L) + 1.

Then, since ¢ > 0, we have dp * ¢ < wy * p and, by [47],

lim ﬁ wq(Ap) = dens(L) / g(t)dt.

n—o0 H

Also, by the maximal density condition, we have

Sa(Ay) = dens(L) /H Lo (1) dt.

lim ——
noo | Ay

Therefore,

. 1 €
lim -1 (sy = 0)(Ay) = dens(£) /H (9(6) — 1w(1)) dt < dens(£) -

n—o0 1
By the van Hove condition and positivity, we get
1 € €
-9 = t)dt lim ——(wy — 7)) (Ap t)dt | dens(L)— < —.
g = 30) plhaa = [ 0t tim e =00 < ([ poar) dens() s <

Finally, as wy € SAP(G) [32, Thm. 3.1], we can find a trigonometric polynomial P such that

€
lwg * @ = Plloo < 5

5
Therefore,
168 % @ = Pllp,a < [(wg = 64) * @llb,a + llwg * ¢ = Plls1.4
£
< §—|—ng*cp—PHoo <e.
This shows that dy * ¢ € Bap4(G) for all non-negative ¢ € Cc(G). The claim now follows
via linearity. O

Now, we can give an alternative proof to the following result first shown in [5].
Corollary 3.40. Let (G,H,L) be a CPS, W C H a compact set such that A = A (W) is a
weak model set of maximal density with respect to A. Then,

(a) The autocorrelation v of A exists with respect to A.
(b) 7 is pure point.
(¢) For each x € G, the Fourier—Bohr coefficient exists with respect to A and satisfies

d Tw(x*), i A(L°
(o) = { ens(£) Tw (), x € m(£),
0, otherwise .

(d) For all y € G, we have 7({x}) = ‘af(éA)f.
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(e) We have
~v = dens(L)

il

and 7 = (dens(L))? CHTHER

Proof. (a) and (b) are obvious.
(¢) The Fourier-Bohr coefficients exist by Besicovitch almost periodicity.
Now, fix some y € G and ¢ € Cc(G) so that $(x) = 1. With the notations of Proposi-
tion 3.39, pick some 1y > g, > 1y and
€

/H(g"(t) ~lw(t)) di < 2 ([, o(t) dt) dens(L) +1°

Then, exactly as in the proof of Proposition 3.39, we have

— 1
Ma(wg, *p —0r*¢) < —
and hence, by Corollary 3.9, we have
a;?(éA) = nh_?go ax(wg,) -
Now, since (by [54, 3, 55])
dens(L) gn(x*),  if x € 75(L%),
aX(wgn) = .
0, otherwise ,

the claim follows.
(d) follows from Theorem 3.34.
(e) is now immediate. Indeed, by the above, we have

7= (ens(@) 30 [Twl)[, = (dens(0) wppre.
x€mg (L)

Moreover, dens(L) w T is positive definite, thus Fourier transformable and, by [47],

Ty *1

m = (dens(L))? Z Ly * Ly () Oy

x€mg(L0)
= (dens(£))? Y |Tw(x) 6 =7,
x€mg(L0)

which yields
dens(£) Wy T =
]

Remark 3.41. (a) The corollary contains the main results of [5]. The only result from [5]
which is missing above, namely that every maximal density weak model set is generic for an
ergodic measure, follows from Theorem 6.13, which we prove in Section 6.

(b) Recall that given a CPS (G, H, L), a compact set W C H and a tempered van Hove
sequence A, for almost all (s,t) + £ € T = (G x H)/L, the set —s + A (t + W) has maximal
density with respect to A, see [41], and is therefore Besicovitch almost periodic. This explains
the pure point spectrum of the extended hull of weak model sets [26].
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4. WEYL ALMOST PERIODICITY AND THE UNIFORM PHASE PROBLEM

In this section, we study Weyl almost periodicity. By its very definition this is a very
uniform form of almost periodicity. This uniformity is first formulated by allowing arbitrary
translations of a fixed van Hove sequence. It turns out, however, that this amounts to al-
lowing arbitrary van Hove sequences (under suitable conditions). So, we will see that (under
suitable boundedness assumptions) Weyl almost periodicity is the same as Besicovitch almost
periodicity with respect to any van Hove sequence. This will allow us to use Weyl almost
periodicity to solve the uniform phase problem.

4.1. Weyl almost periodic functions and measures. In this section, we discuss Weyl
almost periodic functions and measures.

Definition 4.1 (Weyl almost periodic functions and measures). Let A = (4,,) be a van Hove
sequence, and let 1 < p < co. A function f € LI (G) is called Weyl p-almost periodic
with respect to A if, for each € > 0, there exists a trigonometric polynomial P = > 7 ;| ¢k

with ¢, € C and yj € G such that

1f = Pllwp.a <e.

We denote the space of Weyl p-almost periodic functions by Wapﬂ(G). A measure p on
G is called Weyl p-almost periodic if the function ¢ * p is Weyl p-almost periodic for all
¢ € C(G). The space Weyl p-almost periodic measures is denoted by WapZ(G). Whenp =1
we will simply denote this spaces by Wap4(G) := Waph(G) and Wap 4(G) = Waph(G)

Remark 4.2. (a) A function is Weyl p-almost periodic if and only if, for each £ > 0,
there exists a Bohr almost periodic function g such that || f — g|lwp.a < €.

(b) As is clear from (a), all Bohr almost periodic functions are Weyl almost periodic. In
fact, it is not hard to see that every weakly almost periodic function is Weyl almost
periodic. Indeed, any such f can be decomposed as f = g + h with g Bohr almost
periodic and A with uniform vanishing mean (see above) and the statement follows
easily.

(c) Whenever f € Wapa(G) and h : G — C is measurable with uM 4(|h|) = 0 then
f+heWapy(G) (with the same seminorm).

(d) (Wap’y(G), || - llw,p,4) is not complete [12].

Proposition 4.3 (Inclusions of spaces). (a) For each 1 < p < oo, we have

Wap"y(G) C Bapy(G)

with continuous inclusion map.
(b) For each 1 <p < g < o0, we have

Wap?y(G) € Waphy(G) € Wapa(G)
with continuous inclusion map.

Proof. These statements follow from Lemma 1.13, Lemma 1.16 and Lemma 1.17. O

Remark 4.4. Example A.5 shows Wap",(G) # Bap’y(G).
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Remark 4.5. From the definition and Proposition 4.3 we immediately obtain the following:
(a) For each 1 < p < 0o, we have Wap" (G) < Bap’(G).
(b) For each 1 < p < ¢ < 0o, we have Wap?,(G) € Wap’(G) € Wap 4(G).

We now recollect a few results for Weyl almost periodic functions that follow easily when
one replaces || - |[pp.4 DY || - |lw,p,.4 in the corresponding statements and proofs for Besicovitch
almost periodic functions. We begin with an analogue of Proposition 3.33.

Proposition 4.6. Let A be a van Hove sequence on G and 1 < p < oo be given. Let
f € Cu(G) be arbitrary. Then f € Waph(G) if and only if f0c € Wap"(G).

The next result is the analogue of Proposition 3.8 (compare [52] as well).

Proposition 4.7 (Basic properties Weyl almost periodic functions). Let A be a van Hove
sequence.

(a) Any f € Wapa(G) is amenable, i.e.

1
””}T’loo m /s+Am 11e) dt
exists uniformly in s € G.
(b) Whenever f,g belolzg to Wap"y(G) for some p > 1, so do f +g and cf and xf for
allc € C and x € G.
(c) If f,g € Wapa(G) are bounded, then fg belongs to Wapa(G) as well.

Note that the previous proposition gives that for any p > 1, any f € Wap’y(G) C WapX(G)
and any x € GG, the Fourier—Bohr coefficient

. 1 —
o(f) = Jim / @ s

n—o0
exists uniformly in s € G.

Analogously to Proposition 3.7, one gets the following.

Proposition 4.8. For each 1 < p < oo, we have Wap"y (G) N L>®(G) = Wapa(G) N L=(G).

Remark 4.9. From the preceding proposition, we obtain easily that a measure in M*>(G)
is Weyl p-almost periodic if and only if is Weyl 1-almost periodic.

The subsequent statement does not have an analogue for Besicovitch almost periodic func-
tions.

Proposition 4.10. Whenever f belongs to Wapil(G) for some p > 1, then so does 14 f for
any t € G and || fllwp.a = |7eflw.p.a holds.

Proof. This is immediate from the definition of the Weyl seminorm. O

We next show that for bounded Weyl almost periodic functions the van Hove sequence
does not matter.
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Proposition 4.11. Let f : G — C be a bounded and measurable function. Let A and B be
van Hove sequences. Then, f belongs to Wap"y(G) if and only if it belongs to Wapli(G). If
f belongs to Wap'y(G) and Wapi(G), then || fllwp.a = || fllwps holds.

Proof. This follows from Proposition D.1: Assume f € Wap];‘(G). Let € > 0 be given. Then,
there exists a natural number N and a trigonometric polynomial P with

1
AT [f(t) = P@)Pdt <e
|AN| ANn—+s
for all s € G. With h = |f — P|, A= Ax and r = ¢, we infer then from Proposition D.1
1
— |f(t) — P(t)|Pdt < 2e
|Bn| Bn+u

for all v € G and n sufficiently large. As € > 0 was arbitrary, we infer that f € Wap%(G).
Similarly, there exist a natural number N with

1
vl Jaos |F@OFdt < || fIf, 4+ €
N+s

for all s € G. With h = |f|P, A = Ay and r = ||f|[;, , 4 + ¢ we then infer, again from

Proposition D.1,
1
— FO)]dt <[[fllwp.a+2€
|Bn| Bn+s

for all s € G and n sufficiently large. As e > 0 was arbitrary this gives

Hf”w,p,B < Hwa,p,A‘

Reversing the roles of A and B we obtain the remaining statement. O

In fact, it is even possible to think about bounded Weyl almost periodic functions as
functions, which are Besicovitch almost periodic for every van Hove sequence.

Proposition 4.12 (Characterization of bounded elements of Wap4(G)). Let f : G — C be
a bounded measurable function and A a van Hove sequence. Then, the following assertions
are equivalent:

(i) The function f belongs to Wapa(G).
(ii) The Fourier—Bohr coefficient

A = lim L
()= Jim = [ g i

exist uniformly in s € G, and so does lim,, IA—ln\ fAnJrS If(D))>dt = M(|f|*) and

> eglaf? = M(|f[?) holds.
(iii) The Fourier—Bohr coefficient

a(f) = tim ﬁ [ sox@ma

exist for each Hove sequence B, and so does lim,_ s IB—lnl an |f(t)|2 dt — MB(|f|2)
and eré |a§|2 = Mp(|f|?) holds.
(iv) The function f belongs to Bapk(G) for every van Hove sequence B.
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In particular, any bounded function in Wap4(G) is amenable.
Proof. By Proposition 3.7, a bounded measurable function f belongs to Bapp(G) if and only
if it belongs to Bap(G). This will be used throughout the proof.
The equivalence between (iii) and (iv) follows from Corollary 3.21.
The equivalence between (iii) and (ii) follows easily from Proposition 1.2.

The equivalence between (i) and (ii) is just a uniform (in s € G) version of the charac-
terization of Bapil(G) in Corollary 3.21. It can be shown by mimicking the proof of that
corollary.

Finally, we turn to the last statement: Note that by (ii) the mean M (f) = c¢1(f) exists
uniformly in translates. U

Next, for Weyl almost periodic functions we show a stronger version of Theorem 3.28.

