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AUTOMORPHISMS AND DILATION THEORY OF
TRIANGULAR UHF ALGEBRAS

CHRISTOPHER RAMSEY

ABSTRACT. We study the triangular subalgebras of UHF algebras which pro-
vide new examples of algebras with the Dirichlet property and the Ando prop-
erty. This in turn allows us to describe the semicrossed product by an isometric
automorphism. We also study the isometric automorphism group of these al-
gebras and prove that it decomposes into the semidirect product of an abelian
group by a torsion free group. Various other structure results are proven as
well.

1. INTRODUCTION

A unital non-selfadjoint operator algebra is a triangular UHF algebra if it is
the closed union of a chain of unital subalgebras each isomorphic to a full upper
triangular matrix algebra. That is, such an algebra can be thought of as the upper
triangular part of a UHF algebra. These were extensively studied by Power [15]
and many others in the early 90’s.

In their recent paper [7], Davidson and Katsoulis refine various notions of di-
lation theory, commutant lifting and Ando’s theorem for non-selfadjoint operator
algebras and show that these notions become simpler when the algebras have the
semi-Dirichlet property. Moreover, if the operator algebra has this nice dilation
theory then one can describe the C*-envelope of the semicrossed product of the
operator algebra by an isometric automorphism. However, almost all examples
of such algebras arose from tensor algebras of C*-correspondences, the exception
being given recently by E. T. A. Kakariadis in [12], which leads to the question
whether other examples exist. While it is unknown (at least to the author) whether
a triangular UHF algebra is isomorphic to some tensor algebra it does provide a
new example of an operator algebra which has the Dirichlet property and the Ando
property.

This paper also addresses the isometric automorphism group of such triangular
UHF algebras. We prove in section 3 that this group can be decomposed into a
semidirect product of approximately inner automorphisms by outer automorphisms
and that the outer automorphism group is torsion free. Section 4 provides a differ-
ent proof to that of Power’s in [16] showing that the outer automorphism group of
the triangular UHF algebra with alternating embeddings is determined by a pair
of supernatural numbers associated to the algebra. Section 5 develops a method
of tensoring the embeddings of two triangular UHF algebras to create a new al-
gebra which combines the automorphic structure of both, giving a slightly richer
perspective on what groups one can obtain.

2010 Mathematics Subject Classification. 47140, 47L55, 47A20.
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2. TRIANGULAR UHF ALGEBRAS

A C*-algebra is called uniformly hyperfinite (UHF) (or a Glimm algebra) if it is
the closed union of a chain of unital subalgebras each isomorphic to a full matrix
algebra. In other words, suppose we have integers k,,n € N such that &, |k,11, for
all n, and unital C*-algebra embeddings ¢, : My, — My, ., then A, = U, My,
is a UHF algebra. Such a sequence of integers k,,|k,+1 defines a formal product
6(Ap) =TI, prime p°, where §, € NU {oc}, called a supernatural number or gen-
eralized integer. A famous theorem of Glimm’s [9] states that two UHF algebras
are isomorphic if and only if they have the same generalized integers. In particular,
the choice of unital embeddings does not make a difference. See [6, I5] for more
on UHF algebras and approximately finite-dimensional (AF) C*-algebras, where
such an algebra is defined to be a closed union of a chain of finite dimensional
subalgebras.

Let T be the upper triangular matrices of M} then we have the following defi-
nition:

Definition 2.1. Consider a UHF algebra 4, = (J,, My, where ¢, : My, — My,

are unital embeddings and assume that ¢, (7x,) C Ti,.,. Then T, = UJ,, Tk, is
called a triangular UHF (TUHF') algebra.

In contrast to Glimm’s theorem we must take note of the embeddings as different
embeddings lead to non-isomorphic algebras [15]. Hence, in the above definition
© = {p1,p2,- -} is the collection of embeddings. Two of the simplest embeddings
are:

Definition 2.2. The standard embedding of T into T when k|k’ is

A

A
AEEHIk//k(X)A: . 677«

A

Definition 2.3. The nest or refinement embedding of Ty into T when k|k is
AEE ’—> A®Ik’/k 67;;/

or in other words

a1l ‘e ‘e a1k ail .Ikl//k . o ‘e a’lk'Ik;//k
0 . . — OIk’/k
0 0 Ak OIk’/k O'Ik//k Ak Ik’/k

Central to the theory of non-selfadjoint operator algebras is the notion of a C*-
envelope [2}, [8, 10, A1), which can be thought of as the smallest C*-algebra that
contains the operator algebra. It is immediate in this case that the C*-envelope,
C(T5), is equal to C*(7,) = A, because all UHF algebras are simple.

Distinct from the theory of UHF algebras is that there is a partial order on
Proj(7,) which is not the subprojection partial order.

