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Abstract

We study crossed products of arbitrary operator algebras by locally compact
groups of completely isometric automorphisms. We develop an abstract theory
that allows for generalizations of many of the fundamental results from the selfad-
joint theory to our context. We complement our generic results with the detailed
study of many important special cases. In particular we study crossed products
of tensor algebras, triangular AF algebras and various associated C*-algebras. We
make contributions to the study of C*-envelopes, semisimplicity, the semi-Dirichlet
property, Takai duality and the Hao-Ng isomorphism problem. We also answer
questions from the pertinent literature.
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CHAPTER 1

Introduction

In this monograph we develop a theory of crossed products that allows for a
locally compact group to act on an arbitrary operator algebra, not just a C*-algebra.
We establish foundational results, uncover permanence properties and demonstrate
important connections between our crossed product theory and various lines of
current research in both the non-selfadjoint and the C*-algebra theory.

The reader familiar with the non-selfadjoint literature knows well that crossed
product type constructions have occupied the theory since its very beginnings.
However most constructions in that theory involve the action of a semigroup which
rarely happens to be a group, on an operator algebra which is usually a C*-algebra.
There is a good reason for this and it goes back to the early work of Arveson [3} [6].
Arveson recognized that in order to better encode the dynamics of a homeomor-
phism o acting on a locally compact space &X', one should abandon group actions
and instead focus on the action of Z* on Cy(X) implemented by the positive it-
erates of o. This initiated the study of what Peters coined as the semicrossed
product Cy(X) x5, ZT [T9]. The study of semicrossed products by Z*, F¥ (the
free semigroup on n generators) and other important semigroups has produced a
steady stream of important results and continues to this day at an increasing pace
and depth [3, 6, [16}, (18, 19, 21}, 50, [71} 79} ©2].

In this monograph we follow a less-travelled path: we start with an arbitrary
operator algebra, preferably non-selfadjoint, and we allow a whole group to act on
it. It is remarkable that there have been no systematic attempts to build a com-
prehensive theory around such algebras even though this class includes all crossed
product C*-algebras. Admittedly, our interest in group actions on non-selfadjoint
operator algebras arose reluctantly as well. Indeed, apart from certain important
cases (see, e.g., [15], [72] [95]), the structure of automorphisms for non-selfadjoint
operator algebras is not well understood. Our initial approach stemmed from an
attempt to settle two open problems regarding semi-Dirichlet algebras (which we do
settle using the crossed product). We soon realized that even for very “elementary”
automorphisms (gauge actions), the crossed product demonstrates a behavior that
allows for significant results.

The monograph is organized in eight chapters, including this introduction which
appears as Chapter [[l Chapter Bl establishes the terminology used in the mono-
graph and contains many of the fundamental results from operator algebra theory
that we require in the sequel. Most of the results contained here come from five
main sources [10, 12} [62], 78|, [102], with additional sources mentioned within the
chapter. Chapter [2] also contains some original material, i.e., Propositions and
2.8 to be used in later chapters.

In Chapter [B] we define the various crossed products appearing in the mono-
graph. Given a C*-dynamical system (A, G, «) there are two natural choices for a
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2 1. INTRODUCTION

crossed product, the (full) crossed product A x,, G and the reduced crossed product
A x7 G. In the general case of an operator algebra A there are many more choices,
which we call relative crossed products, depending on the various choices of a C*-
cover for A. After a careful consideration, we single out the appropriate choice for
the (full) crossed product (Definition B]) as the relative crossed product coming
from the universal C*-cover C¥  (A) of A. Because all relative reduced crossed
products coincide (Corollary B.I0)), the quest for a reduced crossed product trivi-
alizes. With the appropriate definitions at hand, we can now transfer results from
the selfadjoint theory to our context. For instance, in Theorem we generalize
to the non-selfadjoint setting a result of Raeburn [90] regarding the universality
of the crossed product of C*-algebras. In Theorem B.I4] we show that if the lo-
cally compact group G is amenable, then all relative crossed products coincide; the
proof of this result requires the theory of maximal dilations [33]. In Theorem [3.20)
we give a “covariant” generalization of Naimark’s Theorem on positive definite
group representations. This allows us to obtain the von Neumann-type inequality
of Corollary B:2T

Iterated crossed products play a prominent role in the selfadjoint theory. Our
first task in Chapter Ml is to explain how to make sense of an iterated crossed
product within the framework of our theory. After accomplishing this, we move on
to Takai duality. Indeed one of the central results of the selfadjoint theory involving
iterated crossed products is the Takai Duality Theorem [99], which extends the
Pontryagin Duality to the context of operator algebras and C*-dynamical systems.
In Theorem [l we succeed in extending the Takai Duality to the context of arbitrary
dynamical systems not just selfadjoint. Apart from its own interest, this extension
has significant applications for the study of semisimplicity for operator algebras, as
witnessed in Chapter [6l (See Theorem and Example [6.15])

One of the immediate consequences of our early theory and a key ingredient in
the proof of our Takai duality, is the identity

C;ax(A Moy g) = Cfnax(A) Ao g

(See Theorem[Z£Tl) One of the motivating questions of the monograph is the validity
of the other identity

(11) C:nv(A o g) = C:nv(A) Xy ga

regarding the C*-envelope of the crossed product. In Chapter [3] we verify this
identity in the case where G is a locally compact abelian group (Theorem B23)). In
Chapter Bl we continue this investigation and in Theorem [55] we verify (1)) in the
case where A is Dirichlet but G arbitrary. In Chapter Bl we also present the first
application of our theory. In [20], Davidson and Katsoulis made a comprehensive
study of dilation theory, commutant lifting and semicrossed products, with the
class of semi-Dirichlet algebras playing a central role in the theory. At the time of
the writing of [20], our understanding of the abundance of semi-Dirichlet algebras
was limited and the following two questions arose regarding them. Are there any
semi-Dirichlet algebras which are not isometrically isomorphic to tensor algebras
of C*-correspondences? Are there any semi-Dirichlet algebras which are neither
tensor algebras of C*-correspondences nor Dirichlet algebras? In Theorem
and Corollary we answer both questions in the affirmative. A key ingredient
in producing these results is Theorem [5.8 which asserts that the reduced crossed
product of a semi-Dirichlet operator algebra is also semi-Dirichlet. If one wishes to



1. INTRODUCTION 3

study semi-Dirichlet algebras, then the crossed product is indeed an indispensable
tool.

In Chapter[6] we uncover another permanence property in the theory of crossed
product algebras. In Theorem 6.2l we show that if A is a semisimple operator algebra
and G a discrete abelian group, then A x,, G is semisimple. This raises the question
whether the converse is also true. It turns out that in certain cases this is indeed
true but in other cases it is not. To demonstrate this we investigate a class of
operator algebras which was quite popular in the mid 90s: triangular AF algebras
[17, 27, 29, 28] [45] [67, [88]. Building on the beautiful ideas of Donsig [27], we
prove Theorem which states that if A is a strongly maximal TAF algebra and
G a discrete abelian group, then the dynamical system (A, G, «) is linking if and
only if A x4 G is semisimple. In Example [6.8] we present an example of a non-
semisimple TAF algebra A that admits a linking automorphism «. Therefore Ax,Z
is semisimple even though A is not, thus refuting the converse of Theorem [6.21 On
the other hand, Theorem shows that for TUHF algebras the semisimplicity of
A and A x, G are equivalent properties. We expect more in this direction, with
the investigation of other dynamical systems (A, G, «) and the semisimplicity of
the associated crossed products. We truly envision the study of semisimplicity (or
other permanence properties) for crossed products as a theory that will parallel in
interest and abundance of results that of simplicity for selfadjoint crossed products.
As evidence we offer a remarkable, we believe, result which shows that for crossed
products by compact abelian groups, the situation of Theorem reverses. In
Theorem we show that if A x, G is a semisimple operator algebra and G
a compact abelian group, then A is semisimple. Furthermore, in Example
we show the converse is not in general true. Both these results are accomplished
through the use of our non-selfadjoint Takai duality.

Chapter [[ makes a connection with a topic in C*-algebra theory, which is
currently under investigation or impacts the work of various authors, including
Abadie, Bedos, Deaconu, Hao, Kaliszewski, Katsura, Kim, Kumjian, Ng, Quigg,
Schathauser and others [1], [7], 26, [42], 52, [60, 63], [98]. These authors are either
using or currently investigating the validity of the Hao-Ng isomorphism Theorem
beyond the class of amenable locally compact groups. This is a problem seemingly
irrelevant to the non-selfadjoint theory as it involves the functoriality of two crossed
product constructions in C*-algebra theory. It is a consequence of our Theorem [7.7]
that the investigation of the previously mentioned authors is intimately connected
with the verification of the identity (II]) for a very special class of non-selfadjoint
dynamical systems (A, G, a), where A is the tensor algebra of a C*-correspondence
and a : G — Aut A, the action of a locally compact group by generalized gauge
automorphisms. Actually, Theorem [T.7] leads to a recasting of the Hao-Ng Isomor-
phism Problem, which we verify in the case of (not necessarily injective) Hilbert
bimodules (Theorem [7.14)).