Proposition 4.13. Let A be a van Hove sequence. Let f,g be functions in Wapil(G). Then,
the Eberlein convolution f ® 4 g exists and belongs to SAP(G).

Proof. The space Wapil(G) is contained in Bapil(G). Moreover, for any f € Wapil(G) and
t € G its translate 73 f clearly belongs to Bapil(G) as well and, hence, is a representative of
Ti[f]. Hence, f ® 4 g exists and belongs to SAP(G) by Theorem 3.28. O

4.2. Uniform pure point diffraction with Fourier—Bohr coefficients. The standard
examples of aperiodic order do exhibit not only pure point diffraction and existence of phases
but rather a uniform version of existence of phases and consistent phase property. In this
section, we characterize the validity of these properties by Weyl almost periodicity.

First, let us look at the Fourier—Bohr coefficients of a Weyl almost periodic measure. There,
we get as an immediate consequence of Lemma 4.7 and Corollary 1.11 the following.

Lemma 4.14. Let ;1 € Wap(G)NM™>(G). Then, for each x € G, the Fourier—Bohr coefficient

n—o0

() = Jim 7 L Xt

exists uniformly in s € G, and does not depend on the choice of the van Hove sequence.
Moreover, for all ¢ € C.(G), we have

ay (1 * ) = ay (1) @(x) -
We can now characterize the space Wap?(G).

Theorem 4.15. Let p € M>(G) be given and A a van Hove sequence. Then, the following
assertions are equivalent:
(i) The measure pu belongs to Wap*(G).
(ii) The measure p belongs to Bap*(G) and the following hold:

e For all ¢ € C.(G), the function | * | is amenable.
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e For each x € @, the Fourier—Bohr coefficient

. 1 —
() = Jim o X

exist uniformly in s € G.

(iii) The measure pu belongs to Bapz(G) for all van Hove sequences B. Moreover, in this case,
any finite product of functions from the set {p* @, uxp: p € Cc(G)} is amenable.

Proof. We note that, by Corollary 1.12, existence of the Fourier—Bohr coefficients for a transla-
tion bounded measure p is equivalent to existence of the Fourier—Bohr coefficients for all p*p,
¢ € Cc(G). Clearly, * ¢ is bounded (and even belongs to C\,(G)) for every ¢ € C.(G). Now,
the characterization follows easily from Proposition 4.12. The last claim is immediate. In-
deed, for each ¢ € Cc(G) the bounded functions p ¢, % @ belong to Wap? (G) € Wapa(G).
Therefore, by Proposition 4.7(c), any product of such functions belongs to Wap4(G) and
hence is amenable. g

At the end of this section, let us discuss the solution to the uniform phase problem. Re-
call from Proposition 1.2 that the existence of means for each van Hove sequence actually
implies independence of the mean of the van Hove sequence. For this reason we do not state
independence of the van Hove sequence in the condition below.

Theorem 4.16 (Solution to the uniform phase problem). Let u € M®(G). Then, p €
Wap?(G) if and only if the following three conditions hold:

(a) The autocorrelation y of u exists for each van Hove sequence B and 7 is a pure point
measure.
(b) The Fourier-Bohr coefficients a,(n) exist for all x € G and for each Hove sequence

B.
(¢) The consistent phase property

F({xD) = lax(w)?
holds for all x € G.

Proof. This is a direct consequence of the characterization of Weyl almost periodic measures
in Theorem 4.15 and the solution to the phase problem in Theorem 3.36. O

4.3. Meyer almost periodic functions and measures. In this part, we look at a gen-
eralisation of almost periodicity which was introduced by Yves Meyer [39]. We show that
elements of this large class of measures are Weyl almost periodic.

Recall that we denote the mean of amenable functions by M and that all Bohr almost
periodic functions are amenable.

Definition 4.17 (Generalized almost periodicity). [39, Def. 2.1]. A function f : G — R is
called generalized almost periodic (g-a-p) if it is a measurable and, for each € > 0, there
exist Bohr almost periodic functions g and h such that ¢ < f < hand M(h—g) <e. A
complex valued function f : G — C is called generalized almost periodic if both its real
and its imaginary part are generalized almost periodic. A real valued Borel measure p on
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G is called generalized almost periodic (g-a-p) measure if, for each £ > 0, there exist
strongly almost periodic measures v and w such that v < y < w and M(w —v) < e.

Remark 4.18. (a) Note that any g-a-p function must be bounded as Bohr almost periodic
functions are bounded and the g-a-p function is bounded by Bohr almost periodic functions
from above and below.

(b) The article of Meyer deals with functions on R™ and, accordingly, gives the definition
for R™.

We note the following immediate consequence of the definition.

1
loc

Proposition 4.19 (g-a-p implies Weyl almost periodicity). (a) If f € Ly (G) is a g-a-p
function, then f € Wap(G).

(b) If p € M>(G) is a g-a-p measure, then pu € Wap(G).

Proof. Tt suffices to show (a). To prove (a), it suffices to consider real valued functions f.
Let ¢ > 0 and h,g € SAP(G) with ¢ < f < h and M(h — g) < ¢ be given. Now, clearly
Ilf—g| < (h—g), and || f — hljw1 < M(h—g) < e follows. As e > 0 was arbitrary, the desired
statement holds. O

A main merit of generalized almost periodicity is that the class of regular model sets can
be seen to have this property. So, this class includes the arguably most important examples
of aperiodic order. This is already shown by Meyer in the Euclidean setting (compare [39,
Thm. 3.3] for G = R%). Our more general situation can be treated along similar lines. We
include a discussion for completeness reasons. For the definition of regular model sets see
Appendix B. For further details on (regular) model sets we refer the reader to [3, 4, 40, 38,
51, 54].

Lemma 4.20. If A is a regular model set on G, then dp is a g-a-p measure.
Proof. Let ¢ € Cc(G) be non-negative. Let (G, H, L) be the CPS and W the regular window
which produces the regular model set. Pick h,g € C.(H) such that h < 1y < g and

€

/H(g(t) —h(t)dt < 1+ dens(£) fG p(t)dt

Then, since ¢ > 0, we have wp, * ¢ < 6p * @ < wy* @ and M (wg * ¢ — wp, * @) < €. Here, wy
and wy, are the measures defined via
Wy = Z g(x*) oy and wp, = Z h(z*) 0y .
(z,z*)el (z,x*)eLl

Since wg,w, € SAP(G) (see for example [7, 32, 46, 54]), it follows that da * ¢ is a g-a-p
function for all non-negative ¢ € C.(G). The claim follows because every ¢ € C.(G) can be

decomposed as a linear combination of positive functions ¢ € C¢(G). O

It is possible to give a characterization of g-a-p functions via the Bohr compactification.
This is already hinted at in Meyer’s work but details are not given. For this reason we include
the proof.
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Lemma 4.21 (Characterization of g-a-p). Let f : G — R be a bounded and measurable
function. Then, the following assertions are equivalent:
(i) f is g-a-p.
(i) There exist two Riemann integrable functions k', kL on Gy with k. < kL and
Jo, (K () = K (2))(2) dz = 0 such that g' oy < f < h'ody holds for all ', h' € C(Gy)
with ¢ < k. and kL < H.
If the equivalent conditions (i) and (ii) hold, then f belongs to Bath for every van Hove
sequence A and (f)p1 = [kL] holds.

Proof. (i)==(ii): By (i), there exist gn,h, € SAP(G), n € N, with g, < f < h, and
M(hy, — gn) — 0,n — oco. Without loss of generality we can assume that g, < g,+1 and
hp+1 < hy, for all n € N (as otherwise we could replace g, by max{gi,...,g,} and similarly
hy by min{hy,..., h,}). By the defining property of the Bohr compactification, there exist
then unique ¢/, h!, € C(Gy,) with h,, = h], 0, and g,, = g}, 01y, for each n € N. As the Bohr map
preserves positivity, the sequences (g/,) and (h],
and g], < hl,. Define kL to be the pointwise limit of the h], and k. to be the pointwise
limit of the g/,. Then, k. and k% are Riemann integrable with be(kz’> — kL )(z)dz = 0 by
construction.

Now, let b’ € C(G}) with kL < k' be given. Then, for each € > 0 and each s € G, we have

F(8) < hp(s) =h,oip(s) <KL oip(s) +e < h oip(s)+e

) are increasing and decreasing respectively

for all sufficiently large n. As ¢ > 0 and s € G was arbitrary, this shows f < h’ o 4.
The statement for ¢’ € C(Gy) with ¢’ < k. can be shown similarly. This shows (ii).

(ii)==(i): Let € > 0 be given. By definition of Riemann integrability, we can find h’,¢" €
C(Gp) with ' > kL and kL > ¢ and be(h’ —¢')(z)dx < e. Then, ¢ oy, h' o i} belong
to SAP(G). Due to (ii) they satisfy ¢’ o iy < f < h' 04, Moreover, M(h' o iy — g’ 0dp) =
be(h’ — ¢')(x)dx < € holds. This proves (i).

We have already shown in Lemma 4.19 that any g-a-p function belongs to Wap(G) and,
hence, to Bap4(G). The last part of the statement follows from the construction in the proof
of the equivalence. O

We have already noted in (c¢) of Remark 4.2 that any perturbation of a Weyl almost periodic
function by a function with vanishing uniform absolute mean is also Weyl almost periodic.
This suggests to consider the class of functions which are g-a-p up to such a perturbation.
It will give a natural class of functions and measures on arbitrary locally compact Abelian
groups. This class will contain all g-a-p functions and measures. At the same time it will
also contain all weakly almost periodic functions and measures. So, it seems fair to say that
this class contains all ‘smooth’ examples studied so far in the context of aperiodic order. We
will refer to this type of almost periodicity as Meyer almost periodicity. A precise definition
is provided next.

Definition 4.22 (Meyer almost periodicity). A real valued function f : G — R is called
Meyer almost periodic if

f=9+h
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with a g-a-p function g and a bounded function h with uM(|h|) = 0. A complex valued
function f : G — C is called Meyer almost periodic if Re(f) and Im(f) are Meyer almost
periodic functions.

A measure w € M™>(G) is called Meyer almost periodic if, for all ¢ € C.(G), the
function w * ¢ is a Meyer almost periodic function.

Note here that since h is bounded uM (|h|) = 0 holds independently of the choice of the
van Hove sequence. In particular, Meyer almost periodicity is independent of the choice of
van Hove sequence.

Remark 4.23. (a) If f is Meyer almost periodic, and uM (|h|) = 0 then f + h is Meyer

almost periodic.

(b) It is obvious that g-a-p functions are Meyer almost periodic functions. Similarly,
g-a-p measures are Meyer almost periodic measures.

(¢) A weakly almost periodic function or measure, respectively, is a Meyer almost periodic
function, or Meyer almost periodic measure, respectively.

(d) It is easy to see that a linear combination of Meyer almost periodic functions or
measures, respectively, is a Meyer almost periodic function or measure, respectively.

From the definition and Proposition 4.19, we immediately infer the following result.

Corollary 4.24 (Meyer almost periodicity entails Weyl almost periodicity). (a) If f €
L} (G) is a Meyer almost periodic function, then f € Wap(G).

(b) If p € M>®(G) is a Meyer almost periodic measure, then p € Wap(G).

Indeed, we can characterize Meyer almost periodicity within Weyl almost periodicity as
follows.

Theorem 4.25 (Characterization of Meyer almost periodicity). Let f € L}OC(G). Then, the
following are equivalent:

(i) f is Meyer almost periodic.

(ii) f € Wap(G) and the class of (f)b1 € LY(Gy) contains a Riemann integrable function.