Definition 2.4. If p,q € T are projections then we say p < ¢ if there is a partial
isometry v € T such that vo* = p and v¥v = q.
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We will use ef” to denote e;; € T, , the minimal projections at each level, and
similarly efg to denote e; ; € T, . From the previous definition we have ef” = ef"
and e?” £ ek for i < j.

A subalgebra 7 of a UHF algebra is triangular if 7 N 7" is abelian. In the
terminology of [I5] our TUHF algebras are strongly maximal triangular in that
there is no other triangular algebra sitting strictly between 7, and 2,. Observe
that on (T, N7y ) C Ty NTY,,,» that is the diagonal is mapped to the diagonal.
So there is a mazimal abelian self-adjoint subalgebra (masa) Cy, C T, defined as

Co = TonT; = U 0T, ~ [ JCn = [T

Hence, C, is an AF C*-algebra and C, ~ C(X) where the Gelfand space is a
generalized Cantor set:

wic)=x =11 Bt

with kg = 1 to make the formula work and where [k] = {0,1,--- ,k — 1}. We will
often refer to C, as the diagonal of 7,. For each point x € X there is a unique
sequence of projections

efll > ef; > efs >

with x(ef:) = 1for alln > 1. Define a partial order on X by letting the following be

equivalent for @ = (p)n>1,¥ = (Yn)n>1 € Hn21 {kf—il} = X which have sequences

of projections ef: and e?: respectively:
1)z <y,
2) dn such that (1, -+ ,2,) < (y1, -+ ,yn) in the lexicographic order and

Tyt = Yps, V0 > n,

k k
3) 3 n such that e < e?" and ;" = efnel
n n n

kn * !
ine;n (ein)” for all ' > n.

Thus, this is a partial order on tail-equivalent sequences. Let EZ" be all such pairs

(z,y) € X x X that depend on ¢,j and n in the above definition.
Definition 2.5. The topological binary relation of T, relative to Cy is
R(Ty) = U{Efj” : e%‘» € Tp,n > 1},
equipped with the topology defined by basic clopen sets
{xEX:x(ef"):l}, n>1,1<i<k,.
Lastly, we define the normalizer of Cy, in Ty, as
Ne, (Tr,) = {v € Ty, partial isometry : vCpv* C C,,v*Cpv C Cp}.

It is not hard to see that any element of N¢, (7%, ) is the multiplication of a diagonal
unitary by a partial permutation matrix, that is, where there is at most one 1 in
each row and column. We say that an embedding ¢ : Ty, — T,,, is a regular
embedding if it takes partial permutation matrices to partial permutation matrices,
which in turn implies that ¢(Nc¢, (Tx,.)) € Nc,yy (Tkny, ). Note that the standard
and nest embeddings are regular embeddings.

In the same way, define the normalizer of Cy, in 7g:

N¢,(T,) = {v €T, partial isometry : vC,v" C Cy,v"Cpv C Cy}.
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The following lemma by Power gives a decomposition of any element in the nor-
malizer into a product of a unitary and a partial permuation matrix. Note that
U(C,) denotes the unitary group of Cl,.

Lemma 2.6 ([15], Lemma 5.5). Let T, have regqular embeddings. Then v €
Nc,(T,) if and only if v = dw where w € N¢, (Tx,, ), for some n, and d € U(C,),
a dzagonal unitary. Moreover, w can be chosen to be a partial permutation matriz
which makes the decomposition unique.

3. ISOMETRIC AUTOMORPHISMS

Let 7, be a TUHF algebra and Aut(7,) denote the isometric automorphism
group. Such an automorphism will preserve the masa, the partial order on projec-
tions and the normalizer.

Theorem 3.1 ( [15], Theorem 7.5 ). Let C, C T, C Ay, and Cy C Ty C Ay be
the algebras defined for two sequences of embeddings ¢ and . Then the following
are equivalent:
(1) There is an isometric isomorphism 6 : T, — Ty with (C,) = Cy.
(2) The topological binary relations R(T,) and R(Ty) are isomorphic as topo-
logical relations.

(3) There is a *-isomorphism 0 : A, — Ay with 5(7;) =Ty and é(O@) =Cy.

Furthermore, by [6} Corollary IV.5.8] all automorphisms of 2, are approximately
inner, i.e. the pointwise limit of inner automorphisms. Hence, by the previous
theorem the automorphisms in Aut(7,,) are just restrictions of approximately inner
automorphisms. Consider now, that the only unitaries in 7y, live in the masa, that
is U(T,) = U(Cy). Since we refer to Cy, as the diagonal of 7, this leads us to the
following definition:

Definition 3.2. An approximately inner (or just inner) automorphism of T, is
called a approzimately diagonal automorphism. We denote this group by Inn(7,).
More specifically, v € Inn(7,) if there exists U, € U(C,,) such that

lim U, AU, =~(A), YA€ T,.
n—oo

Now because U(C,,) is commutative we immediately get that Inn(7;,) is commu-
tative as well.
Define as well the outer automorphism group:

Out(7,) := Aut(T,)/Tun(T,).