It is worth mentioning that the main focus of Chapter [ is not the Hao-Ng
Isomorphism problem itself but instead verifying another permanence property for
the crossed product: the crossed product of a tensor algebra A by a locally compact
group G of gauge automorphisms remains in the class of tensor algebras. (We
have seen in Theorem that this is not the case when the group G acts by
arbitrary automorphisms.) In order to obtain the affirmative answer (Theorem [.9])
we use a result of independent interest, which we label the Extension Theorem. The
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Extension Theorem (Theorem[T5]) gives a very broad criterion for verifying whether
an operator algebra “naturally” containing a C*-correspondence X is isomorphic
to the tensor algebra of X. This a very general result with additional applications
to appear elsewhere.

The monograph closes with Chapter [§, where we list some open problems for
further investigation. With each open problem listed, we give a brief commentary
intended to help the reader guide himself through the pertinent material or liter-
ature. Two of these problems concern the classification of crossed products. This
a topic which is left untouched in this monograph and we plan to address it in a
subsequent work.

Beyond the specific problems of Chapter [§] this work also suggests two general
directions for future research: one “abstract” and another one more “concrete”. The
current C*-algebra literature is occupied with the study of more general concepts
of a crossed product, e.g., crossed products by coactions, twisted actions and much
more. This is such a broad area that we will not even be attempting to survey
it here; see however [35] and the references therein. If one wishes to develop
non-commatative duality and the appropriate versions of our non-selfadjoint Takai
duality of Chapterdl then the abstract study of these more general crossed products
at the non-selfadjoint level is of the highest priority.

On the concrete side, the non-selfadjoint operator algebra theory is currently
being infused by a wealth of very deep and far-reaching studies. In a broad sense,
the current rapid development of “free analysis” and “free function theory” involves
naturally certain non-selfadjoint operator algebras, as witnessed in the works of
Muhly and Solel [73} [74], Popescu [84, [85] [86], [87] and others. Closer to this
monograph, Shalit and Solel [97] pioneered recently the study of a new class of
operator algebras, the tensor algebras of subproduct systems. These algebras ex-
hibit a very diverse and unexpected behavior as demonstrated in the recent papers
[32, 51]. Even for very special cases the study of these algebras relates to topics
which are very popular and quite demanding, such as the Drury-Arveson spaces and
algebraic varieties associated with ideals [24} [25], [44], stochastic matrices [31], 32],
subshifts [51], [@7] and more. It seems to us that the tensor algebras of subproduct
systems and their peripheral algebras should be the natural place to extend the
theory of Chapter [7l In particular it would be very interesting to see how the Hao-
Ng isomorphism problem manifests itself in that context. This of course hinges on
understanding what the Cuntz-Pimsner algebra of a subproduct system should be;
again this is a topic of important current research [51], [32], 100} [101].

Finally a word about the groups appearing in this monograph. Our main goal
is to develop a comprehensive theory of crossed products that is applicable to all
locally compact groups. Hence the majority of our work concerns that generality.
Nevertheless many of our results are new and interesting even in the case where
G = Z. For instance, this is the case with all (counter)examples appearing in
Chapter Bl or the semisimplicity results of Chapter [6l A special mention needs to
made for Chapter [l There we took the unusual step of “duplicating” proofs in
order to give a more elementary and self-contained treatment of the case where G
is discrete. We believe that this adds to the monograph as it makes very accessible
a work that bridges the selfadjoint with the non-selfadjoint theory.



CHAPTER 2

Preliminaries

2.1. Generalities

The term operator algebra is understood to mean a norm closed subalgebra
of the algebra of all bounded operators acting on a Hilbert space. All algebras
in this monograph are assumed to be approximately unital, i.e., they possess a
contractive approximate identity. All representations (and homomorphisms into
multiplier algebras, whenever applicable) will be required to be non-degenerate.

On occasion we will need to exploit the richer structure of unital operator
algebras. If A is an operator algebra without a unit, let A' = A+CI. If p: A — B
is a completely isometric homomorphism between non-unital operator algebras,
then Meyer [69] Corollary 3.3] shows that ¢ extends to a complete isometry ¢! :
A' — B!, This shows that the unitization of A is unique up to complete isometry.

In the category of unital algebras with morphisms the completely contractive
maps, the concept of a dilation of a morphism is defined as follows. Let A be a unital
operator algebra and 7 : A — B(H) be a completely contractive map. A dilation
p: A — B(K) for m is a completely contractive map so that Pyp(.) |= 7. A
completely contractive map is called maximal if it admits no non-trivial dilations.
(Since we are within the unital category, all maps so far are either assumed or
required to be unital.) Dritschel and McCullough [33] Theorem 1.2] have shown
that any completely contractive representation 7 of an operator algebra A admits
a maximal dilation p, which also happens to be multiplicative.

Given an operator algebra A, a C*-cover (C, j) for A consists of a C*-algebra
C and a completely isometric homomorphism j : A — C with C = C*(j(A)).

DEFINITION 2.1. Two C*-covers (C;,j;), @ = 1,2, of an operator algebra .4
are said to be equivalent, denoted as (C1,j1) =~ (Ca,j2), provided that there exists
x-isomorphism j: C; — Co that makes following diagram

(2.1) C1
J1i
A—Co
J2
commutative.

*

Given an operator algebra A, the C*-envelope C¥  (A) = (C%,(A),j) is any
C*-cover of A satisfying the following property: for any other C*-cover (C, ) of A
there exists a *-epimorphism ¢ : C — C¥ (A) so that ¢(i(a)) = j(a), for all a € A.
As it turns out the collection of all C*-covers that qualify as the C*-envelope for

A forms an equivalence class under the equivalence of Definition 2.1l The concept

5



6 2. PRELIMINARIES

of the C*-envelope plays a paramount role in abstract operator algebra theory
[4, 5, 22].

If (C,j) is a C*-cover of a unital operator algebra A, then there exists a largest
ideal J < C, the Shilov ideal of Ain (C, j), so that the quotient map ¢ — C/J when
restricted on j(.A) is completely isometric. It turns out that Ck  (A) ~ (C/J, qoj),
where ¢ : C — C/J is the natural quotient map. A related result asserts that if
m: A— B(H) is a completely isometric representation of a unital operator algebra
A and p a maximal dilation of 7, then (C*(p(A)),p) ~ C¥,,(A). See [5 [33] for
more details. If A is a non-unital operator algebra then we can describe the C*-
envelope of A by invoking its unitization as follows: if C%, (A") ~ (C%(A"),5'),
then C%,,(A) ~ (C,j), where C = C*(j'(A)) and j = j'| 4. See the proof of [10]
Proposition 4.3.5] for the precise argument. The existence of a C*-envelope for
a non-unital algebra A implies now the existence of a Shilov ideal for A in any
C*-cover (C, j). See the proof of [49], Proposition 1.9].

If A is an operator algebra then there exists a C*-cover C¥__(A) = (C¥ . (A),7)
with the following universal property: if 7 : A — C is any completely contractive
homomorphism into a C*-algebra C, then there exists a (necessarily unique) #-
homomorphism ¢ : C% . (A) — C such that ¢ oj = 7. The cover C} . (A) is called
the maximal or universal C*-algebra of A. The equivalence class of this C*-cover
also plays a crucial role in abstract operator algebra theory [8, @]. See also [10]
and the references therein for more applications of C¥ . (A).

We list a few more results regarding (approximately unital) operator algebras.
The interested reader should consult the comprehensive monograph of Blecher and
Le Merdy [10] for more details. By [10, Lemma 2.1.7], the C*-cover of an approx-
imately unital operator algebra A is actually unital only when A itself is unital.
Furthermore a contractive approximate unit for A is also an approximate unit for

any C*-cover C = C*(A) of A [10, Lemma 2.1.7]. If A is an operator algebra, then
M(A) = {x e A" | za,ax € A, for all a € A}

is the multiplier algebra of A. For any completely isometric non-degenerate repre-
sentation 7 : A — B(H), the algebra

{T e B(H) | Tr(a),n(a)T € A, for all a € A}

is completely isometrically isomorphic to M(A) via an isomorphism that fixes A
elementwise [10] Proposition 2.6.8]. Furthermore, M (A) € M(C)) for any C*-cover
C of A [10] page 87]. Therefore, A € M(A) is a (two-sided) ideal, which is essential
both as a left and a right ideal of M(C).

Let A, B be operator algebras. A completely contractive homomorphism
¢ : A— M(B) is said to be a multiplier-nondegenerate morphism, if both [¢(A)B]
and [By(A)] are dense in B. There are many equivalent formulations of this prop-
erty based on Cohen’s factorization theorem; see [10], Section 216.11]. A multiplier-
nondegenerate morphism ¢ : A — M (B) always admits a unique, unital and com-
pletely contractive extension @ : M(A) — M(B) [10} Proposition 2.6.12]; such a
map is easily seen to be strictly continuous.

Finally we need to explain how we make sense of integrals where the integrand
is a function taking values in the multiplier algebra of an operator algebra. (Propo-
sitions 3.7 B.8 and Theorem BI0l) If the integrand is norm continuous, then see
[102] Lemma 1.91]. Otherwise we use the following.
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PROPOSITION 2.2. Let G be a locally compact group with left-invariant Haar
measure . Let A be an operator algebra and let G 3 s — f(s) € M(A) be a strictly
continuous function with compact support. Then there exists a unique element

§ f(s)du(s) € M(A) satisfying
([)du)a = | aduts

(2.2)
a j F(s)dn(s)) = j of (s)du(s),

for all a € A.
Furthermore, if B is an approximately unital operator algebra and ¢ : A —
M(B) is a completely contractive, multiplier-nondegenerate morphism, then

(23) o[ 1)) = [#(05))duts).