Proof. (i)=(ii). The preceding corollary gives that any Meyer almost periodic function is
Weyl almost periodic. Moreover, if f = g+h is Meyer almost periodic with g being g-a-p and h
having uniform mean zero, then (f)p1 = (g)b1 contains an Riemann integrable representative
by Lemma 4.21.

(il)=(i):

Note first that it suffices to prove the claim for real valued functions.

Let k € L'(Gp) be Riemann integrable such that (f)1 = k in L'(Gp). By Riemann
integrability, we can then find functions

H<gh<..<g <..<k<..h, <...<hy<h}.
such that be(h;L —g,)dbg, < % Then, the restrictions gy, hy, to G' are Bohr almost periodic

and satisfy
1 <p<...<g<...<. .. hy <. < ha <y
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as well as
(gn)b = 9, and (hn)b = hy, .

In particular, one has

1
M(hy — gn) = / (I, — ) dbg, < *.
Gh n

Define

g(z) = sup{gn(x) : n € N}.
Then, we have
1 <gp<...<gn<...<g< .. hy <. < ha <y

from where we get that g is a g-a-p function.

Let h = f — g. Note first that |h| = |f — g| < |f|+ |g] < |f| + |h1] is bounded. We show
that uM (|h]) = 0, which together with f = g + h completes the proof.

Note here that since g, — g in Wap(G), we have [gn]b — [g]b1 in L*(Gp) and hence
[9lbar =k = [flba in L'(Gp). In particular,

/G l9b,1(t) — fo,1(t)| dbg, (t) = 0.

Finally, since f, g € Wap(G), we have g— f € Wap(G) and hence so is |g— f|. Indeed, for each
e > 0 we can find some u € SAP(G) such that uM(|(g — f) — u|) < e. Then, |u| € SAP(G)
and

lg = fl—ul <[lg—f)—ul = ubM(llg— f|-|ull) <e
gives that |g — f| € Wap(G).

Next, if u, € SAP(G) is such that uM((g — f) — u,) < %, for all n € N, then we get
uM(|lg — f| — un||) < % and hence, by the definition of (-)p 1, we have in L!(Gp)

n

lgb1 — fo1l = (g — fleal = ‘nh_?;o(un)d = lim |(un)p| = lim (Jun|)o = (lg = fb.1-
Therefore,
uM(|h]) = uM(lg — f|) = / (lg = fDb,1 dbg, (t) = / |96,1(t) = fo,1(t)|dbc, (1) = 0.
Gy G

This shows that uM (|h|) = 0. Since f = g+ h and g is a g-a-p function, we get the claim. [

As a consequence of the preceding results, we can show that Wap(G) contains an ample
supply of examples.

Corollary 4.26. The set Wap(G) contains all Dirac combs of reqular model sets as well as
all weakly almost periodic measures.

It is well known that weakly almost periodic measures and model sets are uniquely er-
godic, have pure point spectrum and continuous eigenfunctions [35, 51]. When combining our
previous corollary with Theorem 6.15 below, we obtain an alternative proof for this.
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5. UNAVOIDABILITY OF BESICOVITCH AND WEYL ALMOST PERIODICITY

In the preceding sections, we have discussed how Besicovitch and Weyl almost periodic
functions allow one to solve the phase problem and the uniform phase problem. In this
section, we discuss how - under a mild additional regularity condition - these are actually the
only solutions.

In the article [27], Lagarias outlines some conditions that a vector space C' of almost
periodic functions should satisfy in order to give a good theory. These conditions include the
following conditions:

e Expansion in Fourier series, i.e. each f € C has a formal Fourier series f ~ )" ¢, x.

e Riesz-Fischer property holds, i.e. for each square summable (¢, ) there is an element
feC with f ~ 3> cyx.

e Parseval equality holds, i.e. ||f]|? =3 |cy|? for all f € C.

While it is not explicitly stated, two further requirements seem to be natural. First, the
Fourier expansion is linear. Second, with the choice that the coefficients ¢, vanish for all but
one Y, one obtains that the space C contains the characters. Now, the basic idea is that the
measures p (or distributions) with ux ¢ € C for all ¢ € C.(G) have the desired diffraction
properties. This suggests to add another assumption viz that the elements of C' themselves
also have the desired diffraction properties. Making this additional assumption one ends up
with Besicovitch almost periodic functions as the next lemma shows.

Lemma 5.1 (Appearance of Bap%(G)). Let C be a subspace of L} (G) with a seminorm
| -|l, and A be a van Hove sequence with the following properties:

(a) G C C.
(b) For all f € C there ezist ¢, € C and a formal expansion f ~ ZX cyXx such that

1P = e

xed
(c) The formal Fourier expansion in (b) is linear.
(d) For all f € C the Eberlein convolution f & f exists with respect to A, is continuous,

and the measure v5 := (f ® f)0q satisfies
W = Z |C><|2 Oy -
€@

Then, C C Bap*(G) and for each f € C we have || f|| = ||f|lo,2 and c is the Fourier-Bohr
coefficient of f for each x € G, that is c,, = a;?(f). Moreover, if the Riesz—Fischer condition
holds in C, then C = Bap%(G).

Proof. Let f € C be arbitrary. Let {x, : n € N} be an enumeration such that

o
f ~ Z CXan .
n=1

Note that this is possible, since {x : ¢, # 0} is at most countable, and, if finite we can pick
some Xy, such that c,, = 0.
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For each N € N, set Py := Zivzl CynXn- Let gv = f — Py € C. Then, by (c), gy has the
formal Fourier series

[o¢]
gN ~ Z Cyn Xn

n=N+1
and
o0
2 2
ol = D eyl
n=N+1
We also know that
o
— 2
n=N+1

is a finite measure. Let h be the inverse Fourier transform of this finite measure. Then, we
have by [1, 43]

7o = g
and hence 74, = hfg. We also have v = (gn ® gn)0c |9, Rem. 2.3]. This shows that

hbc = (gn ® gn )0 -

Since h and gy ® gy are continuous, they are equal everywhere. In particular

h(0) = (9v ® gi)(0) = Ma(lgn ).

Therefore,
o0

lan (> =D lexal® = 1(0) = Ma(lgn ) -
n=N+1

Note that in the case N = 0 this yields
IF1? = Ma(F1P) = 12 -

We also have

: 2y _ 1; 2 _
Jim My(|f = Pyl?) = lim 37 ey, [P =0.
n=N+1
This shows that f € Bap%(G) and that Py — f in Bap%(G). Therefore,

f=) cex  holdsin Bap’(G),
X

which implies ¢, = a;?( f).
The last claim is obvious. O

If one assumes uniform existence of the autocorrelation one ends up with Weyl almost
periodic functions as follows by a variant of the preceding considerations.

Lemma 5.2 (Appearance of Wap?(G)). Let C be a subspace of L} (G) with a seminorm
| - ||. Assume that the following properties hold:

(a) G C C.
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(b) For all f € C there ezist ¢, € C and a formal expansion f ~ ZX cyX with

A7 =D lel?

xe@G

(c) The formal Fourier expansion in (b) is linear.
(d) For all f € C the Eberlein convolution f ® o f exists, is independent of the choice of

the van Hove sequence, is continuous, and the measure v := (f ® f)0q satisfies

V= Z ‘CXP‘SX :

X

Then, C C Wap?(G) and for each f € C we have ||f|| = ||f|l2,w and ¢y is the Fourier-Bohr
coefficient of f for each x € G.

Proof. Follow the lines of the previous proof until the line: In particular
h(0) = (v ® gn)(0) = M(lgn ).
Note here that (gn ® gn)(0) is independent of the choice of the van Hove sequence, and so is

M (|gn|?). In particular, the mean exists uniformly in translates. Therefore,

[e.e]

lon > = > lexal® = h(0) = M(lgn|*)
n=N+1

Note that in the case N = 0 this yields

IF112 = DMAF?) = (11l

(since the mean exists uniformly in translates). We also have

o
. o 2y _ 1 2 _
Jim M([f = Pyl7) ngﬂgOE lexa|”=0.
n=N+1

Since, by the above observations, the mean exists uniformly in translates, we get f € Wap?(Q)
and Py — f in Wap?(G). Therefore,

f=> ex  holdsin Wap*(G),
X

which implies ¢, = M(fx) = ay(f). O

Remark 5.3. The preceding two lemmas contain in (d) the requirement of continuity of the
Eberlein convolution. This may seem like an extra condition. However, we note that for a
translation bounded measures u the existence of the Eberlein convolution h := (,u>|<<,p)(>f9(,tI;Tb)7
for p,1 € C.(G), automatically entails that h is continuous and even uniformly continuous
(see Proposition 1.4). So, as far as our application goes this is not a restriction.
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6. PURE POINT DIFFRACTION, ALMOST PERIODICITY AND TMDS

In this section, we have a look at pure point diffraction and almost periodicity from the
point of dynamical systems. As discussed in the introduction, dynamical systems play a key
role in the investigation of aperiodic order. In a companion article [33], we study related
aspects for general dynamical systems.

6.1. Dynamical systems of translation bounded measures (TMDS). Suitable dy-
namical systems provide a convenient (and heavily used) way to deal with diffraction. The
necessary background is discussed in this section. We follow [6] to which we refer for further
details and background.

Recall that, given a relatively compact open set V' C G and some C > 0, the set

Moy = {p € M¥(G) :[lullv < C}

is vaguely compact [6, Thm. 2]. Moreover, if G is second countable, the vague topology is
metrisable on M¢y [6, Thm. 2]. The natural group action of G on M>(G) leaves Mc vy
invariant and is continuous [6, Prop. 2]. Specifically,

GxMcy — Mcy, (t, 1) — O %

is a continuous action on Mc y .
Let us now recall the following definition [6, Def. 2].

Definition 6.1 (Translation bounded measure dynamical system (TMDS)). A pair (X, G)
is called a dynamical system on the translation bounded measures on G (TMDS) if
there exist a constant C' > 0 and a relatively compact and open set V C G such that X is a
closed subset of M¢ y that is invariant under the G-action.

Note here that a closed G-invariant subset X C M>(G) is vaguely compact if and only if
it is contained in some Mc¢ y [53]. Therefore, (X, G) is a TMDS if and only if X C M*>(G)
is G-invariant and vaguely compact.

Any translation bounded measure p gives rise to a TMDS (X(u), G), where the hull X(u)
is defined as

{mp: t € G},
with closure taken in the vague topology.

Given any TMDS (X, G), each ¢ € C.(G) induces a continuous function f, : X — C via

folw) = (w* )(0) = /G o(—s) du(s)

which is compatible with the action from [6, Lem. 3], given by f,(nw) = fre(w) for all
te G, p€C(G) and w € X.
Next, let us review the notion of an autocorrelation measure.

Theorem 6.2. [6, Prop. 6, Lem. 7] Let (X, G) be a TMDS. Given any G-invariant probability
measure m on X, there exists a unique positive definite measure v on G such that, for all
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0, € C(Q) and all t € G, we have
(292 DO = UpnTifi) = [ (A1) @) dme). (6)

Definition 6.3. [6, Def. 6] Given a TMDS (X, G) with a G-invariant probability measure
m, the measure 7 from Theorem 6.2 is called the autocorrelation of (X, G, m). Its Fourier
transform 7 is called the diffraction of (X, G, m). We say that (X, G, m) has pure point
diffraction spectrum if 5 is a pure point measure.

Whenever (X, G,m) is a TMDS, we call an f € L*(X,m) with f # 0 an eigenfunction to
the eigenvalue x € G if T,f = x(t)f holds for all ¢ € G. The dynamical system (X, G, m) is
said to have pure point spectrum if L?(X,m) possess an orthonormal basis consisting of
eigenfunctions.