Proposition 3.3. 7, is always isometrically isomorphic to a triangular UHF al-
gebra with reqular embeddings.

Proof. For each n > 1 define a new function 1/)" : Tk, — Trnyy by first defin-

ing ¥ () = pule ") and then defining 1, (e ’;) in the best possible way. In

particular, if e; on < ej" then
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. . . . . . . kny K /k  kni
with i < dmat, Jm < Jme1 and iy, < Jj, and so define Q/Jn(ei,j) = et
Hence, v, is a regular embedding since it takes the partial permutation matrices
of Ty, to partial permutations in Tg,,_,.
Thus, C, = Cy with the even stronger condition that R(7,) = R(Ty) since
this is all determined by the partial order “=<” which is unchanged using the
embeddings. Therefore, by Theorem B.1] 7, ~ Ty. ]

Lemma 3.4. Let 6 € Aut(T,). Then there exists v € Inn(T,) such that
¥ 0 0(Un>1Tk,) = Un>1Tk, -

Proof. Assume without loss of generality that 7, has regular embeddings, since
Inn(7,) is isomorphism invariant. Let n; > 1 be big enough such that 6(proj(7x,)) C
proj(7Tx,,, ) and using Lemma 2.6, H(effiﬂ) = dyw; € N¢(T,) with d; € U(Cy,) and
w; € No,, (Tk,, ), a partial permutation matrix, for 1 <i < k1.

Set uy = I € C, and uy € U(C,) such that us = widjw;. Now, recursively
define u; € U(C,,) by

U; = ’w;—kfld;tlui_lwi_l, for 2 <i< k.
Set Uy = Zf;l f(ef )u; € U(C,) and notice that
Urb(elt, ) U1 = uf0(elt | Juipr = uf (diw;)uips = w; € Tr

Thus, U0(Ty, ) U1 C Tk, -
In the same way there exists ny > n; and Uz € U(C,,) such that Us0(Ty,,, )Uz C
Tk, - Since the following are both regular embeddings they must be equal:

UsO(pk,, —10+0p1(T,)) U = @k, —1 0 0@, (U7O(Tk, )Ur).
Repeating this we recursively get n,41 > ny and Upq1 € U(Cy,) such that
Upii10(Tr, )WUmetr C Ty With Uno Uo7,y = 1

Therefore, the sequence U, defines an approximately inner automorphism ~ &

Inn(7,) and v 0 0(Un>1Tk,) = Un>1Tk, . Furthermore, for every n > 1, y o 0|7, is
a regular embedding into some 7y , . ]

ny "

Proposition 3.5. Let 0 € Aut(7,) and 0(p) = p, for all p € Proj(T,). Then 0 is
an approximately diagonal automorphism.

Proof. Assume that 7, has regular embeddings. By the previous Lemma there
exists v € Inn(7,) such that  := v o 6 preserves the unclosed union and from the

end of the proof we may assume that 9~|7—kn is a regular embedding into T, .
Hence, for 1 <i < j < k,,

Ky [kn
kny _ s
Prr—10- -0 pn(e;) = Z Cirgi
1=1
and so
ks [kn ks [Fin
A kTL/ . n kn/ . A kn
Z eif(e;y )es = 0( Z eiy,) = 0(eis) € T,
1=1 1=1
because 6(p) = p for all projections p. However, 0|7, is a regular embedding so
there is no other option than to have é(efl";l) = efl";l and so é(efg) = (p 100

kn
<Pn(ei,j)-
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Therefore, § = id and so § =y~ € Tnn(7y,). ]
Theorem 3.6. Aut(7,) ~ Inn(7,) x Out(7,).

Proof. Let 7, have regular embeddings. Lemma [34] and Proposition tell us
that there is a unique representative to each coset of Out(7,), denote the collections
of these as O C Aut(7,). Thus, if # € O then it acts as a regular embedding at
each finite level. Composition of regular embeddings gives a regular embedding so
it is immediate that if 6,60 € O then § o # € O. Finally, 6~! must send partial
permutation matrices to partial permutation matrices because 6 € . But then
9’1|7—kn must be a regular embedding and so =1 € O as well. Therefore, O is a
group and is isomorphic to Out(7).
Furthermore, for § € O and v € Inn(7,) we have that for any p € proj(7,)

0= oy of(p) =071 (0(p)) =p
because approximately diagonal automorphisms preserve projections. By Proposi-

tion 35 this implies that =1 oy 0 6 € Inn(7,), which gives an action of Out(7,)
on Inn(7,). Therefore the result follows. [

A set of totally ordered projections e; < --- < e, € T, when embedded into 7,
becomes a partition A1U---UA,, where |A4;| = |A;] = m/n and A; < A;1; in the
sense that the jth smallest element of A; is smaller than the jth smallest element
of A;11. We will call A an ordered partition.