Proor. If A is a C*-algebra, then the existence and uniqueness of such an
element follows from Lemma 1.101 in [102]. We will rely on this result in order to
to explain the validity of (Z.2]) and ([Z3)) in general.

Let C be a C*-cover for A; as we noticed earlier we have M (A) < M(C). Let
{ei}ier be a contractive approximate identity for A (and therefore for C as well).
For any ¢ € C, the functions G 3 s — f(s)c € C and s — cf(s) € C can be
uniformly approximated by the norm continuous functions s — f(s)e;c, i € I, and
s+ ce;f(s), i € I, respectively and so they are norm continuous. Hence s — f(s)
is strictly continuous in M(C). Lemma 1.101 in [102] implies the existence of an
element { f(s)du(s) € M(C) so that

([ #)n)e = [ fs)eauts)
o [ 1du(s)) = [ eruts).

for all ¢ € C. However, the above equations show that for any a € A both
(§ f(s)du(s))a and a(§ f(s)du(s)) are in A and so § f(s)du(s) € M(A).

In order to establish (23), assume that ¢ : A — M(B) is a multiplier- non-
degenerate morphism, i.e., [p(A)B] and [By(A)] are dense in B. Since B is also

approximately unital, both integrals in ([2.3]) are well-defined. Therefore, for arbi-
trary a € A, b e B, we have

#( [ 161t etarp = o [ nts)a)s = o [ f(s)adu(s))o
= (| treIdu)s = ( [2r)e@dn(s))b
= ([Pl dnts))elap.

A similar argument establishes

ol ( [ 16)au(s)) = bota) ( [#((5))an).

Since B < M (B) is an essential ideal, the conclusion follows. O
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REMARK 2.3. If ¢ : A — B(H) is a contractive, non-degenerate representa-
tion, then it can also be viewed as a morphism ¢ : A — M (K(H)), where K(H)
denotes the compact operators. Since A is approximately unital, then it follows
that ¢ : A — M (K(H)) is also a multiplier-nondegenerate morphism and so (2.3)
is applicable for such a .

To see the multiplier-nondegeneracy of ¢, let {e;};e1 be a contractive approx-
imate identity for A. The non-degeneracy of ¢ implies that {p(e;)}ier converges
strongly to the identity I € B(H). Hence for an k € K(H), we have lim; p(e;)k = k
in norm and so [10, Lemma 2.1.6] implies lim; k*¢(e;) = k*. Therefore [K(H)p(A)] =
K(H) is dense. The density of [¢(A)K(H)] in K(H) is elementary to verify.

2.2. C*-correspondences and tensor algebras

A C*- correspondence (X, C, px) consists of a C*-algebra C, a Hilbert C-module
(X,{, )) and a (non-degenerate) #-homomorphism ¢x: C — L(X) into the ad-
jointable operators on X.

Two C*-correspondences (X,C,px) and (Y, D, py) are said to be unitarily
equivalent if there exist a #-isomorphism ¢ : C — D and a linear surjection W :
X — Y so that:

(i) W(zc) = (Wx)o(c) and W(px (c)x) = oy (o(c)) W,
(ii) Wa,Wa') = a((x,x’}),

for all ce C and z,2’ € X. In that case we say that the pair (W, o) implements the
unitary equivalence.

An isometric (Toeplitz) representation (p,t) of a C*-correspondence into a C*-
algebra D, is a pair consisting of a *-homomorphism p: C — D and a linear map
t: X — D, such that

(1) p(c)i(z) = t(px (c)(x)),

(2) t(x)*i(2") = p((x, 27)),
for all ¢ € C and x,2’ € X. A representation (p,t) is said to be injective iff p is
injective; in that case t is an isometry.

The C*-algebra generated by a representation (p,t¢) equals the closed linear
span of t"(Z)t"™(g)*, where for simplicity z = (z1,...,2,) € X" and t"(Z) =
t(x1)...t(x,). For any representation (p,t) there exists a #-homomorphism vy :
K(X) — B, such that ¢,(6,) = t(z)t(y)*.

It is easy to see that for a C*-correspondence (X, C, px) there exists a universal
Toeplitz representation, denoted as (ps,tw), SO that any other representation of
(X,C,¢x) is equivalent to a direct sum of sub-representations of (ps,te). We
define the Cuntz-Pimsner-Toeplitz C*-algebra Tx as the C*-algebra generated by
all elements of the form py(c),tes(z), c€ C, x € X. By the universality of (ps, teo)
the algebra Tx satisfies the following property: for any Toeplitz representation (p, t)
of X, there exists a representation p x t of Tx, called the integrated form of (p,t),
so that p(c) = ((p x t) © pw)(c), for all ¢ € C, and t(z) = ((p x t) o te)(2), for all
x € X. (See [61], Definition 3.1] and the subsequent comments.)

We say that a Toeplitz representation (p,t) admits a gauge action if there exists
a family {7.}.er of *-endomorphisms of C*((p % t)(Tx)) so that

v:(p(c)) = p(c), for all ce C, ~,(t(z)) = zt(x), for all z € X.
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The following result of Katsura [61l Theorem 6.2] gives an easy to use criterion for
verifying that a Toeplitz representation (p, t) integrates to a faithful representation
pxtof Tx.

THEOREM 2.4 (Gauge Invariant Uniqueness Theorem). Let (X,C, px) be a C*-
correspondence and let (p,t) a Toeplitz representation of (X,C,@x) that admits a
gauge action and satisfies

(2.4) Ipp = fceC| ple) € ¥u(K(X))} = {0}.
Then p x t is a faithful representation of Tx .

It is worth giving an example of a concrete Toeplitz representation of (X, C, ¢x)
that will help make some of the results that follow more transparent. For that
we need to define first the concept of the stabilized tensor product between C*-
correspondences.

Let (X,C,px) and (Y,C, ¢y ) be C*-correspondences. The interior or stabilized
tensor product, denoted by X ®Y', is the quotient of the vector space tensor product
X ®alg Y by the subspace generated by the elements of the form

2c®y—rQ®py(c)y, zeX,yeY,ceC.
It becomes a pre-Hilbert C-module when equipped with

(z®y)c=z® (yo),
(@1 @Y1, 22 ®Y2) = (Y1, oy (21, 22))y2) ,
where z, 21,29 € X, y,y1,y2 € Y and ¢ € C. For S € L(X) we define S ® idy €
L(X ®Y) as the mapping
r@y— S()®y, zeX,yeV.

Hence X ® Y becomes a C*-correspondence by defining pxgy (¢) = ¢x(¢) ® idy,
ceC.

The Fock space Fx over the correspondence (X,C,¢x) is the interior direct
sum of the X®» = X®~1 @ X n e N, with the structure of a direct sum of
C*-correspondences over C,

Fx=CoXaoX®®....
Given x € X, the (left) creation operator t. (z) € L(Fx) is defined as
t/oo(x)(ca<17<27"') = (O,CEC,{E®<1,.’I]®C2,...),

where c € C and (,, € X®", for all n € N. For any c € C, we define

pio(c) = Le ® px (c) ® (Briix (c) ®idn).

It is easy to verify that (p.,,t.,) is a Toeplitz representation of (X,C) which is
called the Fock representation of (X,C). It follows from Theorem 24 that the
representation pl, x t, : Tx — L(Fx) is actually faithful.

Given a C*-correspondence (X,C, ¢x), there is a natural non-selfadjoint sub-
algebra of Tx that plays an important role in this monograph.

DEFINITION 2.5. The tensor algebra Ty} of a C*-correspondence (X,C,¢x) is
the norm-closed subalgebra of Tx generated by all elements of the form pg (¢), to (),
ceC,re X.
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It is worth mentioning here that ’T)}L also sits naturally inside the Cuntz-Pimsner
algebra Ox associated with the C*-correspondence X. This follows from work in
[34], 56, [71] which we now describe.

If (X,C,px) is a C*-correspondence, then let

Jx = ker px n o (K(X)).

A representation (p,t) of (X,C,px) is said to be covariant iff ¥ (px(c)) = p(c),
for all ¢ € Jx. The universal C*-algebra for “all” covariant representations of
(X,C, ¢x) is the Cuntz-Pimsner algebra Ox. The algebra Ox contains (a faithful
copy of) C and (a unitarily equivalent) copy of X. Katsoulis and Kribs [56, Lemma
3.5] have shown that the non-selfadjoint algebra of Ox generated by these copies of
C and X is completely isometrically isomorphic to 7. Furthermore, C¥, (T ) ~
Ox. See [56), [T1] for more details.

The tensor algebras for C*-correspondences were pioneered by Muhly and Solel
in [71]. They form a broad class of non-selfadjoint operator algebras which includes
as special cases Peters’ semicrossed products [79], Popescu’s non-commutative disc
algebras [82], the tensor algebras of graphs (introduced in [71] and further studied
in [55]) and the tensor algebras for multivariable dynamics [21], to mention but a
few.

Due to its universality, the Cuntz-Pimsner-Toeplitz C*-algebra Tx admits a
gauge action {1, }.er that leaves py(C) elementwise invariant and “twists” each
tw(x), x € X, by a unimodular scalar z € T, that is 1, (t(2)) = 2ztw(z), x € X.
Using this action, and reiterating a familiar trick with the Fejer kernel, one can
verify that each element a € 7'; admits a Fourier series expansion

a0
(2.5) a = pylc) + Z to(zn), ceC oz, X® n=12,...,
n=1

where the summability is in the Cesaro sense.