We will make use of the following result (see [34] for generalisations to non-translation

bounded measures).

Theorem 6.4. [6, Thm. 7, Thm. 8, Thm. 9] Let (X,G) be a TMDS with a G-invariant
probability measure m. Then, (X,G,m) has pure point diffraction spectrum if and only if
(L?(X,m),G) has pure point dynamical spectrum.

We now turn to unique ergodicity of (TMDS). First, let us recall the following character-
ization of unique ergodicity. For G = Z this is given e.g. [57]. The case of more general G
follows by simple adaption of the argument. We refrain from giving the details.

Theorem 6.5. Let (X,G) be a transitive dynamical system and let x € X be any element
with a dense orbit. Then, (X, Q) is uniquely ergodic if and only if the set

A:={feCX):t— f(rz) is amenable }
is dense in C(X). Moreover, in this case, t — f(1ux) is amenable for all f € C(X).
As a consequence, we obtain the next corollary.

Corollary 6.6. Let p € M>(G). Then, X(u) is uniquely ergodic if and only if, any (finite)
product of functions in the set {pux p, i * @ : ¢ € Cc(G)} is amenable.

Proof. Clearly the linear span of the mentioned functions is an algebra. This algebra separates
the points and does not vanish anywhere and is closed under complex conjugation. Hence,
it is dense in C(X) by Stone-Weierstrafl’ theorem, and the preceding theorem proves the
corollary. O

Next, we show that the uniform existence of the Fourier-Bohr coefficients implies the
continuity of the corresponding eigenfunction (compare [30]).

Theorem 6.7. Let p € M™(G), x € G and A be any van Hove sequence. Assume that

() = Jim = L Xy

n—o0
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ezists uniformly in s € G and satisfies a, () # 0. Then, for each w € X(u), the Fourier—-Bohr
coefficient a;?(w) exists, does not vanish and the function

a;? :X(pn) — C

is continuous with af(nw) = x(t) af(w) for allw € X(u) and t € G.

Proof. Let ¢ € C.(G) be such that ¢(x) = 1. Then, by Corollary 1.11, we have a, (1 * ) =

ax(p) e(x) # 0.
For each n, define Ay : C(X(u)) — C(X(p)) (compare [30]) via

AX(f)(w) = ﬁ /A X0 F(raw) ds.

A straightforward computation indeed reveals that AX(f) € C(X(u)) for each f € C(X).
Let € > 0. Since the Fourier-Bohr coefficient a, () exists uniformly in z, by Corollary 1.11,
so does a, (u * ). Therefore, there exists N € N such that

N ™

/ %ww)(—m)ds—ax<n<w*u>>\<

for all n > N and all t € G. Therefore, for all m,n > N, we have

‘ 1 — 1 —
<e€.

Al Ja X(s) (@ p)(=t +5) ds—m A X(8) (p* p)(—t +5) ds

This shows that, for each m,n > N, we have

[AX(fo)(Tep) — AN, (fo)(mip)| <€ forallt € G.

Since the orbit {ryu : t € G} is dense in X(p) and since A¥(f,) —AN(f,) € C(X(1)), one has

1A% (fo) = A% (fo)lloo <&

Consequently, since (C(X(u), || - ||o) is a Banach spaces, there exists some g € C'(X(u)) such
that AX(f,) — ¢ in (C(X(u), || - |lo))- Hence, g is continuous. As soon as we can show that
g is an eigenfunction for y and that g # 0, the proof is complete.

Since (AX(f,)) converges uniformly to g, for all w € X(u), we have

o) = Jim MY = im o [ 3 (o5 w)(e)ds = o rw).

n—oo n—oo0 ’A

This show that the Fourier—Bohr coefficient of ¢ xw exists with respect to A. Since p(x) = 1,
by Corollary 1.11, the Fourier-Bohr coefficient a;?(w) exists and

_ A _ A - _ A
9(w) = a3 (¢ xw) = a (W)Pp(x) = ay’ (W)
This shows that g(w) = af(w) for all w € X(u). Since g is continuous, w — af(w) is a

continuous function, which is trivially an eigenfunction. Moreover, this is not trivial since
ait(p) # 0. O
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6.2. Characterizing TMDS with pure point spectrum. In this section, we study the
connection between the pure point spectrum of a (uniquely) ergodic TMDS (X, G, m) and the
mean/Besicovitch almost periodicity of elements w € X. We prove that (X, G,m) has pure
point spectrum if and only if m-almost all w € X are mean/Besicovitch almost periodic.

Theorem 6.8. Let (X,G) be a TMDS. Let m be an ergodic measure on (X,G) and A a van
Hove sequence along which Birkhoff’s ergodic theorem holds. Then, (X, G, m) has pure point
spectrum if and only if, for m-almost all w € X, we have w € Map 4(G).

Proof. Let «y be the autocorrelation of (X, G, m). By [6, Thm. 5(b)], there exists a full measure
set X C X such that, for all w € X, «y is the is the autocorrelation of w with respect to A.
We now show both implications:

—: Since 7 is pure point, every w € X has pure point diffraction with respect to A.
Therefore, by Theorem 2.13, we have X C Map 4(G).

<=: We know that there exists a set ¥ C X of full measure such that Y C Map 4(G).
Then, X NY has full measure in X, and hence is not trivial.

Pick some w € X NY. Then, w € Map 4(G) and hence, by Theorem 2.13, its diffraction 7
is pure point. ]

As a corollary (rather from the proof than from the actual statement), we obtain the
following.

Corollary 6.9. If (X, Q) is uniquely ergodic, then (X, G) has pure point spectrum if and only
if X C Mapy(G).

Proof. Let 7 be the unique autocorrelation of (X,G). By [6, Thm. 5(a)], the measure 7 is
the autocorrelation of w with respect to (4,), for all w € X. The claim follows now from
Theorem 2.13. 0

If G is second countable, it turns out that we can also work with Besicovitch almost periodic
measures instead of mean almost periodic measures.

Theorem 6.10. Let (X, G,m) be an ergodic TMDS with second countable G, and let A be a
van Hove sequence along which Birkhoff’s ergodic theorem holds. Then, the system (X, G, m)
has pure point spectrum if and only if for m-almost all w € X, we have w € Bap 4(G).

Moreover, in this case, for each x such that ¥({x}) # 0, there exists a non-trivial eigen-
function f, € LY(X,m) such that

fxlw) = a;?(w) for all w € Bap 4(G) N X,

and
D) = @) = |ad@)|*  for m-almost all w € X..

Proof. <=: This follows from Bap 4(G) € Map 4(G) and Theorem 6.8.

= Since Bap%(G) N M™(G) = Bap4(G) N M>(G), it suffices to show that for m-almost
all w € X, we have w € Bap%(G).
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Denote the set of eigenvalues by E. Then, F is a countable subgroup of G by standard
arguments. Let x1, x2,... be any enumeration of E. Via a standard procedure, we can choose
a family {fy }yer of eigenfunctions which are normalised, such that f; = 1 and

Fr(rsw) = x(5) fx(w)

for all y € F and s € G.

Since G is second countable, we can find some sequence (K;) of compact sets such that
G= Uj Kj and K; C K7 4. In particular, for each K C G compact, U K7 is an open cover
of K, and hence, there exists some j such that K C Kj.

Next, by the metrisability of G, for each j, there exists some Q; C C(G : K;) == {f €
C.(G) : supp(f) € K;} which is dense in C(G : K) and set Q :=|J Q. It is easy to see that
@ is dense in C(G).

Now, for each ¢ € @, since L?(X,m) has pure point spectrum, we have

N
A}i_l)n@ Hfso - ;<f597ka>kaH2 =0
By Birkhoff’s ergodic theorem, there exists a set X, n such that, for all 4 € X, y, we have
1 il i
lim —— [ [(u*¢)(s) = Pn(s)|* ds = lim —— (x@)(s) = > (for Fra) o Lsp)| ds

2
dm(w)

N
) = > {for Fr) ()
k=1

where P(s) := Y0, crxr(s) with ¢ := (for fxu) fx (). This shows that, for all ¢ € Q and
i € Xy N, the trigonometric polynomial P satisfies

N
1% = Pllooa = I1fo =D (For Frad Fralla- (7)
k=1
Since @ is countable, the set
- ﬂ ﬂ XoN
peQ NeN

has full measure in X. We show that Y C Bap?(G). Let w € Y.

For each ¢ € @, we have w € (\yeny XN Since imy o0 || f — Zgzl(f¢,ka>ka|]2 =0,
we get that w * ¢ € Bap%(G).

Next, let ¢ € C.(G) be arbitrary. Let e > 0. By [51, Lem. 1.1(2)], the sequence <%>
is bounded because w € M*°(G). Let C be an upper bound of this.

Pick some j such that supp(¢) C Kj. Since Q); is dense in C'(G : Kj), there exists some

¢ € @) such that

. 9
I = Plloo < min{ A3
201K\ /llwllre; +1
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Since supp(yp),supp(y)) C K; we also have
5

20, [l +1

Since wxp € Bap*(G), there is a trigonometric polynomial P such that [|wxp—Pllp2.4 < 5.
Therefore, one has

lo =l <

lw* 1 — Pllp2a < |lw* @ — Pllp2a+l|w*h —w* @l p2,4
g

<
2

+ flw* ) —w*o|lp2,.A4-

Now, by Lemma 1.16, we have

w1 —wxpllpoa < Vwxy) —w* Qo lw* ) —w* Qo1

< I = lloclloll oo+ & =+ lln1,a

<\ llwlk; llw* v —w*@llp1,a-
Now, by a standard van Hove and Fubini type argument, we get
. 1 .
lim sup ) /A [(wx¥)(t) — (W) (t)[dE < [l — 1|1 limsup
n n

n—o0 n—o0

W] (An)
Ayl

|
€

2y /llwllx;

< Clle =9l <

Therefore, we obtain

g g
— P < — —_ = s
lo v = Plloga <35 +5=¢

which completes the argument.

We now show the last statement.
Pick a x € G such that ¥({x}) # 0. Define

at(w), ifwe Bapy(G)NX,
i) = 4 5 pa()
0, otherwise .

This is well defined as the Fourier—Bohr coefficients of Besicovitch almost periodic measures
exist by Theorem 3.36.

We claim that this satisfies the given condition. Note first that by Lemma 1.13(c) the set
XN Bap4(G) is G-invariant. It follows that for all w ¢ Bap 4(G) N X, we have

fx(mw) =0 =x(t) f(w).
For w € Bap4(G) NX, it follows immediately from the definition of the Fourier-Bohr coeffi-
cients and translation boundedness that f, (mw) = x(t) fy(w).
Next, we show that f, € LY(X,m).
Pick some ¢ such that @(x) = 1. As in the proof of Theorem A.4, define AY : C(X(pn)) —
C(X(u)) (compare [30]) via

AN = [ X

= ), X(s) f(rsw)ds.
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Then, A%(f,) € C(X) for all n. Moreover, by definition, |[AX(¢)|lec < ||fis]lco-
For all w € XN Bapy(G) the Fourier-Bohr coefficients of w exist by Corollary 5.5, and
hence

n—oo

1
) = ) = o) = Jim o | fotne) do = lim ANE).

Since m(X N Bap4(G)) = 1, it follows that AxX(f,) is a sequence of functions in C(X) C
LY(X,m), which is bounded by the constant function ||f,|s1x € L'(X,m) and which con-
verges almost everywhere to f,. The dominated convergence theorem then implies that
fx € LY(X,;m) as claimed.