Suppose we have two such ordered partitions A = UA; and B = UB; then we say
A <X Bif for some 1 < j<m,j € A; if and only if j/ € B; for all 1 < j' < j and
j € A;,j € By with i <. In other words, the element where they differ occurs in
an earlier set. Hence, this is a total order on ordered partitions of the same set.

Lemma 3.7. Let A =U._, A; and B = U,_, B; be ordered partitions of {1,--- ,m}
and suppose that ¢ : T, — T s a unital embedding. If A < B then o(A) < ¢(B).

Proof. Let j € A;,j € By,i < i’ be the first element that differs in the two
partitions. Consider the first elementary projection of ¢(e;) € T, say ej, < p(e;)
then j1 € ¢(4;) and j1 € p(By). Now let 5/ < ji. Then e;r < e;, which implies
that e;; < @(ejr) with j” < j but then j” € A; if and only if j” € B; and so
j' € o(A;) if and only if j' € p(B;). Therefore, p(A) < p(B). n
Consider two embeddings ¢, : T, — Tir. We say that ¢ = 9 if and only if
e({1}U---U{k}) 2 ({1}U---U{k}). By the previous proposition if ¢’ : Tr, — Tir
is another embedding then ¢ < 1) implies that ¢’ oy < ¢’o01). Note that if p < 1) and
1 < @ then they agree on projections and furthermore, that two such embeddings
are always comparable in this way.
Proposition 3.8. Out(7) is torsion free.

Proof. Let § € Aut(7,) such that it preserves the unclosed union and 0™ = id for
some m > 1. For any choice of ny > 1 there exist n,,41 > --- > no > ny such that

G(Eni)c'ﬁc for 1<i<m.

For ease of notation let k; := k,,, ¢i := ¢n, and 0; = 9|7—k This gives us the
following identities:

niy1?

Pmo--rop;=0n0---00; and 0;110¢; = ;1 00;.

If o1 = 6; then by the previous lemma
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Pmo-ropr =X Pmo---0p30p0b;
= @mo---opszolbaop
< pmo---opzobyob
= @mo--opgoflzo0by0p
< ..
= pmo--ropjoli_qo---00;
= @mo--ropi100;---000¢p
< .
j <Pm09m710"'091
= fpo-obyop
j emo...oel
— Somo...owl'

Hence, all of the inequalities are equalities which makes the first line give us that
1 = 01 on proj(Tx, ). The same holds true if we assume 61 < ¢1 and thus, 6(p) = p
for all projections p € T, and by Proposition BH 6 € Inn(7,). Therefore, Out(7,)
is torsion free. ]

4. THE ALTERNATING EMBEDDING

Definition 4.1. We say that ¢ is an alternating embedding if k, = sptn,n > 1
with $,|$p+1 and ¢, |t,41 and

<Pn (A) = ISn+1/Sn ® A ® Itn+1/t7l °

This is called alternating because ¢, is a standard embedding of size s,11/sn
followed by a nest embedding of size t,1/t,, though the order does not matter as
tensoring is associative. To each such embedding associate a pair of supernatural
numbers (S,,t,) where s, =[]~ 57;:1 and t, = [[,,>; tzzl, the supernatural
numbers of the standard and nest embeddings treated separately.

For these algebras there is a version of Glimm’s theorem, that an alternating

TUHF is characterized by a pair of supernatural numbers up to finite rearranging:

Proposition 4.2 ([15], Theorem 9.6). Let T, and Ty, have alternating embeddings.
Then Ty, is isometrically isomorphic to Ty if and only if there exists r € Q such
that s, =1 sy and t, =r=1 - ty.

Proposition 4.3. Let T, have an alternating embedding. To every prime p that
infinitely divides both s, and t, there is a non-diagonal automorphism of T, called
a shift automorphism and denoted 0,,.

Proof. Without loss of generality, by dropping to a subsequence of the k,,, we may

Sn

assume that p|==+ and p|% Define a map 0, : U,,>1 Tk, = Up>1 Tk, by

S

AEﬁn »—>9p(A) :IPSn+1 ®A®Itn¢ EﬁnJrl.

ptn

First off, 8, is well-defined:

9p(<pn(A)) = Iprsni2 ® (IM ®A®Irn¢> QT 40

Sn+41 Ptpn41

=Tsni2 ® (IPSn+l ®A®Itn+l) R Ltnys = <pn+1(9p(A)).