One of the immediate consequences of ([2.7) is that the diagonal of Ty equals
C,ie, Tf n (T)* = po(C). Another consequence now follows.

If (X,C,¢x) is a C*-correspondence and p a bounded multiplicative linear
functional on C, then 9, will denote the collection of all bounded multiplicative
linear functionals on 7y, whose restriction on C agrees with p.

PROPOSITION 2.6. Let (X,C,¢x) be a C*-correspondence and p is a bounded
multiplicative linear functional on C. If M, is as above, then M, is either a sin-
gleton or it is at least the size of the continuum.

PROOF. Due to the gauge action {¢,}.er discussed above, Tx admits an ex-
pectation

(2.6) O:Tx — T a— % fwt(a)dt

onto the fixed point algebra of {1, }.er. When restricted on T; , the expectation ®
is multiplicative and projects onto ps(C).

If p is a bounded multiplicative linear functional on C, then po ® € 9,. Hence
M, # &. If p1,p2 € M, are distinct, then at least one of them, say pi, does not
annihilate X. But then, p; o ., z € T, are all distinct elements of 91, and the
conclusion follows. (|
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2.3. Crossed products of C*-algebras

The crossed product of an operator algebra will be formally defined in the
next chapter. Nevertheless we collect here various known results regarding crossed
products of C*-algebras to be used throughout the monograph. Our main references
are [12], 102]; we follow closely [102] in terms of notation.

Let G be a discrete amenable group, let C be a C*-algebra and let o : G — AutC
be a representation. Since G is amenable, both the full crossed product C x, G and
the reduced C x7, G coincide. On C x4 G there is a well-defined faithful expectation
®, projecting on C € C x,, G, which satisfies

<I>e( Z cgUg) = Ce

9€G

for any finite sum of the form }; _; c,Uy, where U, are the universal unitaries in
the multiplier algebra M (C X g) implementing the action of oy, g€ G.

If S €C x4 G, then the Fourier coefficients {®4(S)}4eg of S are defined by the
formula ®,(S) = ®.(SU[), g € G. It is easy to see that if {S,}, is a sequence of
polynomials in C x4 G converging to S, then lim, ®,(S,) = ®4(5), Vg e G.

Since the group G is amenable, it contains a Folner net, i.e., a net {F;}; of
finite subsets of G so that

lim 7|9Fi 0 B =
il |F;|
This allows us to deduce a Cesaro type approximation for any S € C x, G using
polynomials with coefficients ranging over {®,(5)}geg-

1, Vgegd.

PROPOSITION 2.7. Let (C,G,«) be as above and let S € C x4 G. Then given
€ > 0 there exists a finite set F, € G so that

‘SEém%é¥H®A$U4<e
ge

In particular, if ®4(S) =0, Vg€ G, then S = 0.

PrOOF. By [12] Lemma 4.2.3], for any finite set F' € G, the map
lgF N F
||
extends to a completely contractive map Ur on C x,G. If S € C x, G, then the net
{UF, (S)}ier converges to S, where {F;}c1 is a Folner net for G. Choose F, so that

|S — ¥p (S)| < e The conclusion follows now by applying U, to any sequence
{Sn}n of polynomials in C x, G converging to S. O

(2.7) cgUg — cgUg, ¢c4€C,g€@G

In the case where G is a discrete abelian group we can say something more. In
that case the Pontryagin dual Gofg , equipped with the compact-open topology is
compact and therefore it admits a (normalized) Haar measure dy. One can then
verify that for an S € C x, G we have

(2.8) (I).(](S)UQ = J;; dv(S)V(Q)d% geg,

where G 3 4 — @&, € AutC x7, G is the dual action, i.e., &, (cUy,) = v(g)cUy, ¢ € C,
geg.
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Hence, if J < C x,§ is a closed linear space which is left invariant by {é&.}
then ®,(S)Uy € J, for any g€ G and S € J.

veg



CHAPTER 3

Definitions and Fundamental Results

In what follows, a dynamical system (A,G,«) consists of an approximately
unital operator algebra A and a locally compact (Hausdorff) group G acting con-
tinuously on A by completely isometric automorphisms, i.e., there exists a group
representation a : G — Aut.A which is continuous in the point-norm topology.
(Here Aut.A denotes the collection of all completely isometric automorphisms of
A.) The group G is equipped with a left-invariant Haar measure p; the modular
function of p will be denoted as A. Usually a(s), s € G, will be denoted as «, and
on occasion as S.

Now let (C,G,a) be a C*-dynamical system and let C.(G,C) denote the con-
tinuous compactly supported functions from G into C. Then C.(G,C) is a *-algebra
in the usual way [102, page 48]. In the sequel, if ¢ € C and f € C.(G) then
f®ce C.(G,A) will denote the function f ® c(s) = f(s)e, s € G. Any covari-
ant representation (7, u,H) of (C, G, «) induces a representation 7w x u on C.(G,C),
which is called the integrated form of (m,u, ) [102, Proposition 2.23]. The full
crossed product C*-algebra C x,, G is the completion of C.(G,C) with respect to an
appropriate supremum norm arising from all integrated covariant representations
of (C,G,a). The reduced crossed product C x!, G is defined using the left regular
representation for G. See [102] for more details.

In the case of an arbitrary dynamical system (A, G, ), we appeal to the self-
adjoint theory described above in order to define crossed product algebras. Here
we have several options for defining a full or reduced crossed product, depending
on the various choices of a C*-cover for A.

DEFINITION 3.1. Let (A, G, a) be a dynamical system and let (C,j) be a C*-
cover of A. Then (C,j) is said to be a-admissible if there exists a group represen-
tation & : G — Aut(C) which extends the representation

(3.1) Gas—joaso0j e Aut(j(A).

Note that the representation & of Definition Bl is automatically continuous
over a dense subalgebra of C and so an easy ¢/3 argument actually shows that
& : G — Aut(C) is a continuous group representation. In the sequel, since & is
uniquely determined by its action on j(A), both (BI]) and its extension & will be
denoted by the same symbol a.

DEFINITION 3.2 (Relative Crossed Product). Let (A, G, @) be a dynamical sys-
tem and let (C, j) be an a-admissible C*-cover for A. Then, Axc ;.G and Axg ; G
will denote the subalgebras of the crossed product C*-algebras C x,, G and C %}, G
respectively, which are generated by C.(G,j(A)) < C.(G,C).

One has to be a bit careful with Definition when dealing with an abstract
operator algebra. It is common practice in operator algebra theory to denote a

13
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C*-cover by the use of set theoretic inclusion. Nevertheless a C*-cover for A is
not just an inclusion of the form A € C but instead a pair (C, j), where C is a C*-
algebra, j : A — C is a complete isometry and C = C*(j(.A)). Furthermore, in the
case of an a-admissible C*-cover, it seems that the structure of the relative crossed
product for A should depend on the nature of the embedding j and one should
keep that in mind when working with that crossed product. To put it differently,
assume that (A, G, ) is a dynamical system and (C;, j;), i = 1,2, are C*-covers for
A. Further assume that the representations G 3 s — j; o g 0 j{l € Aut(j;(A))
extend to #-representations o; : G — Aut(C;), i = 1,2. It is not at all obvious
that whenever C; ~ Cy (or even C; = Cy), the C*- dynamical systems (C;, G, ;)
are conjugate nor that the corresponding crossed product algebras are isomorphic.
Therefore the (admittedly) heavy notation A ¢ ;. G and A X o G seems to be
unavoidable.

We have already encountered the concept of equivalence between C*-covers in
Definition 211 Indeed our view of C¥ _ (A) and C¥* , (A) in Chapter 2is essentially

max env
that of an equivalence class of C*-covers and not just of a single element.

LEMMA 3.3. Let (A,G,a) be a dynamical system and let (C1,7j1) be an a-
admissible C*-cover for A. 1If (Ca,j2) is another C*-cover of A which is equiv-
alent to (C1,71), then (Ca,j2) is also a-admissible and so both representations
G3sm jjoaso0 j;l € Aut(j;(A)) extend to =-representations o; : G — Aut(C;),
i =1,2. . Furthermore

~ . T ~ r
AXe e = AXey o0, G and A X101 G~A XCy 2,00 g
via complete isometries that map generators to generators.

PROOF. Let j : C; — C2 be a =-isomorphism so that the diagram (21 com-
mutes. To see that (Cz,j2) is a-admissible simply notice that j oy s 0j~! extends
ja o ag o j2_1 to a x-automorphism of Cy, for any s € G. Hence (Cs,j2) is also
a-admissible.