Finally, as 7({x}) # 0 and as ~ is almost surely the autocorrelation of w € Bap 4(G) N X,
we have by Theorem 3.34

0#7{x}) = |a;<4(w)‘2 = |fX((,u)|2 for m-almost all w € X.

This gives that f, is non-trivial, as well as the last claim. O
Combining the results in this section we obtain the following.

Corollary 6.11 (Characterization of pure point spectrum via almost periodicity). Consider
an ergodic TMDS (X, G, m) with second countable G, and let A be a van Hove sequence along
which Birkhoff’s ergodic theorem holds. Then, the following statements are equivalent:
(i) The system (X, G, m) has pure point spectrum.
(ii) m(XNBapy(G)) =1.
(i) m(XNMapy(G)) = 1.

Remark 6.12. (a) In Corollary 6.11, we can have
XN Bap4(G) € XN Mapy(G).

Consider for example the hull X := X(u), where p is the a-defect of Z for some
€ (0,1)\Q from Proposition A.2. Then, by Proposition A.2, (X,G) is uniquely
ergodic, has pure point spectrum and X C Map 4(G) but u ¢ Bap 4(G).

(b) Let X be a unique ergodic TMDS with pure point diffraction. Then, all elements
w € X are mean almost periodic and almost all elements w € X are Besicovitch
almost periodic. It is not necessarily true that all elements w € X are Besicovitch
almost periodic. Indeed, the hull X := X(u), where p is the a-defect of Z for some
a € (0,1)\Q, provides again such an example.

We complete the section by proving the following result which complements Theorem 6.10.

Theorem 6.13. Let pn € Bapy(G) N M>®(G). Then, there exists an ergodic G-invariant
probability measure m on X := X(u) with the following properties:

(a) For all f € C(X(p)), we have

i ! = w) dm(w
mngﬂéjmmﬁ—éﬂ)d(%

n—oo
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(b) The autocorrelation v of (X, m,G) is also the autocorrelation v, of u with respect to
A.
(¢) (X,m,G) has pure point dynamical spectrum, which is generated by {x : a}, Au) # 0}

Proof. First, for all ¢ € C.(G), we have f () = (1 * ¢)(t). Therefore, the functions
t = fo(mp) and t — fo(mep) belong to Bapa(G). It follows immediately that, for any
f in the algebra generated by {f,, f,}, the function t — f(mu) belongs to Bapa(G). By
a standard density argument, we get (compare [33]) that for all f € C(X) the function
t — f(mu) belongs to Bapa(G). Therefore, by Proposition 3.8, for each f € C(X(u)), the
limit

m(f) = lim ,A,/ Flr)d

exists. It is obvious that m : C(X) — C is linear, positive, and therefore a positive measure.
Moreover, for the constant function 1x we have

1dt=1.

m(X) = m(

n— 0o ’A ’ .
7

Finally, for all s € G and f € C(X), we have
(m(f) = msm(f)| = [m(f) = m(T—sf)]

1
= | lim /fT —/ f(Toasp) dz
e |A| i) d 1An] Ja. (T451)

1
= | lim f(mep — f(mep dt'
i gy f, St g [ S
= | m frp) dt) < [|flloo ] =0.
n—os [ Ap| AnA(—s+An) (711 171 noo \An’

Therefore, m is G-invariant. This proves (a).
(b) For each ¢,9 € C.(G), we have

(9% DY0) = (s fi) = m(foFp) = lim ﬁ /A o) Fotrap) ds

n—o0

= () ®a(ux1))(0) = (3 % % D)(0).
The claim follows immediately.

Next we show that m is ergodic. The proof below is similar to [33, Thm. 3.4].
Recall that, for all £ € N and all ¢1,...,¢r € Cc(G), we have

k
[1 e, (i) = H (1 ¢3)
j=1 j=1

Since p € Bap%(G), we get that H?:l (1 ;) € Bap’(G).
Let A be the complex subalgebra of C'(X) generated by

k
{1}U{Hf¢j k> 1,cp1,...,cpk€Cc(G)}.
j=1
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Then, by the above, for all f € A, the function ¢ — f(7;ut) belongs to Bap%(G) and hence it
has a well defined Fourier-Bohr coefficient.
Define F, : A — C via

E(f) = a(t = f(np) -
Next, by the Cauchy-Schwartz inequality, we have
2

1 2
flnp)dt] < — fmp)|” dt.
'L4\u/n t A, o, )
Moreover, by (a), we have
1 2 2
lim — Telh dt:/fw dm(w). 8
tim e [ G = [ 1) ame ®)

Therefore, for all f € A, we have
[ (DI < N fl2-

Since A is separating the points of X, it is dense in (C(X), ] - ||oo) by Stone-Weierstrafy’
theorem. It follows that A is a dense subspace of L*(m). Therefore, F) can be extended
to a continuous functional on the Hilbert space L?(m). By Riesz’ lemma, there exists some
element f, € L*(m) with || f,|| < 1 such that, for all f € L*(m), we have

F(f) = /X F@) Fu@) dm(w) )

Next, define E := {x € G: fx # 0}. By construction, x € E if and only if there exists
some f € A such that af(t — f(mp)) # 0.
A short computation shows that, for all f € A, we have

O—/f fx Tw) dm(w /f w) fy Ttw) dm(w)

= [ 1) Rl dme) - [ fr-) ] dmie)
=:éf@0fdﬁwﬁhﬂw)—FMnf)
= [ s R ame) ~ lim o [ () 3G ds

/f ) fy(riw) dm(w) = x(t) nh_>ngo|A|/ f(me_ww) x(s — t) ds

! f(ry) X dr

:/ﬂ@ﬁ@@&ﬂ@—??

n—o0 ’A ‘ +A7L

/f ) () dm(w) — X (@) lim /jn

n—>oo ’A ‘

~ [ #6) (7 - <wnw0mmo

where the second last equality follows as f is bounded from the van Hove condition.
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By the density of A in L?(m), we get that
Fx(mw) = x(t) fx(w) -

It follows that for all x € FE,f, is an eigenfunction. Clearly, eigenfunctions to different

eigenvalues are orthogonal.
Finally, for each f € A, Eq. (8) and Parseval’s identity for the function ¢ — F'(ru) give

. 1 2
/X|f(w)|2dm(w) ~ lim W/An Pt =S [ad (o f(rm)

n—00 xe@
= S IEWDP = X [ £
xea Xeé

Since the elements in {f, : x € E} are orthogonal, ||f,|| < 1 and A is dense in L?(m), it
follows that || fy| = 1 for all x € E and that {f, : x € E} is an orthonormal basis in L?(m).
By orthogonality, for each x € E the corresponding eigenspace is span(fy).

It follows that each eigenspace is one dimensional. In particular, the eigenspace to the
eigenvalue 1 is one dimensional and the system is ergodic.

(c) follows from (b) and the consistent phase property. O

As a consequence, we get the following theorem.

Theorem 6.14. Let G be a second countable group and let w be a positive pure point measure
on G. Then, the following statements are equivalent.

(i) There is an ergodic TMDS (X, G, m) with autocorrelation vy such that (7)pp = w.
(ii) There is an ergodic TMDS (X, G, m) with pure point spectrum and diffraction w.
(iii) There is a van Hove sequence A and some p € Bap 4(G) NM*(G) such that w is the
diffraction of u with respect to A.

Proof. (i) = (ii) follows from [2, Thm. 4.1].

(ii) = (iii) Since (X, G, m) has pure point spectrum, we have m(X N Bap4(G)) = 1 by
Corollary 6.11.

Now, let A be a van Hove sequence along which Birkhoff’s ergodic theorem holds. By [6,
Thm. 5(b)], w is almost surely the diffraction of v € X. In particular, there exists some
p € XN Bap 4(G) such that w is the diffraction of u.

(iii) = (i) This follows from Theorem 6.13. O

6.3. Characterizing Weyl almost periodic measures via TMDS. We showed in the last
section that pure point spectrum for a TMDS can be characterized via mean and Besicovitch
almost periodicity. Now, we show that for a TMDS (X, G) Weyl almost periodicity for one/all
elements is equivalent to pure point dynamical spectrum, unique ergodicity and continuous
eigenfunctions.

Theorem 6.15. Let yp € M®(G). Then, the following statements are equivalent:

(i) n € Wap(G).
(it) X(p) € Wap(G).
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(iii) X(u) is uniquely ergodic, has pure point dynamical spectrum and continuous eigen-
functions.
Moreover, in this case, for each x with ay(p) # 0 the function X(u) — C, w — ay(w), is a
continuous eigenfunction for the system.

Proof. We show (i) = (iii) = (ii) = (i).
(ii) = (i): This trivially holds.
(iii) = (ii): This is similar to the proof of Theorem 6.10, with the difference being the usage
of the unique ergodic theorem instead of the ergodic theorem:

Denote the set of eigenvalues by E. Then, E is a countable subgroup of G by standard
arguments. Choose a family {fy } cr of eigenfunctions which are continuous, normalized and
such that f; = 1.

Now, for each ¢ € C(G) and each ¢ > 0, since L?(X,m) has pure point spectrum, exactly
as in Theorem. 6.10, there exists some F' = Eszl ¢k fy, such that

[ Vet = PP ) < 2.
X

Next, fix some arbitrary v € X(u). Since the eigenfunctions are continuous, so is f, — F'.
Therefore, by the unique ergodic theorem,

2 = lim (v * r.v)|? ds
J1520) = PP am(e) = lim o [ ) - PP o

n—oo
(v o)( Z%Xk ds

uniformly in z, where ¢} := ¢ fy, (v). This shows that, for all ¢ € C’C(G) and ¢ > 0, there

exists a trigonometric polynomial P = Zi\;l ¢, Xk such that || % ¢ — Pl 2 < e. Therefore,
v € Wap?(G) for all ¢ € C(G).

(i) = (iii): (1) We start by proving the unique ergodicity.

Since p € Wap(G), for all ¢ € C.(G), we have u*x ¢ € Wap(G) N Cy(G), and hence
e € Wap(G) N Cu(G).

It follows that A := {p*x o, i*x @ : ¢ € C(G)} € Wap(G) N Cy(G). By Lemma 4.7 (c),
we get that {H 1 fi+ fj € A} € Wap(G). In particular, any product of elements in A is
amenable. Umque ergodicity then follows from Corollary 6.6.

I 1
= 1um ——-:
=00 ’A ’ z+An

(2) Next, let us prove that X(u) has pure point dynamical spectrum.

Let m be the unique ergodic measure, and let v be the autocorrelation of the dynamical
system. Then, by the unique ergodicity, v is the autocorrelation of u with respect to some
van Hove sequence (4,,). Since p is Weyl almost periodic, hence mean almost periodic, 7 is
pure point by Theorem 2.13.

(3) Finally we prove the continuity of the eigenfunctions.

Let x € G be any element such that a,(u) # 0. Since, by Lemma 4.14 the Fourier-Bohr
coefficient a, (1) exists uniformly in translates, the corresponding eigenfunction can be chosen
to be continuous by Theorem 6.7.
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This shows that for each x with a, (u) # 0 we can choose a continuous eigenfunction. Since
Fourier-Bohr coefficient a,(u) exists uniformly, we have 3({x}) = |ay (u)[*>. It follows that
each x in the Bragg spectrum has a continuous eigenfunction. Since the pure point dynamical
spectrum is generated as a group by the Bragg spectrum, and since the product of continuous
eigenfunctions is a continuous eigenfunction, the claim follows.

The last claim follows from Theorem 6.7. g

As an immediate consequence we get the following.

Corollary 6.16. Let pu be a Weyl almost periodic measure. Then,

(a) For all w € X(p) and all x € G, we have 3({x}) = |ay (W)?.