Sntl ptn tn41
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Note that 9p(egk")) # gpn(egk")) and so if this extends to an automorphism it will
not be approximately diagonal. Second, ¢, 1 is defined in the most obvious way:

6‘;1(917(14)) =12 ® (Ipssnﬂ QAR Loy ) ® Ity s

PSn+41 ptn tn41
= Tonsz @ AR Tys = Pi1(pn(A)).

Similarly, 0,(0, ' (A)) = ©n+1(pn(A)) as well. Hence, 6, is an isometric automor-
phism on the unclosed union and so extends to be an isometric automorphism of

To- u

Let p1, - -+, pm be distinct primes that infinitely divide s, and ¢, and 61, -+ , 6., €
N. For u = [[[", p}* define 6, € Aut(T,,) to be

— 0% 6...00°
6‘“_92010 Oep::'

Note that the order of the p; does not matter as all of these automorphisms com-
mute.

We shift focus now back to ordered partitions. Before proving the main theorem
of the section we first need two definitions and two technical lemmas.

Recall that P = U], P; is an ordered partition if |P| = --- = |P,| = m and
P, < P, <..- < P,. This ordering can also be given by letting P; = {p1.4, -+ ,Dm.,i}
with p1; < p2; < -+ < pm,; and then P; < P gives py; < py ; for every 1 <k < m.

We will call P = U}, P; an ordered subpartition if |Pi| > |Py| > ---|P,| and
P, < Pj for 1 <i< j <mn, meaning that p;; < p;; for all 1 <1 < |P]|.

Lemma 4.4. Let P = U}, P; = {1,---,m} be an ordered partition. Then for
1 <m’ <m we have that

Pn{l,--- m'}=U"_(PNn{l,---,m'})
is an ordered subpartition.

Proof. If P; < P; then the kth smallest element of P; precedes the kth smallest
element of P;. Hence, if the latter is in {1,---,m’} then the former will be as well,
and so, P, N{l,--- ,m'} < Pn{l,---,m'}. ]

A subset R is called a run if whenever i < j < k and i,k € R then j € R. If R
and S are runs we say that R < Sif r < s forallr € Rand s € S.

Lemma 4.5. Let Ry < Re < -+- < Ry, be runs in {1,--- ,r} and S, < --- < S, <
Snt1 be runs in {1,--- s} with |S1|=--- =S| > 1. If 0 is a unital embedding of
T into Ty such that O(R) = S as sets and O(R;) D S; then |Ri| < --- < |R,|.

Proof. Let R; = {r{,---,r}, } for 1 <i < n. Because 6 is a unital embedding we

know that it takes the indices

n
Mn

ri<ry <-oe<rh <ri<ry<ooe<r
to the ordered partition
O(r1) < 6(r) <--- <O(ry,) SO(T) <--- <O(7,,).
In particular, they all have the same size, |§(r})| = s/r. By the previous lemma
this order is maintained when considering only the first part of S, leading to the
ordered subpartition

O(ri) N (S1U--US,) < <O )N (S1U---USy).
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Since 0(R;) D S; the ordered subpartition becomes
O(ri) NSy <+ <O(rh )NSL <O(r}) NSy < -+ <O(rp )N S

n

This implies that
0(r1) NS = -0 > 10(rp,) N 81| > 10(r) N1 S2| > -+ > [0(r7,,) N Snl.

However, if i < i’

S 1005 N Sil = 18i] = 18w = Y [6(ri) N S|

k=1 k=1
with every summand on the left being greater than every summand on the right,
and so we must have m; < my . In other words,

|Ri| < [Ro| < -+ < |Ry.
|
Theorem 4.6. Let T, have an alternating embedding for k, = spt, and 6§ €

Aut(7,). Then there exists a approzimately diagonal automorphism v and u,v € N
such that 6 = 0,, 0 0,1 o1p. Moreover, this factorization is unique if gcd(u,v) = 1.

Proof. Let m > 1 then there exist m’ > n > m such that
0~ (proj(T,.)) C proj(Tk, ), and 6(proj(Tx,)) C proj(Ti,,,)-

We will use the language of ordered partitions. In particular, let

< km
P=J_ Pi=pmw0o0pm{1}U-U{kn}).
i=1
that is the image in k,,, of the elementary projections in k,,. Writing these as the
disjoint union of runs we get
© St/ Sm

P, = Uj:l Pjyi and P111 < PLQ < < Pl,km < P271 IR Psm//sm,k

m

with |Pj ;| = tm/tm, which is obvious from the alternating embedding. Similarly,
let

Q= Uklez =0 ' ({1} U+ U{kn}), thatis 07'(ef) = > el
- JEQ:

Also decompose this into runs

- s
Qi = U Qji and Q11 < Q2 < < Qspk,
Jj=1

where many of the Q);; may be empty, but there are never k,,, — 1 empty @;; all in
a row because if this was not so then we could represent the partition as a shorter
sequence. Note that (J11 and Qs x,, are nonempty.