Now note that j is G-equivariant, i.e., it implements a conjugacy between the
C*-dynamical systems (C1,G, «1) and (C2,G, az). Indeed, if = j1(a), a € A, then

jal,s(x) = jjlas(a) = j2045(a) = a27sj(:v), s€g

and since ji(A) generates C; as a C*-algebra, jai s(z) = a2 5j(x), for all z € C;.
The conjugacy j : C; — Ca between (C1,G, 1) and (Ca,G,as) implies that
the (full) crossed product C*-algebras are #-isomorphic [102] Proposition 2.48].
Furthermore this isomorphism maps generators to generators, i.e., it maps ji f
onto jji1f = jof, for any f € C.(G,.A). This establishes that A x¢, j, o, G and
A ¢, .0, G are completely isometrically isomorphic. A similar argument, using
[35] Lemma A.16] this time, establishes the isomorphism of the operator algebras
Axg oo Gand Axg oG O

The previous lemma will allow us to adopt a notation lighter than the notation
AxcjaGand Axg ;G at least in the case where the C*-covers are coming either
from the C*-envelope or from the universal C*-algebra of A. Indeed

LEMMA 3.4. Let (A,G,a) be a dynamical system and let (C;,j;) be C*-covers
for A with either (C;, j;) ~ C*%,(A), i =1,2, or (C;, j;) ~ C* ,.(A), i =1,2. Then

there exist continuous group representations oy : G — Aut(C;) which extend the
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representations
Gasm jioasoj e Aut(fi(A), i=1,2.

Furthermore A x¢, ji00 G = AX¢y ja0, G and Axg, i G~ Axg, o0 G, via
complete isometries that map generators to generators.

Proor. We deal with C¥
work in all other cases as well.

The proof essentially follows from the well-known fact that any completely
isometric automorphism 3 of A extends to a #-automorphism p of C¥  (A) =
(Cf ax(A), 7). Indeed, the defining property of C} . (A) implies the existence of a
#-homomorphism p : Cf_ (A) — C¥_ (A) so that poj = jo 8. Similarly, there
exists a *-homomorphism p' : C¥_ (A) — C#_ (A) so that p'oj = jo 7L Hence,

if x = j(a), a € A we have - -
pp'(x) = pp'j(a) = pjf~ (a) = jBA™ (a) = j(a) = =,
ie., (pop')ja) = idjj(a), and since A generates C} . (A) as a C*-algebra, pop’ = id.
Similarly p’ o p = id and so p € Aut C¥, (A) with poj = jo 8 and so pjja) =
(joBoi -
The previous paragraph implies the existence of *-automorphisms «; s, s € G,
which extend the maps j; o ag Ojfl |ji(A)a i =1,2. Since

G3osm jioasoj; teAut(ji(A), i=1,2

(A) and the full crossed product. Similar arguments

are group representation, the same is true for G = s — «; 5 over a dense subalgebra
of C;. Therefore the «; : G — Aut C; are group representations. O

Because of the previous two lemmas we can now write Ax CE (A9 Ax CE L (A)
G and similarly for the associated reduced crossed products. It turns out that in
specific situations there are more crossed products to be associated naturally with
the system (A, G, «). This is truly a feature of the non-selfadjoint world.

Our next results establish basic properties for the crossed product to be used
frequently in the rest of the monograph. Both results are easy to prove in the case
where G is discrete but the general case requires some agility.

LEMMA 3.5. Let (A, G, «) be a dynamical system and let (C, j) be an a-admissible
C*-cover for A. Then the algebras A xc jo G and A x¢ ; , G are approzimately
unital.

PrOOF. Consider the collection {/; | i € I} of all compact neighborhoods of the
identity e € G, ordered by inverse set-theoretic inclusion and contained in a fixed
compact set K. For each such neighborhood U;, choose a non-negative continuous
function w; with suppw; € U; and §w; (s)du(s) = 1.

Set e; = w; ® a;, © € I, where {a;}ier is a contractive approximate identity for
A (and therefore for C). We claim that {e;};er is a left contractive approximate
identity for C.(G,C) in the L'-norm.

Indeed let c€ C, z € C.(G) and fix an € > 0. Then,

(ei(z®0))(s) = JaiaT(c)wi(r)z(r_ls)du(r), seq.

Since the supports of the w; “shrink” to e € G, we can choose the i € I large enough
so that the a;a,.(c) are eventually e-close to ¢, for all r € supp w;. Hence for such
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i € I we have
(32) (@) )~ [ cwitrzs)dur)| < elele

for all s € G. Since left translations act continuously on C.(G), we can also arrange
for these i € I to satisfy, |2(r~'s) — z(s)| <, for all r € suppw; and s € G. Hence,

| [[ewsmetr9)dutr) — [ ewsra(s)au)] < elel [ wi(rdutr)
= ele].

However, §cw;(r)z(s)du(r) = (2 ® ¢)(s) and so (3.2) and (3.3) imply that

(6@ 0)(s) = (z@)(s)| < ezl + [l

for all s € G and sufficiently large i € I. From this it is easily seen that {e;}y is a
left contractive approximate identity for C.(G,C) in the L'-norm.

From the above it follows that {e;}c1 is a left contractive approximate identity
for C x4 G and C x%, G. Hence by [10, Lemma 2.1.6] we have that {e;}; is also a
right contractive identity and the conclusion follows. ([

(3.3)

PROPOSITION 3.6. Let (A, G, a) be a dynamical system and let (C,j) be an «-
admissible C*-cover for A. Then C xo G is a C*-cover for Axc jo G and C x}, G
is a C*-cover for Axg ;. G.

PROOF. We verify the first claim only. Let ¢ € C and z € C.(G). We will show
that if z®@c e C*(Axc ;.o G) then z®ac, z®a*c € C*(Axc ;0 G), for all a € A. This
suffices to show that all elementary tensors in C.(G,C) belong to C*(A x¢ ja G)
and the conclusion then follows from [102] Lemma 1.87].

Let {e;}ie1 be the approximate identity of Ax¢ ; oG (Lemmal[3.5]) and let (ic, ig)
be the covariant homomorphism of (C,G, «) into M (C X g), appearing in [102]
Proposition 2.34]. Then

z®ac = lim(w; ® aa;)(z®c) € C*(A x¢ ja ).
On the other hand,
z®a*c =limic(a*)ef (z ®c) = lim (eiic(a))*(z ®c).

However, ejic(a)(s) = w;(s)a;ar(a) € A, for all s € G, and so e;ic(a) € C.(G, A).
This implies that z ® a*c € C*(A x¢,j.o G) and the conclusion follows. O

The crossed product A x s (A)sa G shares an important property which we
describe in Proposition 3.7 below. But first we need a few definitions.

A covariant representation of a dynamical system (A, G, «) is a triple (7, u, H)
consisting of a Hilbert space H, a strongly continuous unitary representation u :
G — B(H) and a non-degenerate, completely contractive representation 7 : A —
B(H) satisfying

u(s)m(a) = w(as(a))u(s), for all s € G,a € A.

If we insist that the dimension of # is at most card(.A x G) then the collection of
all covariant representations forms a set. (This is a crude requirement that can be
refined further; for instance if A is separable and G is countable we can simply ask for
H to be separable.) Nevertheless the direct sum of all covariant representations on a
Hilbert space of dimension at most card(.AxG) forms a representation (7, U, Hap)
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that we call the universal covariant representation for (A, G, ). A special class of
covariant representations for (A, G, a) arises from the left regular representation
A:G — B(L*(G,u)). If m: A — H is a completely contractive representation of A
then on the Hilbert space L?(G, H) ~ H ® L*(G), we define

7:A—> B(L*(G,H)) A3 a—> 7(a)
with 7(a)h(s) = 7(a; ' (a)) (h(s)), s€ G, h e L*(G,H) and
Mi:G— BH®L*G)); G35 — 1@ A(s).
A representation (7, Ay;) of the above form will be called a regular covariant repre-
sentation for (A, G, ).

Our next result identifies a universal property of A Mok (A)a G and lends
support to our subsequent Definition

PROPOSITION 3.7. Let (A, G,a) be a dynamical system. Then

(i) there exists a completely isometric non-degenerate covariant homomor-

phism (ia.ig) of (A, G, ) into M(A X (40 9):

£

(ii) given a non-degenerate covariant representation (w,u, H) of (A, G, «), there
is a non-degenerate representation ™ x u of A X (A)a G such that

max

m=(mxu)oiyg and u = (7 X u)oig, and,

(il)) A xcx (4),0 9 =5Pan{ia(a)ig(2) [a € A z € Ce(G)},

where
(3.4) ig(z) = J z(8)ig(s)du(s), for all z € C.(G).
g
PRrROOF. Let C stand for C¥ (A). Before embarking with the proof note that

the presence of a contractive approximate identity for A x, G implies
(3.5) M(A %0 G) € M(C %0 G).

Furthermore, the integral (34) is understood as in Proposition 222

For C x4 G such a covariant representation (ic,ig) of (C,G, ) into M (C x4 G)
exists by [L02] Proposition 2.34]. We will show that the same pair (i¢, ig) restricted
on A works for A x¢ o G as well.

By [102] Proposition 2.34],

ic(c)f(s) = cf(s) andig(t)f(s) = a(f(t™"s)),

for all f € C.(G,C) and ¢ € C. From this, it is immediate that (ic,ig) maps (A, G, a)
into M (Ax¢ oG). Furthermore, i 4 is non-degenerate because A < C is approximate
unital and i¢ is non-degenerate. Hence (i) follows.

Corollary 2.36 in [102] shows that ic(c)ig(z) = 2 ® ¢, z € Cc(G), ¢ € C. This
implies (iii).