(b) For each w € X(u), the dynamical spectrum is the group generated by {x € G :
ay(w) # 0} N

(c) For each x € G with ¥({x}) # 0, the function w — ay(w) is a continuous eigenfunc-
tion.
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APPENDIX A. SOME (COUNTER)EXAMPLES

In this section, we consider some examples showing strictness of certain inclusions. We
also show that the space Map 4(G) does not answer the Lagarias question 6 [27, Problem 4.6]
The first example will be relevant in various parts of the article and for this reason we give it
a name.

Definition A.1 (a-defect). Let a € (0,1). We define the a-defect of Z by
Ay :={-n:neN}tU{n+a:neN}
We can now prove that the a-defect of Z has the following properties.

Proposition A.2. (a) For each a € (0,1) and each van Hove sequence A, we have

dr, € Mapy(G).

(b) For each a € (0,1) and A,, = [—n,n|, we have dp, ¢ Bap4(G). In particular, for all
1 < p < oo, we have dp, ¢ Baphy(G) and 65, ¢ Wap(G).

(¢) For each a € (0,1),1 < p < oo and A, = [—n,n?], we have 6y, € Bap’y(G).

(d) For each a € (0,1) and each van Hove sequence A, the autocorrelation v of A, exists
with respect to A and v = §7.

(e) For each a € (0,1) and each b > 0, the Fourier—Bohr coefficients of A, exists with

respect to A, = [—n,bn] and satisfy
1+b627riAa .
QA(AQ): B TS Zf)\GZ,
0, ifAET.

(f) Ifa € (0,1)\Q, then for all A € Z\{0} the Fourier—Bohr coefficients of dp, don’t exist
with respect to the van Hove sequence A, = [—n, (2 4+ (—1)")n].
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(g) If a € (0,1)\Q and A, = [-n,n], then for all A € Z\{0}, the Fourier—-Bohr coeffi-
cients of dp, exist with respect to A and

TN # a5 (0n,)

(h) X(A,) is uniquely ergodic.
(i) If a € (0,1)\Q, then the dynamical spectrum of (X(As), G) is Z, while the topological
dynamical spectrum is trivial.

Proof. (a) If n € Z, then 7,05, — 0a, is a measure with compact support. It follows that, for
all ¢ € Cc(G), we have 1,07, * p — 0p, * ¢ € Cc(G) € WAP(G). Therefore, for all van Hove
sequences A, we have
M (|mndn, * 0 = 0n, * ¢l) =

The claim follows.

(b) Fix 0 < b < min{a,1 — a}. Pick some ¢ € C.(R) such that ¢ > 1[_3%1 and supp(p) C
(—3, %). Let f be any Bohr almost periodic function.

Since 6z * ¢ — f is Bohr almost periodic, using the independence of the mean with respect
to van Hove sequences we get

10 1
tim = [ oz flat= tim Gz e 00 = F0)]dt = M(duszr o 1),

n—oo M

Therefore,
0

lim - ( “Nbwsz =00 - 10lat+ [ 5200 - 10 dt)

—-n

(M([0z * ¢ — f[) + M([0arz * ¢ — f))

2 oM (|02 ¢ = darz % ).
Now, the choice of ¢ implies that

(0atz *x @)(x), foralz>1,

(0aq * @) () = {(52 % @) (), for all z < 1.

This yields

0
M(ion, + o — f) —hm—(/ (Gorz e )0~ SOt + [ !(5z*<p)(t)—f(t)\dt>

n—o0 2n n

1
> SM(1oz 9 — dusz * gl).

Finally, the choice of the support of ¢ implies that, for each € R, at most one of
(0atz * ¢)(x) and (dz * ¢)(x) can be non-zero. Therefore,

|0z % @ — batz * | = 0z, % | + |davz * | = 0z % @ + btz * .
We thus get

M(|op, * o = f1) =

| o

(MG % 0) + Moz s ) = [ olt)de>

DO | =
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This shows that for all f € SAP(R), and in particular for all trigonometric polynomials,
one has

M(|oa, x o = f]) =

It follows that 0y, * ¢ ¢ Bapa(R) and hence 65, ¢ Bap4(R). Since Wap?(R) C Bap”;(R) C
Bap 4(R), the claim follows.

(c) Let ¢ € C.(G), and let A be such that supp(¢) C [—A, A]. Then, for all x > A, we
have dp, * ¢ = dq+7 * ¢. Therefore,

»bl@

2

[ 1o, 500 - Gorzx )0 dt>

—-n

S

oA k@ — 0 * = | limsu
10A * ¢ — Sa+z * Pllb,p,4 ( n_mop n2 +n

n—oo N

A
ren [ 1690~ Gurz e Q)P

—-n

< ( lim sup
2 1

[ 16000 = Gz e D)0 dt) '
A

+ lim sup
n—o00 n? +n

) :
:(nmsup 1+n / |<5Aaw)(t)—wamw)(t)v’dt)

n—oo TN —-n

" (8, — B0z * e ) 0.

(hm sup
%

Since 17 * ¢ € SAP(G), the claim follows.
(d) First, we show that, for each van Hove sequence, we have
1
nh—>n;o mﬁ(Aa NAp) =1

To do this, fix some function ¢ € C.(G) such that supp(y) € [0,2] and (dz * ¢)(z) = 1
for all z € R. Then, a trivial computation shows that (da, * ¢)(x) = 1 for all x ¢ [—2,3].
Therefore, as Cc(G) C WAP)(G), we have 1 — (0p, * ¢)(z) € WAP)(G) and hence, we have

1
lim —— op, xp)(x)dz=1.
Jn o [ o)
Now, by a standard Fubini and van Hove computation, we get
1
lim </ (Or, +)(x) da — / o(t) dE(A, mAn)> 0.
n—oo [An| \Ja, R
As
1=M(1) = Moz %) = dens(Z)/ o(t) dt
R

the claim follows.

Next, since A, is a Meyer set, a standard argument (compare [7]) shows that its autocor-
relation exists with respect to A if and only if the limit

n(z )—h%n ]A | f(Aa N (z+Ay) NA)

exists for all z € Z. Moreover, in this case we have v = > __p1(2)d. (compare [7]).
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Now, it is easy to see that for all z € Z the sets A, and z + A, agree outside the compact
set [—|z|, |z| + 1]. Therefore,

n(z) = lim ! f(AaN(z+Ay)NA,) = lim

n—00 |A | n—00 | |

AN Ay) =

for all z € Z. Also, for all z ¢ Z, it is easy to see that A, N (z + A,) is a finite set and hence

n(z) = lim Lﬁ(Aam(HAamAn) 0

n—oo |Ap|

for all z ¢ Z. The claim now follows.
(e) We compute

bn bn
1 / e—27ri)\t d(SAa (t) 11 / —2miAt d(SA ( ) + b i e—27ri)\t déAa (t)

bn+n “b+ln b+ 1bn
1 1 0 2miAt b 1 bn 2miA
- - —2mAt 45, — —2mAt 45,

Now, since 0z, d,+7 are weakly almost periodic measures their FOlll“leI"*BOhl“ coefficients
exists with respect to any van Hove sequence, and they are independent of the choice of the
van Hove sequence [35]. Therefore,

1
lim
n—oo bn +n

bn
. 1 b
—2miAt _ -
/ e ddp, (t) = br 1a>\(5z) + b 1a)\((5a+z)

. 1 2mida b
_<b+1—|—e b+1>a)\(5z).

Since (5AZ = 0z, the claim follows.
(f) By (d), we have

1 . 1 3 2miAa
lim —— e ™M 5, (t) = SEeeT T
and
1 . 14+ e27ri)\a
lim —— e 2mM dip, (t) = ——
n—00 ’A2n+1’ A2n+1 2
Now,
14 3627ri)\a _ 14+ e27ri)\a e27ri)\a _, \acZ
4 B 2 ; DR '
Since a ¢ Q, we have 1+3fwm # 1+ezﬂm for all A € Z and hence
1 : 1 -
lim e 2N q5p, (1) # lim e AL 4Gy, (1),
n— oo |A2n| A2n a( ) ?é n— o0 |A2n+1| A2n+1 a( )

showing that (ﬁ Ja, e 2mMA 45y, (t)> is not convergent.
(g) By (d), we have for all A € Z,

14 e27ri)\a

e—27ri>\t déAa (t) — 5
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Hence, the Fourier-Bohr coefficients exist. Also, we have |$|2 = lifand only if e

1, which again by the irrationality of ¢ implies that

F{AY) # Jag'(6a,)

(h) Note that X(p) = {mp:t € R} U {01z : t € R/Z}. Set T := {417 : t € R/Z}. This is
a compact Abelian group, and the action of R is simply addition modulo 1: 740tz = dt1512-
Also, set Q := {mu: t € R}.

We show that any ergodic measure is equal to the probability Haar measure on T. This
proves unique ergodicity.

Let m be a R-invariant ergodic measure on X(u). Next, define ¢ : Cc(R) — C(X(p)) via
o(f) () = f(t) and o(f)(d¢4z) = 0 for all t € R. It is trivial to see that ¢(f) is indeed
continuous. Define,

2mida _

2

for all A € Z\{0}.

n(f) =mle(f))  forall feC(R).
It is easy to see that 7 is linear, and for all f € C.(R) we have

()l = Imle(f) < lle(Flloe = [1flloc -

Therefore, by Riesz’ representation theorem, 7 is a finite measure on R. Also, it is easy
to see from the definition that for all ¢t € R and all f € C.(R) we have o(7¢f) = mp(f).
Therefore, since m is R-invariant, so is 7.

This implies that 7 is a finite Haar measure on R and hence n = 0.

Next, for each n € N pick some f,, € Cc(R) such that 1_, ,,) < fu < 1_p_1n41), and let
Yy = @(fn). Then, (v,) is an increasing sequence of functions in C'(X(u)) which converges
pointwise to the characteristic function of 2.

Let g € C(X) and define h,, : R — C via hy(t) = ¥ (7ep)g(repe). Then, hy, € C(R) and
©(hy) = ¥ng. Now, the monotone convergence theorem implies

/X(m g(w) dm(w) =/Tg(w) dm(w)+/ 9(w) dm(w)

Q

_ / gw) dm(w) + lim | og(w) dm(w)
T Q

_ /T g(w)dm(w) + lim | o(hy)(w) dm(w)

n—o0 Q

_ /T g(w) dm(w) + Tm m(p(hn))

:/g(w) dm(w) + lim n(h,) :/g(w) dm(w).
- T

n—o0

This implies that m is supported on T, and hence it is an R-invariant probability measure on
T. Thus, m is the probability Haar measure on T.

(i) The first part follows from (c).

Now, we show that if f\ # 0 is a continuous eigenfunction, then A = 0. We know that
the measurable spectrum is Z, so A € Z. Let f) be a continuous eigenfunction, and let



80 DANIEL LENZ, TIMO SPINDELER, AND NICOLAE STRUNGARU
¢ = fr(0a,). Now, for n € N, we have
lim Tn(SAa = 5a+Z
n—oo
in the local topology, and hence, since fy is continuous,
2mida 5 _ 5 = | 5 = 1i 2miAn 5 _
e f\(0z) = fa(0arz) = lim fx(70a,) = lim e fx(dp,) = c.
n—o0 n—oo
In the same way, for n € N, we have
lim T_nfsAa = (52,
n—o0

and hence, since f) is continuous,
fia(0z) = lim fr(7—,0p,) = C.
n—o0o

This yields

c= 627ri)\af)\((5z) — e27ri)\a07

and hence ¢ = 0 or 2™ = 1. In the first case, we get fy = 0, which is not possible, while
the second case gives A = 0. g
Remark A.3. (a) In Proposition A.2, (d) also follows from (h).