Claim: |Q11| = [Qi2| =" = |Q1k,.|-

Proof of Claim:

First, we know that
En /km
P i=PNPkP,;= 9(9_1(€fm)) NP ;= H(Ql) NP ;= U H(Qjﬂ') NPy
j=1
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By Lemma [I4] we get an ordered subpartition by intersecting with Py 1,

0(Q11) <0(Q12) - <0(Qs k) ﬂpm

=0(Q11)NP1 <0< <P<O(Q21)NP1 <D<+
"'S@SH(Q&l)mPl,l S@S "'S@SH(QSJ)ﬂPlJ S@S S(Z)

which implies that if any 6(Q;1) N P11 is nonempty then all the intermediate
Q1,1 < Qj . < Q1 must be empty to remain an ordered subpartition under the
above restriction, but this contradicts the requirement that there cannot be k,,, — 1
empty ()j i in a row. Therefore, 0(Q1,1) N P11 = Pi1.

Again

0(Q1,1) <O(Q2) <+ <0(Qs.k.)) ﬂ(PLl UP2)
=0(Q11)NPL1 <O0(Qu2)NPa<P<-- - <P<O(Qe2)NPro<D< -

to get that (Q1,2) NP1 2 = Pi 2. Repeat this recursively to get that 0(Q1,)N Py, =
Py ;. Noting that all |Py ;| = |Py1,/| we have satisfied the hypotheses of Lemma
Hence, |Q11] < -+ < |Q1k, |- The reverse direction is given by the fact

that @11 < -+ < Q1,, is the first part of an ordered partition. Therefore,
|Q1.1] =+ = |Q1k,, | and the claim has been verified.

This tells us that any isometric automorphism of an alternating embedding
TUHF sends the elementary projections from a finite level to a partition with a
specific starting pattern, that is, one iteration of equal runs. We apply this to the
elementary projections of T, to get that there exist runs

Ry <Ry <R3 <---< Ry,

such that |R;| = |[R;| =r > 1, UR; = {1,--- ,k}, k < kyr and 0(e) D R;.

Let Q; = Uieq, i giving us runs with |Q’ ;| = [Q;| -7 and 0(Q;:) D Q.
Then the following partitions

POk} =007 ({1 k) 1Lk} = 0@Q) N {1, k)
must be equal. Which implies that
UPji {1k} = Q1 < Qi <Qisg<--<Qj; < - <Qy,,

where both are decompositions into runs. Hence, Pj; = Q;Z which implies that
t = 1Qjil = 1Q}.:l/r = |Pjil/r = f:;, they are all the same size. Therefore, for
A € proj(Tg,,)

0 7, (A) =L, ®ARI,.

We have then, that t - s ky = k. Let s—— = 3 where u = Hizlpfi and v =
H§:1 q;j with p1,--- ,p1,q1,- -, qe distinct primes and 61, -+ ,0;,€1,-+- ,ex € N.
Because st = ,’:—" = fnls then # = Y. This gives us that v|2= and u|{=.

Hence, for A € Sroj(ﬁm)
077, (A) =LA =Imx @ AR,

t

=~

z
u

3

_ pd § — _
- 9101 o Oopi ool}lel °© "'Oeq:k(A)'
Repeat this argument for any 6! (proj(7y,,,)) C proj(7x,, ), getting a similar result,

’ 5 o o
(A):95}0~-~091/ 00 T o080 *(A).
P Py 9 q,.r

0~ 7,

m/
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However, these two descriptions must agree on T,, < Tx,_, and so u = u',v = v’

Sn/

and note that v|-»~ and u|:7—", In this way we see that 6! = 6, 0 6,1 on the
projections of Ty, and that U7go|s¢,u°°|t¢. Finally then, by Proposition there
exists a approximately diagonal automorphism 1) such that § = 6, 0 6, o ¢ which
also gives that u™|s,, v™°|t,. Uniqueness of the factorization when ged(u,v) =1 is
obvious since we have seen that shift automorphisms and their inverses commute
with other such automorphisms. Therefore, the result is established. [

Corollary 4.7 (cf. [16], Theorem 1). Let T, have an alternating embedding. Then
Out(T,) ~ Z< where d is the number of common prime factors that infinitely divide
both s, and t,.

5. TENSORING TUHF ALGEBRAS

The following section provides a technique to create new automorphism groups
from old. To this end, suppose that 7, = U2, Ty, and Ty = US>, T;, are TUHF
algebras.