It only remains to verify (ii). If (7, u) is a non-degenerate covariant representa-
tion of (A, G, «), then there exists a non-degenerate *-representation p of C so that
poj=m, where j: A— C is the canonical inclusion. But then

u()p(j(@)) = uls)m(a) = 7((as(a))u(s)
= p(joaso i (j(@) Jus),

for all a € A, and since C is generated by A, the pair (p,u) is a covariant rep-
resentation for (C,G,«). Proposition 2.39 in [102] implies now the existence of a
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representation p x u, which satisfies the analogous properties of (ii) for C x, G. If
we set T X u = (p X U)|Axc..g, the conclusion follows. O

The previous proposition shows that any covariant representation (m,wu) for
(A, G, @) “integrates” in a very precise sense to a completely contractive represen-
tation m x u of A Xk (A)a G. Indeed, ™ x u is given by the familiar formula

(WMMUO=JNK$M@MM$ feCu(G, A).

Our next result shows that this class of representations exhausts all the completely
contractive representations of A x s e (A) g.

PROPOSITION 3.8. Let (A, G, p) be a dynamical system and let
@ ANGE ()09 — B(H)

be a non-degenerate completely contractive representation. Then there exists a non-
degenerate covariant representation (m,u,H) of (A,G,¢) so that ¢ = X u.

PROOF. Since A Xk, (A)a G is approximately unital, the representation ¢
is multiplier-nondegenerate, when viewing B(H) as the multiplier algebra of the
compact operators (Remark 2.3). Let © : M(A x¢x  (4)0 9) — B(H) be the
canonical (unital) extension of ¢ by [10} Proposition 2.6.12]. We set

m(a) = @(iA(a)), a€ A,
u(s) = p(ig(s)), seg,

where (i4,ig) is the covariant representation of (A,G, a) into M (A Xk (Ao g)
appearing in Proposition [3.7]

Now notice that (m,u) is a covariant representation of (A,G, ¢). Indeed, for
every s € G, u(s) € B(H) is a contraction with inverse the contraction u(s~1),
hence a unitary. Furthermore the map s — wu(s) is strictly continuous as the
composition of two such maps. Finally 7 is non-degenerate. Indeed i 4 is non-
degenerate so if {a;};e1 is a contractive approximate unit for A then {i4(a;)}ier
is a contractive approximate unit for A Xk (Ao g, i.e., it converges strictly to
IeM(A Xk, (A)a G). Since P is strictly continuous, we obtain that {m(a;)}ier
converges strictly (and so strongly) to I € B(H). Hence the non-degeneracy of .

By Proposition B.7] we obtain the representation m x u that integrates (m,u)
and satisfies the conclusions of that result.

If f € C.(G, A), then
(wxw03=fﬂﬂ®M@MM$

= @(fiA (f(S))Zg(S)dM(S)> (by Proposition 2.2))
o(f) (by [102, Corollary 2.36])

and the conclusion follows. O
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We have gathered enough evidence for us now to justify the following definition.

DEFINITION 3.9 (Full Crossed Product). If (A4,G,«a) is a dynamical system
then

A N g =A Nciax(A))a g

In the case where A is a C*-algebra, the algebra A x, G is nothing else but
the full crossed product C*-algebra of (A, G, a). In the general case of an operator
algebra A, one might be tempted to define A x, G as the relative crossed product
AX s (4),0 9, by virtue of the fact that Cg, (A) is a more tractable (perhaps more
popular) object than C¥ . (A). Even though in the case where A is selfadjoint,
A Xk (A)a G also reduces to the usual full crossed product, in the non-selfadjoint
case it is not clear at all that A Xk (A)a G satisfies the universal properties that
A Xex (a),a G does. Of course, any covariant representation of (Cf,,(A4),g,a)
extends some covariant representation of (A, G, «). The problem is that the converse
may not be true, i.e., a covariant representation of (A, G, «) does not necessarily
extend to a covariant representation of (C% ,(A), G, ), as it happens with C%_ (A).
As it turns out, the identification Ax, G ~ A X, (A),q 9 18 @ major open problem
in this monograph, which is resolved in the case where G is amenable or when A is
Dirichlet.

To make the previous paragraph more precise, let us show now that the prop-
erties of A x, G, as identified in Proposition B 7 actually characterize the crossed
product as the universal object for covariant representations of the dynamical sys-
tem (A, G, «). In the case where A is a C*-algebra, this was done by Raeburn in
[90]. Below we prove it for arbitrary operator algebras, borrowing from the ideas

of [90] and [102, Theorem 2.61].

THEOREM 3.10. Let (A,G,a) be a dynamical system. Assume that B is an
approzimately unital operator algebra such that

(i) there exists a completely isometric non-degenerate covariant representa-
tion (j4,Jjg) of (A, G, ) into M (B),

(ii) given a non-degenerate covariant representation (w,u, H) of (A, G, @), there
is a completely contractive, non-degenerate representation L : B — B(H)
such that m = Lo ja and w = L o jg, and,

(iii) B = span{ja(a)ig(2) | a e A,z € Co(O)},

where
Jo(2) = || 2(s)igle)ute),  for all = € C.(G).
Then there exists a completely isometric isomorphism p: B — A x4 G such that
(3.6) poja=ia and po jg =ig
where (ia,ig) is the covariant representation of (A,G,«) appearing in Proposi-
tion[3.7
ProOF. We will show that the map

(3.7) B3 Y jalar)ig(zk) — Y ialar)ig(zk) € A xa G,
k k

where a, € A, z, € C.(G), is a well-defined map, which is a complete isometry and
therefore extends to the desired isomorphism p: B — A x4 G.
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Let o : A x4 G — B(H) be a completely isometric non-degenerate representa-
tion and let @ : M (A %, G) — B(H) its canonical extension. Let

m(a) = B(iala)), a€ A,
u(s) =p(ig(s)), s€g.
Then for any a € A and z € C.(G) we have

= ¢(ia(a)i(2)).

Since ¢ is a complete isometry, the above shows that (B.7) is a well-defined map
which is a complete contraction. By reversing the roles of A x, G and B in the
above arguments, we obtain that (87 is a complete isometry, as desired.

It remains to verify (8:6). We indicate how to do this with the second identity
and we leave the first for the reader.

Fix a z € C.(G) and s € G. An easy calculation using (34 reveals that
ig(2)ig(s) = ig(w), where w € C.(G) with w(r) = A(s71)z(rs71), r € G. A
similar calculation shows that jg(2)jg(s) = Jg(w) as well. Hence for any a € A we
have

= ia(a)ig(w) = ia(a)ig(2)ig(s)
= p(ja(a)i(z))ig(s).
Since the linear span of elements of the form p(j(a)j(z)), a € A, z € Cc(G), is

dense in A x, G and A x, G is essential as a left ideal of M (A x, G), we have
p(jg(s)) =ig(s), as promised. O

We need the following

LEMMA 3.11. Let A be a unital operator algebra and let (C,j) be a C*-cover
for A. Let a € Aut C be a completely isometric automorphism satisfying a(j(A)) =
J(A). If Ja < C denotes the Shilov ideal of A, then a(JT4) = Ta.

PROOF. It is a result of Hamana [41] (see [54, Theorem 5.9] for a “modern”
proof) that if 7 < C is any ideal so that the natural quotient map ¢ : C — C/J
is completely isometric on j(A), then J € Ju. Since a(J4) clearly satisfies this
property, we have a(J4) S Ja. Similarly, a=1(J4) € Ja and so

Ja =a(a(Ta)) € a(Ta) € Ta,
as desired. (]
Our next result is a key step in the proof of Theorem[3.14l In the proof, we make
an essential use of the theory of maximal dilations of Dritschel and McCullough [33].

The reader familiar with the earlier work of Kakariadis and Katsoulis will recognize
the influence of |50, Proposition 2.3] in the proof below.
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LEMMA 3.12. Let (A, G,a) be a unital dynamical system and let (C,j) be an
a-admissible C*-cover for A. If J4 € C denotes the Shilov ideal of A, then

AXC 0 G = A/ Ta %74, 05,0 9
via a complete isometry that maps generators to generators.

PRrROOF. Notice that by its maximality, the Shilov ideal J4 is left invariant
by the automorphisms ag, s € G. Therefore we have a continuous representation
a: G — Aut (C/J4) and the crossed product A/J4 ¢/ 74,0 9 18 meaningful.

The statement of the lemma asserts that the association

(3.8) C/jANag922i®(ai+JA)r—>Zzi®aieCxag,

where a; € A, z; € C.(G), is a well-defined map that extends to a complete isometry.
(Note that the map A/Ja 3 a+ Ja — a € Ais a well-defined complete isometry.)

Let 7 be a faithful representation of C on a Hilbert space H and let (7, A\y) be
the associated regular covariant representation of (C, G, ). Consider the completely
isometric map

0: AT — BH) :a+ Tg— w(a), AeA

According to the Dritschel and McCullough result [33] Theorem 1.2], there is a
maximal dilation (®,K) of ¢ which extends uniquely to a representation of C/J4
such that

Py®(a+ Ja)ln = ¢la+ Ja) = w(a),
for all a € A. Since Pygr2(g) = Py ® I, we have that

Pugr2c)®(a+ Ja))|luerzg) = ©la+ Ja),
for all a € A. Also, A (8)|luer2(g) = An(s), s € G, and so

Hﬁ'xl/\q.[(ZzZ@al ‘—HZ CLZJ 5) A (s)d ()H

K2

= HP’H®L2(Q) <Z ®(a; + Ja) Jzi(S)AK(S)dU(S)> |H®L2(Q)H
< I3 #(ai + ) [ aeut]

= H(I) X A Zzz (a; + Ta))|

The same is also true for all the matrix norms. Since the covariant representation
(7, A\, H® L?(G)) norms C x%, G, the map in (3.8) is well defined and completely
contractive. By reversing the roles between A and A/J(A) in the previous ar-
guments, we can also prove that ([3.8)) is actually an isometry, and the conclusion
follows. (|

The previous lemma applies only to unital dynamical systems. In order to take
advantage of it in the general case, we require the following.