(b) In Proposition A.2, (h) can alternately be proved by Corollary 6.6.

We next discuss an example of a mean almost periodic measure with respect to some van
Hove sequence A such that the autocorrelation does not exists with respect to A. Since the
computations are straightforward and similar to the ones done for the proof of Proposition A.2,
we skip them.

Example A.4. Let A := {n,—2n :n € N}. Then A is mean almost periodic with respect to
Ap = [-n, (24 (—1)")n], but its autocorrelation does not exist with respect to this van Hove
sequence.

Example A.5. Let p = > 2 >0 | donyg. Then, p is Besicovitch almost periodic with
respect to A, = [—n,n], but not Weyl almost periodic. Indeed, let p € C.(R) be arbitrary.
We show that M (|u * |) = 0. This yields Besicovitch almost periodicity. Let A be such that
supp(p) C [—A, A]. Since u([0,2"]) =1+2+...+m—1= m(n;_l), a simple computation

yields

0gs (1 2
1 (1 x @)(1)] dt < th_

2n [—’fL,TL]
From here, Besicovitch almost periodicity follows. One can show via a similar approximation
that p is not Weyl almost periodic. This can also be seen via Theorem 6.15: since X(u) is
not uniquely ergodic, p cannot be Weyl almost periodic.
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APPENDIX B. CUT AND PROJECT SCHEMES

In this Appendix, we give a brief review of cut and project schemes (CPS). For a detailed
review of this, we recommend [40, 3, 54, 32, 46, 47].

A triple (G, H, L) is called a cut and project scheme (CPS) if G and H are LCA groups
and L is a lattice in G x H (i.e., a cocompact discrete subgroup) such that the restriction
of canonical projection 7% : G x H — G to L is one to one, and 7 (L) is dense in H.

Let L := 7%(L£). We can then define the star mapping (-)*: L — H as follows: If z € L,
then z* is a unique y € H such that (x,y) € £. Under this mapping we have

L={(x,2"):x € L}.

G GxH - H

]\ ]\ ]\dense
— 7.‘.H
L~ "5
*
Given a cut and project scheme, we can associate to any W C H, called the window, the set
AW):={zeL:a*eW}.

If W is relatively compact, then A (W) is called a weak model set. Any weak model set
is uniformly discrete. If in addition W° # &, then A (W) is called a model set. Any weak
model set is uniformly discrete and any model set is a Delone set.

If, in addition, the model set A (W) satisfies |[OW| = 0, it is called a regular model set.

Given a CPS (G, H, L), for each function h : H — C, we can define a formal sum via

wp, = Z h(x*)d .
zeLl
If h is compactly supported and bounded, then wy, is a measure. The same holds under various
decaying conditions of h [46, 32, 47, 54, 55]. Also, if h = 1y is the characteristic function of
a window, we have wp, = 0 4 (w)-

~

Given a CPS (G, H, L), we can define a new CPS (G, ﬁ, £9), called the dual lattice where

—

£° is the annihilator, or the dual lattice, of £ in G x H ~ G x H. For details that this is a
CPS see [40, 41].

We now list some of the essential properties of such combs [46, 32, 47, 3, 4, 54, 55].
Theorem B.1. [47] Let (G,H,L) be a CPS and h € C.(H). Then,
(a) wp, € SAP(G) and M(wy) = dens(L) [, h(t) dt.
(b) wy, is Fourier transformable if and only if h € Ll(ﬁ). Moreover, in this case wj, is a
measure in the dual CPS and

wp, = dens(L)wy, .

Next, we introduce the concept of weak model sets of maximal density. First, let us recall
the following result.
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Proposition B.2. [23, 54] Let (G, H, L) be a CPS, and W C H be a pre-compact set. Then,
for each van Hove sequence A, we have

g Am 5 A,
dens(L) [W°| < hminf*(L() < limsupML()

m—00 | A m—00 | A

< dens(L) [W].

We can now introduce the following definition.

Definition B.3. [5, 26] Given a CPS (G, H, L), a van Hove sequence A and a compact set
W C H, we say that the weak model set A (W) has maximal density with respect to A
if
0 A
. A w)(Am)

m—00 |Am|

= dens(L) [W].

APPENDIX C. SEMI-MEASURES AND THEIR FOURIER TRANSFORM

In this section, we collect the basic results we need about semi-measures (see Def 1.27 ).
Let us stat with the following consequence of the definition.

Lemma C.1. Let ¥ be a Fourier transformable semi-measure. Then,
(a) For all ¢ € Ko(@), we have ¢ € L*(|9]) and

I() = D).
(b) For all ¢ € K5(G), we have
(95 0)(t) = /@w) Bx) dD(x) = 9I(t)

Proof. (a) By the polarisation identity [43, p. 244], we get the claim for ¢y = ¢ x ¢ with
o, € C(GQ). (a) follows now by linearity.
(b) Since K3(G) is closed under reflection and translation, we get

(9 % ) (t) = Drg) = Drg') = DO(t).

Next, let us recall the following definition [56].

Definition C.2. A measure p is called weakly admissible, if for all ¢ € KQ(@), we have
e Li(|ul).

We start with the following result, which emulates the standard proof that positive definite
measures are Fourier transformable [10, Thm. 4.5], [43, Thm. 4.11.5].

Lemma C.3. Let {0,}occ.(q) be a family of finite measures on G which satisfy the compat-
ibility condition

—~ ~12

|<,0|2 oy = W‘ [ for all o, € C(G) . (10)

Then, there exists a weakly admissible measure o on G such that, for all ¢ € C<(Q), we have
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Proof. We follow closely the proof of [10, Thm. 4.5]. For each f € Cc(G), we define

J(f) = O-QO (%) ’
]

where ¢ € C.(G) is any function such that @ is not vanishing on supp(f). Such a function
always exists by [10, Prop. 2.4], [43, Cor. 4.9.12]. The compatibly condition Eq. (10) ensures
that our definition doesn’t depend on the choice of ¢. It is easy to see that o : C.(G) — C is
linear.

We show next that o is continuous with respect to the inductive topology. To do this, fix
some compact set K. Fix some ¢ € C.(G) such that ¢ > 1x. Such a function exists again

~

by [10, Prop. 2.4], [43, Cor. 4.9.12]. Then, for all f € C.(G) with supp(f) C K, we have
53] < IfllsoLic and hence

9

o (P < ol (K) - [If lloo -

Since o, is a (finite) measure, the claim follows.

Next, we show that o, = 3% o for all p € C(G).

Let ¢ € Cc(G) be arbitrary. Pick some f € Cc(é), and choose some ¢ € Cc(G), such that
{b\ is not vanishing on supp(f). Then,

—~2 N
(18P o)(f) = o(1B° f) = 0y <|%|éf> = (181 oy) <#> = (|¢[*0,) <W%> = 0y(f)-

This shows that

~2
o, =197 0.
Finally, since o, is finite, so is |3|? o, which gives the weak admissibility of o. O

We can now prove the following simple result.

Proposition C.4. Let y be a measure on G. Then, there exists a semi-measure ¥ on G such
that ¥ = p if and only if p is weakly admissible.

Proof. = follows from the definition of the Fourier transformability.
< Since p is weakly admissible, we have || € L'(|u|) for all ¢ € Ko(G).
Then, we can define a semi-measure 1 via

V() == p(y)  for all Y € Ko(G).

We can now give an example of a semi-measure which is not a measure.

Example C.5. On G = R, the Lebesgue measure is weakly admissible, and hence, so is its
restriction to [0, 00) [56, Lem. 3.2(ii)]. Therefore, by Proposition C.4,

() = /0 T Hs)ds, feK(G). (1)

is well defined and a semi-measure on R.
However, ¥ is not a measure. Assume by contradiction that it is. Then, by Eq. (11), 9 is
Fourier transformable as a measure and its Fourier transform as a measure is v := Alj o)]-
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Then, by [17, Thm. 11.1], v € WAP(R) and hence v has a mean which does not depend on
the choice of the van Hove sequence, which is a contradiction.

We introduce the concept of positive definiteness for a semi-measure, similar to a measure.
We then show that positive definiteness implies Fourier transformability.

Definition C.6. A semi-measure 1 is called positive definite, if for all p € C.(G), we have
o *xp) > 0.

Remark C.7. Similarly to [10, Thm. 4.5], [43, Thm. 4.11.5] one can prove that a semi-
measure 1 is Fourier transformable with positive Fourier transform if and only if 1 is positive
definite and, for all ¢ € K2(G), the function ¢ * ¢ is continuous at ¢t = 0.

We complete Appendix C by discussing when a semi-measure is a measure.

Lemma C.8. Let ¥ be a semi-measure. Then, ¥ is a measure if and only if, for all K C G,
there exists a constant Cix > 0 such that, for all 1 € Ko(G) with supp(y) C K, we have

[9()] < Ck [|[9]]oo -

Proof. = follows from the definition of measures.

<= Fix some K C G. Then, the set C(G : K) := {p € C.(G) : supp(¢) C K} is a Banach
space with respect to || - ||co- Now, the given relation says that ¢ is bounded on the dense
subspace C(G : K) N K2(G) and hence, has a unique extension to a continuous mapping
pr : C(G: K)— C.

Now, if K’, K" are arbitrary compacts with non-empty intersection K = K'NK", it is easy
to see that pur|c(c:x) = K |c(G:x)- Therefore, we can define i : Cc(G) — C via

w(e) = pur(e),

where K is any compact set containing the supp(y). It is easy to see that u is a measure. [

APPENDIX D. AVERAGING ALONG ARBITRARY VAN HOVE SEQUENCES

We denote the open ball around z € C with radius r» > 0 by U,(2).

Proposition D.1. Let h : G —> C be a bounded measurable function. Let A be an open
relatively compact subset of G and assume that there exist r > 0 and z € C with

1
’A‘ A+s

for all s € G. Then, for any van Hove sequence B and any R > r, there exists a natural
number N with

h(t) dt € Uy (2)

1
|Bn| Bn+v

h(t) dt € Up(z)

forallve G andn > N.
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Proof. A short computation shows

[ warwae- [ dt\ < [l |04 B,
Bn+v Bn+v

for all w € A and v € G. In particular, we have

‘i/ (/ h(t+u)dt> du—/ h(t)dt‘g”hHOO]aAU(_A)Bn]
’A‘ A Bn+v Bn+v

for all v € G. Now, from the assumption we find

WAL o=z o (/| )
— — h(t+u)dt ) du = — — | h(t+u)du | dt € U,(z
A L\ B T Bl Sy, 00 AT [, T (=)

for all v € G and n € N. Taking these statements together we infer that

ﬁ - h(t) dt € U,ys5(n)(2)
with )
o(n) = B 17]los |04 By |
for all v € G and n € N. This easily gives the statement. O
REFERENCES