We can create a new TUHF algebra

Toop = UpZi Tk

njn
with unital embeddings ¢, ® ¥, : Ti
embeddings

P ® Yn(A) = on @ Yu([Aiv 155 21) = (Pn ® Lippn) (Wn (i) 21)-

Note that the 1), are *-extendable to all of M; , meaning that 1), is the restriction
of a unital C*-embedding from M;, into Mj, ,,, which is used when i < i’ in the
block matrix. Therefore,

Toow = Ui Thnjn 2 Uni Thn © Tj, = T @ Ty

The new TUHF algebra is thus strictly bigger than the tensor product of the two
previous algebras, but it inherits the automorphic structure of the two. It should
be noted that this tensor operation is not commutative. That is, Toey and Tyge
need not be isomorphic.

This new embedding gives that M(7Togy) = M(Ty,) x M(Ty) with the order
((z1,72), (Y1,92)) € R(Tpey) if and only if (z1,y1) € R(7,) and (22,y2) € R(Ty)
if 1 = Y1-

In the following, G refers to the infinite direct sum of a group G, a subgroup
of the infinite direct product where elements are infinite tuples with all but a finite
number of entries equal to the identity.

= Tk defined by tensoring the old

n+1jn+1

njn

nin

Theorem 5.1. Let T, and Ty be TUHF algebras then
Aut(T,)® % Aut(T,) C Aut(Too).

Proof. Clearly Aut(7,) — Aut(7,y) since if 6 is an order preserving homeomor-
phism of M (7,) then 6 x id is an order preserving homeomorphism of M (7, gy) =
M(T,) x M(Ty); and so by Theorem BTl we get an induced automorphism on 7oy
The same argument works for the embedding Aut(7y) — Aut(T,gy) as well.

Moreover, we see that if X C M(7,) is a clopen subset and 6 is an order
preserving homeomorphism of M (7y) then

idx x0 +idye xid
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is an also order preserving homeomorphism of M (7,gy). Since clopen subsets of
M(T,) are in bijective correspondence with the projections of 7, then for each
n > 1 we see that

iXm x01 + -+ ikan X@kn
is an order preserving homeomorphism where X; is the clopen subset associated

with e§k") € Tk, and §; is an order preserving homeomorphism on M (7). Thus,
Aut(Ty)F <> Aut(Tpeu).
Therefore, we have that lim Aut (Ty)®Fn C Aut(T,ey) where the direct limit has

the following injective homomorphisms: @, : Aut(Ty)P*» — Aut(Ty,)Pkn+1 where
Szjn(’yla T 77/€n) = (71'1771'27 T 7’7ikn+1)7

with e§k"+1) < cpn(ez(-f")), for 1 < j < ky41. Note that the direct limit @Aut(n)@k“
is equal to the infinite direct sum Aut(7y,)®>.

Finally, we need to describe the action of Aut(7,) on the direct limit. Taking 0
and +y as order preserving homeomorphisms in M (7y) and M (7,,) respectively, and
X clopen in M(7,) we get that

(y x id) o (idx x8 +idxe xid) o (y 7' x id) = idy(x) X0 +id.,(x)e x id.
Therefore, Aut(7y)®> x Aut(7,) C Aut(Towyp)- [
Corollary 5.2. Out(7;)%>° x Out(7,) € Out(Toeew)

Proof. By Theorem the outer automorphisms of both 7, and 7y are well
defined subgroups given by those automorphisms which are regular embeddings
when restricted to a finite level. This property is clearly preserved in the proof of
the last theorem and so the result follows. ]

This implies that there are non-abelian outer automorphism groups. However,
these groups may not be equal as in the following example:

Example 5.3. Let 7, be the standard embedding algebra for 2°° and 7Ty, be the
nest embedding algebra for 2°°. Then T,gy is the alternating algebra for 2°°.
Hence, Out(Togy) = Z # {0} = Out(Ty) > x Out(7y,).

6. DILATION THEORY

All the definitions in this last section come from the paper of Davidson and
Katsoulis [7]. An operator algebra A is said to be semi-Dirichlet if A*A C A+ A*
when A is considered as a subspace of its C*-envelope. Moreover, a unital operator
algebra A is Dirichlet if A+ A* is norm dense in its C*-envelope, CZ(A).

Lemma 6.1. Triangular UHF algebras are Dirichlet.

Proof. For a TUHF algebra 7, we have the much stronger condition that A, =
Ty + T, . Therefore, because the UHF algebra is simple we immediately get the
desired result. [ ]

A unital operator algebra A is said to have the Fuglede property if for every
faithful unital x-representation = of C¥(A) we have w(A) = n(CZ(A))’.