LEMMA 3.13. Let (A,G,«) be a dynamical system and assume that A does
not have a unit. Let (C,j) be an a-admissible C*-cover for A. Then the operator
algebras generated by

Cc(gaA) = Al At b o g
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and
Cc(g,A) e Al >421 g

are isomorphic to A ¢ o G and A NG o U Tespectively via complete isometries
that map generators to generators.

2J1,0

PROOF. We address first the case of the full crossed product. Since any co-
variant representation (w,U) of (C,G,«) extends to a covariant representation of
(CY, G, ), we have from [102] Lemma 2.27] that the map

Cxo GDC(G,C)afr— feC(G,CHYSC %y G

is an isometry that extends to a #-injection of C x, G into C! x, G that maps
generators to generators. In particular, this injection maps A x¢ ;o G onto the
subalgebra generated by C.(G, A) € A xc1 j, 4 G.

The case of the reduced crossed product follows from the fact that if 7 : C —
B(H) is a faithful =-representation, then

T X M |eug.)=T X M leug.0)s
where 77 is the unitization of . O
The following is one of the main results of this chapter and generalizes a classical
result from the theory of crossed product C*-algebras to the theory of arbitrary
operator algebras. It shows that in the case of an amenable group G, the crossed

product is a unique object. In particular, it allows us to identify A Xk, (A)a g
with A Xk (A)a G in a canonical way.

THEOREM 3.14. Let (A, G, a) be a dynamical system with G amenable and let
(C,j) be an a-admissible C*-cover for A. Then

AxgG>AxejaG A%, G
via a complete isometry that maps generators to generators.

PROOF. We begin with the case where (A4, G, @) is a unital dynamical system.
With the understanding that the symbol ~ stands for a complete isometry that
sends generators to generators we have

AxcjaG~Axe;q9

because G is amenable.
On the other hand

AXC 09 =A% 17, 0509 (by Lemma B.12])
Also
AXa G > AXNex ()09 (by definition)
~A Ng:‘;ax(A),j,a g (since G is amenable)

~A MEKIHX(A)/JA, god g (by Lemma B.12)

However both C*-covers (C/Ja,q o j) and (C¥ . (A)/Ta,q0 j) give C¥,(A) and
so Lemma 3.4 implies A x, G ~ A XC i o g, as desired.
In the general case notice that from the above we have

A 50 G A e 0 G A 2G5, G
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via complete isometries that maps generators to generators. In particular these
isometries map surjectively the operator algebras generated by C.(G,.A) inside the
crossed products appearing above. The conclusion follows now from Lemma [3.13

O

Of course, Theorem [B.14] does much more than just provide an isomorphism
between relative (full) crossed products. It also allows us to utilize regular covariant

representations for (C% ,(A), G, a) in order to norm the crossed product. Indeed

COROLLARY 3.15. Let (A, G,a) be a dynamical system and assume that G is
amenable. If m: C — B(H) is a faithful non-degenerate =-representation of C%,, (A)
then T x Ay is a completely isometric representation of A x4 G.

PROOF. Since G is amenable, 7Tx Ay is a faithful representation of C} , (A) %G,

env
where « is the unique extension of G 3 s — a; € Aut(A). By the previous results

Axag:Axgg:Axgiv(A) G Cf (A %, G

e’

and the conclusion follows O

Part of the proof of Theorem [3.14] establishes the fact that all relative reduced
crossed products coincide with each other, even for non-amenable G. Stated for-
mally

COROLLARY 3.16. Let (A,G,a) be a dynamical system, with G an arbitrary
locally compact group, and let (C,7) be an a-admissible C*-cover for A. Then,

T ~ T ~ T
A Xc1j7a g - A chnu(A)va g - A Ncﬁmz(A)va g
via complete isometries that map generators to generators.

PROOF. If A is unital than the result follows from Lemma [3.12] as in the proof
of Theorem [3.14l If A is non-unital, then
AT ne 50 G = A G w0 § = A Mg 10 9
via complete isometries that map generators to generators. These isometries map
surjectively the operator algebras generated by C.(G,.A) inside the reduced crossed
products appearing above. The conclusion follows again from Lemma B.13 (I

In light of Corollary B.I6] we give the following definition.

DEFINITION 3.17 (Reduced Crossed Product). If (A, G, a) is a dynamical sys-

tem then the reduced crossed product of (A, G, «) is the operator algebra
AxLG=A ngm(.A),a g

REMARK 3.18. (i) Since A x’ég‘m(A))a G~ A Xgﬁax(
regular covariant representation of (A4, G, «) integrates to a continuous representa-
tion of A%’ G. One can actually view A x, G as the universal object for the regular
covariant representations of (A, G, «).

(ii) If (A, G, &) is a C*-dynamical system then it is well known that any regular
covariant representation (7, Ay ) integrates to a faithful representation of A x”, G,
provided that = is faithful. This remains true for arbitrary dynamical systems
under the additional requirement that 7 is a maximal, completely isometric map
for A. (Note that for a C*-algebra A, any faithful -representation is automatically
maximal and completely isometric.)

Ao g, it follows that any



24 3. DEFINITIONS AND FUNDAMENTAL RESULTS

We will now use the theory we have developed so far to obtain von Neumann
type inequalities, where the role of the disc algebra is being played now by the
crossed product Ax,G. First we obtain a covariant version of a theorem of Naimark
and Sz.-Nagy that applies to arbitrary operator algebras.

Let G be a group and let ¢ : G — B(H). We say that ¢ is completely positive
definite if for every finite set of elements si,s2,...,s, of G, the operator matrix
(¢(s;s;))i; is positive; if p(e) = I then ¢ is said to be unital.

Note that for a completely positive definite map ¢ : G — B(H), the matrix
( ele) o(s)

w(s™) w(e)

(3.9) o(s)* = p(s71), forall se G.

), s € G, is automatically positive and so

We need the following
LEMMA 3.19. Let A,B € B(H), B = 0, be commuting operators. Then
|{(ABz,z)| < |A|{Bz,z),
for any x € H.
PrOOF. Note that,
2 2
|{ABz,z)|* = ‘<B1/2AB1/2:1:,:1:>‘ = ‘<AB1/2x,Bl/2x>‘
< <Bl/2A*ABl/2;E,;E> (Bzx,x)
< | A* (Ba,x)®
as desired O
In the case where A is a C*-algebra, the following result was established by

McAsey and Muhly in [68] Proposition 4.2]. In the generality appearing below, the
result is new and its proof requires new arguments.

THEOREM 3.20. Let A be a unital operator algebra, let G be a group and let
(A, G, a) be a dynamical system. Let ¢ : G — B(H) be a unital, strongly continuous
and completely positive definite map and let p : A — B(H) be a unital completely
contractive map satisfying

(3.10) w(s)p(a) = p(as(a))e(s), for all s€ G,ac A.

Then there exists a Hilbert space K D H, a strongly continuous unitary representa-
tion @ : G — B(K) and a completely contractive map p: A — B(K) so that

pla) = Pp(a) |p, ¢(s) = Po(s) |p,
and
p(s)pla) = plas(a))p(s),ae A s € g,
where P is the orthogonal projection on H. Furthermore, H reduces p(A). In the

case where p is multiplicative, p is multiplicative as well.

PRrROOF. Since G acts completely isometrically on A, this action extends to
C* ,(A). Similarly, since p is unital, it extends to a completely positive map on
C#* ,(A). We reserve the same symbols for these extensions. Note that these
extensions do not satisfy (BI0), but their restrictions on the operator system
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S(A) = A+ A* do. Indeed, in BI0) replace s with s71, a with as(a) and use
B9) to obtain ¢(s)*p(as(a)) = p(a)e(s)* and by taking adjoints

plas(@*))p(s) = o(s)p(a*), for all se G,a € A,

as desired. For the rest of the proof we concentrate on that system.

We start by adopting the ideas of [78], Theorem 4.8] in our context. Consider
the vector space coo(G, H) of finitely supported functions from G to H and define a
bilinear function on this space by

(DM, P haxs) = D5 Cols™ s M, ).

As in the proof of [78, Theorem 4.8], we observe that (h,h) > 0 and that the
set N' = {h € coo(G,H) | (h,h) = 0} is a subspace of coo(G,H). We let K be
the completion of coo(G,H)/N with respect to the induced inner product and we
identify H as a subspace of K, via the isometry V that satisfies h — hxe.

Let ¢ : G — B(K) be left translation, i.e.,

(@(s)h)(s") = h(s™'s").

It is easy to see that ¢ is a unitary representation and ¢(s) = V*@V. Since V is
an isometry, we simply write ¢(s) = Pyo(s) |%.