[1] L.N. Argabright and J. Gil de Lamadrid, Fourier Analysis of Unbounded Measures on Locally Compact
Abelian Groups, Memoirs of the Amer. Math. Soc. 145 (1974).
[2] J.-B. Aujogue, Pure Point/Continuous Decomposition of Translation-Bounded Measures and Diffraction,
Ergod. Th. & Dynam. Syst. 40(2) (2020), 309-352; arXiv:1510.06381.
[3] M. Baake and U. Grimm, Aperiodic Order. Vol. 1: A Mathematical Invitation (Cambridge University
Press, Cambridge) (2013).
[4] M. Baake and U. Grimm, Aperiodic Order. Vol. 2: Crystallography and Almost Periodicity (Cambridge
University Press, Cambridge) (2017).
[5] M. Baake, C. Huck and N. Strungaru, On weak model sets of extremal density, Indag. Math. 28 (2017),
3-31. arXiv:1512.07129.
[6] M. Baake and D. Lenz, Dynamical systems on translation bounded measures: Pure point dynamical and
diffraction spectra, Ergod. Th. & Dynam. Syst. 24 (2004), 1867-1893; arXiv:math.DS/0302231.
[7] M. Baake and R.V. Moody, Weighted Dirac combs with pure point diffraction, J. reine angew. Math.
(Crelle) 573(2004), 61-94; arXiv:math.MG/0203030.
[8] M. Baake, D. Lenz and R. V. Moody, Characterization of model sets by dynamical systems, Ergodic
Theory Dynam. Systems 27 (2007), 341-382.
[9] M. Baake and N. Strungaru, FEberlein decomposition for PV inflation systems, preprint (2020);
arXiv:2005.06888.
[10] C. Berg and G. Forst, Potential Theory on Locally Compact Abelian Groups, (Springer, Berlin) (1975).
[11] E. Bombieri and J. Taylor, Which distributions of matter diffract? An innitial investigation, Journal de
Physique Colloques, 47(C3), (1986),19-28.
[12] H. Bohr and E. Fglner, On some types of functional spaces, Acta Math. 76 (1945), 31-155.
[13] G. Cohen and V. Losert, On Hartman almost periodic functions, Studia Mathematica 173 (2006), 81-101.
[14] T. Downarowicz and E. Glasner, Isomorphic extensions and applications, Topol. Methods Nonlinear Anal.
48 (2016), 321-338.
[15] W. F. Eberlein, Abstract ergodic theorems and weak almost periodic functions, Trans. Amer. Math. Soc.
67(1949), 217-224.



86
[16]
[17]
18]
[19]
[20]
21]

22]
23]

[24]
[25]

[26]

[27]

28]

[29]
(30]

31]
32]
33]
[34]
[35]

[36]

37]

[38]
(39]

[40]

[41]

DANIEL LENZ, TIMO SPINDELER, AND NICOLAE STRUNGARU

E. Fglner, On the dual spaces of the Besicovitch almost periodic spaces, Danske Vid. Selsk. Mat.-Fys.
Medd., 29 (1954), 1-27.

J. Gil. de Lamadrid and L. N. Argabright: Almost Periodic Measures, Memoirs of the Amer. Math. Soc.,
Vol 85, No. 428, (May 1990).

S. Yu. Favorov, Fourier quasicrystals and Lagarias’ conjecture, Proc. Amer. Math. Soc. 144 (2016), 3527—
3536.

J.-B. Gouéré, Diffraction and Palm measure of point processes, C. R. Acad. Sci. Paris 336(2003), 57-62;
arXiv:math/0208064.

J.-B. Gouéré, Quasicrystals and almost periodicity, Commun. Math. Phys. 255(2005), 655—681;
arXiv:math-ph/0212012.

G. Fuhrmann, M. Groger and D. Lenz, The structure of mean equicontinuous group Actions,
preprint(2018); arXiv:1812.10219.

A. Hof, On diffraction by aperiodic structures, Commun. Math. Phys. 169(1995), 25-43.

C. Huck and C. Richard, On pattern entropy of weak model sets, Discr. Comput. Geom. 54(2015),
741-757; arXiv:1423.6307.

J. Kellendonk, D. Lenz, Equicontinuous Delone dynamical systems, Canad. J. Math. 65 (2013), 149-170.
J. Kellendonk, L. Sadun, Meyer sets, topological eigenvalues, and Cantor fiber bundles, J. Lond. Math.
Soc. 89 (2014), 114-130.

G. Keller and C. Richard, Dynamics on the graph of the torus parametrisation, Ergod. Th. & Dynam.
Syst. 38(2018), 1048-1085; arXiv:1511.06137.

J. C. Lagarias, Mathematical quasicrystals and the problem of diffraction. In: Directions in Mathematical
Quasicrystals eds. M. Baake and R.V Moody , CRM Monograph Series, Vol 13, (AMS, Providence, RI)
(2000), pp. 61-93.

J.-Y. Lee, R. V. Moody and B. Solomyak, Pure point dynamical and diffraction spectra, Ann. H. Poincaré
3 (2002), 1003-1018; arxiv:0910.4809.

N. Lev, A. Olevskii, Quasicrystals and Poisson’s summation formula, Invent. Math. 200 (2015), 585-606.
D. Lenz, Continuity of eigenfunctions of uniquely ergodic dynamical systems and intensity of Bragg peaks,
Commun. Math. Phys. 287 (1) (2009), 225-258; arXiv:math-ph/0608026.

D. Lenz and R. V. Moody, Stationary processes with pure point diffraction, Ergod. Th. & Dynam. Syst.
37(8) (2017), 2597-264; arXiv:1111.3617.

D. Lenz and C. Richard, Pure point diffraction and cut-and-project schemes for measures: The smooth
case, Math. Z. 256 (2007), 347-378; arXiv:math/0603453.

D. Lenz, T. Spindeler and N. Strungaru, Pure point spectrum for dynamical systems and mean, Besicovitch
and Wely almost periodicity, preprint (2020).

D. Lenz and N. Strungaru, Pure point spectrum for measurable dynamical systems on locally compact
Abelian groups, J. Math. Pures Appl. 92(2009), 323-341; arXiv:0704.2498.

D. Lenz and N. Strungaru, On weakly almost periodic measures, Trans. Amer. Math. Soc 371(2019),
6843—6881; arXiv:1609.08219.

J. Lin and J. Olsen, Besicovitch functions and weighted ergodic theorems for LCA groups. In Convergence
in Ergodic Theory and Probability (eds. V. Bergelson, P. March, J. Rosenblatt), (deGruyter, New York)
(1996), pp. 277-289.

J. Marcinkiewicz, Une remarque sur les espaces de M. Besikowitch, C. R. Acad. Sci. Paris 208 (1939),
157-159.

Y. Meyer, Algebraic Numbers and Harmonic Analysis, (North-Holland, Amsterdam)(1972).

Y. Meyer, Quasicrystals, almost periodic patterns, mean-periodic functions and irreqular sampling, Afr.
Diaspora J. Math. 13(2012), 7-45.

R. V. Moody, Meyer sets and their duals. In: The mathematics of long-range aperiodic order, (ed. R. V.
Moody), NATO ASI Series , Vol C489 (1997), (Kluwer, Dordrecht), pp. 403—441.

R.V. Moody, Uniform distribution in model sets, Canad. Math. Bull. 45 (2002), 123-130.



MEAN ALMOST PERIODICITY 87

[42] R. V. Moody and N. Strungaru, Point sets and dynamical systems in the autocorrelation topology, Canad.
Math. Bull. 47 (1)(2004), 82-99.

[43] R.V. Moody and N. Strungaru, Almost Periodic Measures and their Fourier Transforms. In: [4] (2017),
pp. 173-270.

[44] A. A. Pankov, Bounded and Almost Periodic Solutions of Nonlinear Operator Differential Equations,
(Kluwer, Dordrecht)(1990).

[45] G. K. Pedersen, Analysis Now, (Springer, New York) (1989); Revised printing (1995).

[46] C. Richard, Dense Dirac combs in Euclidean space with pure point diffraction, J. Math. Phys. 44 (2003),
4436-4449; arXiv:math-ph/0302049.

[47] C. Richard and N. Strungaru, Pure point diffraction and Poisson Summation, Ann. H. Poincaré 18(2017),
3903-3931; arXiv:1512.00912.

[48] C. Richard and N. Strungaru, A short guide to pure point diffraction in cut-and-project sets, J. Phys. A:
Math. Theor. 50 (2017), 154003. arXiv:1606.08831.

[49] W. Rudin, Fourier Analysis on Groups, (Wiley, New York) (1962).

[50] W. Rudin, Real and Complex Analysis, (McGraw-Hill, New York) (1986).

[61] M. Schlottmann, Generalised model sets and dynamical systems, in: Directions in Mathematical Qua-
sicrystals, (eds. M. Baake, R.V. Moody), CRM Monogr. Ser., (AMS, Providence, RI)(2000), pp. 143-159.

[52] T. Spindeler, Stepanov and Weyl almost periodicity in LCAG, preprint (2020).

[53] T. Spindeler, N. Strungaru, On the (dis)continuity of the Fourier transform of measures, preprint (2020);
arXiv:2002.01544.

[64] N. Strungaru, Almost Periodic Pure Point Measures. In: [4] (2017), pp. 271-342; arXiv:1501.00945.

[65] N. Strungaru, On the Fourier analysis of measures with Meyer set support, Journal of Funct. Anal. 278
(6), 108404, (2020), 30 pp.; arXiv:1807.03815.

[56] N. Strungaru, On the Fourier Transformability of Strongly Almost Periodic Measures, Canad. J. of
Math.(2020), in press; arXiv:1704.04778

[67] P. Walters, An Introduction to Ergodic Theory, Graduate Texts in Mathematics 79, (Springer-Verlag New
York) (1982).

MATHEMATISCHES INSTITUT, FRIEDRICH SCHILLER UNIVERSITAT JENA, 07743 JENA, GERMANY
E-mail address: daniel.lenz@uni-jena.de
URL: http://www.analysis-lenz.uni-jena.de

DEPARTMENT OF MATHEMATICAL AND STATISTICAL SCIENCES,
632 CAB, UNIVERSITY OF ALBERTA, EDMONTON, AB, T6G 2G1, CANADA
E-mail address: spindele@ualberta.ca

DEPARTMENT OF MATHEMATICAL SCIENCES, MACEWAN UNIVERSITY, 10700 — 104 AVENUE, EDMONTON,
AB, T5J 4S2, CANADA, AND, INSTITUTE OF MATHEMATICS “SIMON STOILOW”, BUCHAREST, ROMANIA

E-mail address: strungarun@macewan.ca

URL: http://academic.macewan.ca/strungarun/



	Introduction
	1. Key players and fundamental facts
	1.1. Basic setting
	1.2. Diffraction theory for measures: autocorrelation and Fourier–Bohr coefficients
	1.3. Besicovitch and Weyl seminorms and associated spaces
	1.4. Diffraction theory for A-representations

	2. Mean almost periodicity and characterization of pure point diffraction
	2.1. Mean almost periodic functions and measures
	2.2. Characterization of pure point diffraction
	2.3. Delone and Meyer sets with pure point diffraction

	3. Besicovitch almost periodicity and the phase problem
	3.1. Besicovitch almost periodic functions: general theory
	3.2. Besicovitch almost periodic functions: Fourier expansion
	3.3. Besicovitch almost periodic measures
	3.4. Pure point diffraction with Fourier–Bohr coefficients
	3.5. Weak model sets of maximal density

	4. Weyl almost periodicity and the uniform phase problem
	4.1. Weyl almost periodic functions and measures
	4.2. Uniform pure point diffraction with Fourier–Bohr coefficients
	4.3. Meyer almost periodic functions and measures

	5. Unavoidability of Besicovitch and Weyl almost periodicity
	6. Pure point diffraction, almost periodicity and TMDS
	6.1. Dynamical systems of translation bounded measures (TMDS)
	6.2. Characterizing TMDS with pure point spectrum
	6.3. Characterizing Weyl almost periodic measures via TMDS
	Acknowledgments

	Appendix A. Some (counter)examples
	Appendix B. Cut and project schemes
	Appendix C. Semi-measures and their Fourier transform
	Appendix D. Averaging along arbitrary van Hove sequences
	References