Lemma 6.2. Triangular UHF algebras have the Fuglede property.
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Proof. Suppose 7 is a faithful unital *-representation of C(7,) = Uy, My, . Then
m(Tr,)" = m(My,, )" and so w(T,)" = m(CZ(T,))". u

An operator algebra A has isometric commutant lifting (ICLT) if whenever there
is a completely contractive representation p : A — B(H) commuting with a con-
traction X, there is a coextension o of p and an isometric coextension V' of X on
a common Hilbert space K so that o(A) and V' commute.

Proposition 6.3. Triangular UHF algebras have isometric commutant lifting.

Proof. Let p be a contractive representation of 7, on H commuting with a con-
traction X. Without loss of generality assume that p is also unital. Now p is
completely contractive when restricted to any 7y, and thus on a dense set of 7.
Hence, p is a completely contractive representation. By Arveson’s Extension The-
orem and Stinespring’s Dilation Theorem there is a *-homomorphism 7 and an
isometry V : H — K such that p(a) = V*n(a)V,Va € T,. This argument was given
by Paulsen and Power in [14] but can also be found in [5].

For each n > 1 we know that X commutes with p(7%, ) and so by [5, Corollary
20.23] there is an operator Y, on K commuting with 7|y, —such that ||Y,|| = || X||
and

PR)Y,"m(A)|H = X"p(A), Ym>0,A€Ty,.

Since all the Y;, are bounded by || X || <1 there is a subsequence converging in the
weak operator topology to Y € B(K) which clearly commutes with 7. Now, dilate
Y to a lower triangular unitary V on K(°) which commutes with 7(°) because
m commutes with Y* as well. Thus, by restricting to the coextension part of the
dilation we see that we have a coextension of p which commutes with an isometric
coextension of X. Therefore, 7, has property ICLT. [

Let p be a representation of a unital operator algebra A. Then a coextension o of
p is called fully extremal if whenever 7 is a dilation of o which is also a coextension
of p then 7 is just a direct sum, 7 = o @ o’.

Definition 6.4. A unital operator algebra 4 has the Ando property if whenever p
is a representation of A and X is a contraction commuting with p(A), then there
is a fully extremal coextension o of p commuting with an isometric coextension of

X.
Theorem 6.5. Triangular UHF algebras have the Ando property.

Proof. The following commutant lifting properties are all listed in [7] and will not
be defined as they only are used as stepping stones in the proof below.

[7, Corollary 7.4] gives that ICLT implies MCLT and [7], Corollary 5.18] gives
that being Dirichlet and having MCLT implies CLT and CLT*. Lastly, by [7,
Corollary 9.12] having the Fuglede property, CLT and CLT* implies that triangular
UHF algebras have the Ando property. [

If A is an operator algebra and 6 is an automorphism, the semicrossed product
is the operator algebra

AX9Z+

that encapsulates the dynamical system (A, #). This first occurs in the work of
Arveson [1] with a more modern treatment given by [13]. In particular, this is the
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universal operator algebra generated by all covariant representations (p, T') where
p is a completely contractive representation of A and a contraction 7" such that

p(a)T = Tp(0(a)), Vae A

The following corollary says that the C*-envelope of a semicrossed product of a
TUHF algebra with an automorphism is in fact a full crossed product algebra.

Corollary 6.6. Let T, be a TUHF algebra and 0 € Aut(7,) then
02(7; X0 Z+) = O:(’]:P) X0 7 = Qlw X0 Z.

Proof. By [7| Theorem 12.3] if 6 is an isometric automorphism of 7, then because
TUHF algebras have the Ando property C} (7, xg9 Z1) = C}(T,) xg Z. Lastly,
recall that Ce(7,) ~ 2A,. |

We end with the following example:

Example 6.7. Suppose 7, is a TUHF algebra with the 2°° alternating embedding
and consider the shift automorphism 6. Now 7, is a non-selfadjoint subalgebra
of the CAR algebra, Mss = ®i°oo Ms. In this form 65 extends to the so called
Bernoulli shift on the CAR algebra, taking a tensor in @~ M> and shifting it to
the right.

Bratteli, Kishimoto, Rerdam and Stgrmer show in [3] that

M2OO X92 Z ~ hﬂM[In ®C(T),

a limit circle algebra with embeddings being two copies of the twice-around embed-
ding. Moreover, this AT algebra is isomorphic to Mg~ ® B where B = ligMgn ®
C(T) is the Bunce-Deddens algebra [4], thanks to Mikael Rgrdam for pointing this
last isomorphism out. Among other things, this implies that the crossed product
is a unital simple C*-algebra which falls into Elliott’s classification.

Therefore, by the above Corollary:

C:(n X0y Z+) ~ Mgoo & B,

This leads to the question of whether the semicrossed product is itself isomorphic
to a “nice” subalgebra of Ma= ® B, for instance a tensor of two non-selfadjoint
operator algebras sitting in the CAR algebra and the Bunce-Deddens algebra.
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