Defining p and verifying its properties requires more care. If a € S(A) then we
define

pa)( D hexs + N) =D plag (@) haxs + N

S

We need to verify that p is well defined. Assume that ;" hixs, € N, ie.,

(Bh,hy =10
where
h = (h17h27'-'7hm)T€Hm and B = (SD(SI:lSl))kl-
Now if
plag,t(a)) 0 0
0 plag, (a)) 0
¢~ :
0 0 e p(oz;i (a))
then the covariance condition (3.I0) implies that B and C' commute. Hence
< Z p(a‘;l(a))hlxsla Z P(Oé;cl (a))thsk>
=1 k=1

— (C*BCh, h) = <Bl/20*031/2h, h>
< |[C|*{Bh,h) =0,
as desired.
We now verify that p is completely contractive; this will require an application

of Schwarz’s inequality. Let (a;;);; € M,(A) be a contraction and we are to verify
that (p(ai;));; is also a contraction.
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Start by noticing that if s1, s2,...5m € G,

[p(az, (aij)) ] 0 o 0
A= 0 I:p(Oés_;(.a/ij))]ij .. 0
6 O . [p(as)! (aij))]ij

is in My, (p(A)) and B = [gp(slzlsl)b]kl € My, (B(H)), then (BI0) implies that A
and B commute. Furthermore, since poas, is completely contractive, an application
of Schwarz’s inequality implies

(o (@)1 ooz @)1, < (0o az) ([T [,
<(poa )(L) =1
and so A*A < I,,,,, i.e., A is a contraction.

Now let h = (hy + N ha + N,...hy + N)T € (coo(g,’;'-[)/./\/) with h; =
S hikxs, - We calculate

([Pt b ) = 37 (plas)y + N, (B + )

where © = (21,72, ..., Tm)" with 2; = (hy, hary ... he)T, 1 =1,2,...m. An appli-
cation of Lemma [3.19 shows now that

[([p(aij)]izh, b)| = | (ABz,z) | < |A| (Bz, z)
< (Ba,z) = (h, )

and so (p(aij)),; is a contraction, as desired. Hence p is completely contractive
(and so completely positive).

It remains to verify that p(A) reduces H; here lies the reason why we extended
the original dynamical system on S(A). It is clear that 5(S(.A)) leaves H invariant
and since p is completely positive, H reduces p(S(.A)). (If we had chosen to define

p only on A, then we would only have that 5(A) leaves H invariant.) O

Note that in the proof of the above theorem, the only reason why we ask for A
to be unital is to guarantee that the unital completely contractive map p extends
to a completely positive map on C¥* (A). If p is assumed to be multiplicative, such
an extension exists without that requirement, because of Meyer’s result [69] Corol-
lary 3.3]. This is implicitly used below in obtaining the promised von Neumann

inequality.

COROLLARY 3.21. Let (A,G,a) be a unital dynamical system and assume that
G is a locally compact amenable group. Let ¢ : G — B(H) be a unital, strongly con-
tinuous and completely positive definite map and let p : A — B(H) be a completely
contractive representation satisfying

(3.11) e(s)p(a) = p(as(a))p(s), for all se G,ae A.
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Then, for any f € C.(G, A), we have

(312) | o) ens)] < | [#(7e)rm(s)uts)].
where w : C*

* o(A) = B(H) is a faithful =-representation and (7, \y) the associated
regular covariant representation of (C%, (A),G, ).

PRrROOF. By Theorem [3:20] there exists a Hilbert space K 2 H and a covariant
representation representation (g, %) of (A, G, «), whose compression on H gives

(p, ). Hence
| [otseNewane)] <| [ ) edus)|

On the other hand, the representation (p, %) extends to a covariant representation
of the dynamical system (C¥_ (A),G,«). (See the last paragraph of the proof of
Proposition B.7). Hence,

| [ 2] < 1Sl cam. o

Theorem B.I4] shows however that on C.(G,.A) all relative crossed product norms
coincide. In particular

Ity g = Iflct, cayur g
and the conclusion follows. O

REMARK 3.22. (i) Corollary B.21] achieves its most pleasing form in the case
where G is discrete, as in that case [B.I2) becomes an inequality involving finite
sums instead of integrals, i.e.,

|3 pae(s)] < | D rtanrnts)

where as € A and s ranges over a finite subset of G.
(ii) We have defined (7, u,H) to be a covariant representation of (A, G, ) pro-
vided that

u(s)m(a) = m(as(a))u(s), for all s€ G,a € A.
This is of course equivalent to
m(as(a)) = u(s)w(a)u™(s), for all s€ G,a e A.

It is important to note that there we have no analogue of Theorem B.20 nor Corol-
lary [3:27] for the second set of covariance relations.

The reader that has followed us this far should recognize now why we choose
to define the crossed product A x, G as a universal object with regards to arbitrary
representations of A (Definition B0). It is true that had we chosen to work only
with the relative crossed product A x CHo(A)a G, we would not need to work so hard
with the various relative crossed products, including A x c (A +G. However, since
the “allowable” representations of A would have been only the CCnv (A)-extendable
ones, the von Neumann inequality of Corollary B.2T] would have been unattainable.
This added flexibility in our definition for A x,, G is truly invaluable.

Corollary B221] also raises the question Whether C*¥ (A) x4 G is the “best
choice” in our von Neumann 1nequahty In other words, we wonder what is the

C*-envelope of Ax, G and A%’ G. Clearly, Lemmal[3.12implies that C} (A %7 G)
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is a quotient of C¥  (A) x% G but beyond that, we don’t know too much. This
is going to be a recurrent theme in this monograph. It turns out that even in
special cases, the problem of identifying the C*-envelope of the crossed product is
intimately related to problems in C*-algebra theory which are currently open, such
as the Hao-Ng isomorphism problem. We will have to say more about that later in
this monograph.

For the moment, we deal with the case where G is an abelian group and A is a
unital operator algebra. The case where G is discrete follows easily from the work
we have done so far and from the ideas of either [50] in the Z case or more directly
from [16, Theorem 3.3], by choosing P = G, & = « and transposing the covariance
relations. In the generality appearing below, the result is new and paves the way
for exploring non-selfadjoint versions of Takai duality.

THEOREM 3.23. Let (A, G,a) be a dynamical system. If G is an abelian locally
compact group, then

Cjnv(A Mo g) = Cva('A) X g

PrOOF. Let C denote the C*-envelope of A. Let e;, i € I, be the common
contractive approximate identity of A x, G and C x, G, as in Lemma 33

By way of contradiction assume that {0} # J S C x4 G is the Shilov ideal
for A x4 G. Since J is invariant by the dual action &, [39, Corollary 2.2] (or [76]
Corollary 3.4 (i)] for non-separable systems) implies the existence of an a-invariant
ideal J < C so that

3 = j X g
Now note that J € M(C x, G) and furthermore,
(3.13) J(C %y G) ST xe GCSJ.

If L, € B(Cxy G), x€ M(C x4 G), stands for the left multiplication operator, then
for arbitrary a € A, j € J we have

la = 1l = sup [ La—j(e:)]| = sup flae; — jei]
> sup |ae;| (by (BI3) and because J is a boundary ideal)
i
=S [Lac,[| = supfaciz] [ 2 € C xo G, 2] = 1,0 € I}
= [ Lall = lla,

where {e; };e1 is the contractive approximate unit of Ax,, G appearing in Lemma[3.5]
A matricial variation of the above argument shows that

la =3l = la,

for arbitrary a € M, (A) and j € M,(J). Therefore it follows that J < C is a
boundary ideal for A. Since C = C¥% (A), we obtain J = {0}. But this implies

env

that J = {0}, which is a contradiction. O

REMARK 3.24. Certainly the extension of [39] Corollary 2.2] to non-separable
systems does not require the heavy machinery of coactions, as it happens in [76]
Corollary 3.4 (i)]. Nevertheless we have not able to locate an appropriate reference
in the literature that does not involve coactions. A standard reference, even for
the case of a non-separable system, seems to be [40, Theorem 3.4]. However that
result too involves the use of coactions. Furthermore, even though the proof of [40]
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Theorem 3.4] works for arbitrary dynamical systems, the authors of [40, Theorem
3.4] make the blanket assumption that all C*-dynamical systems appearing in their
monograph are separable.

In Chapter [[ we will use the above theorem in order to give a proof of the
Hao-Ng Theorem [42] for locally compact abelian groups.



CHAPTER 4

Maximal C*-covers, Iterated Crossed Products
and Takai Duality

Even though most of the non-selfadjoint operator algebras currently under in-
vestigation are actually unital, we have gone to great lengths to build a theory of
crossed products that encompasses non-unital algebras as well. There is a good
reason for that and this becomes apparent in this chapter. Both the context of an
iterated crossed product and the non-selfadjoint Takai duality presented here would
be meaningless had we not incorporated non-unital algebras in our theory.

We begin with an important identity.

THEOREM 4.1. Let (A, G, a) be a dynamical system. Then
C;knaa:(’A oy g) = C:za:z;(’A) Ao g

PROOF. Let ¢ : A%, G — B(H) be a completely contractive (perhaps degen-
erate) representation. Since ¢(.A) is approximately unital, the subspace [¢(A)(H)]
reduces ¢(A). Therefore, by restricting on [¢(A)(H)], we may assume that ¢ is
actually non-degenerate. (See [10, Lemma 2.1.9] for more details.)

By Proposition[3.8] there exists a covariant representation (7, u, H) of (A, G, )
so that ¢ = 7 x u. Extend 7 to a C*-representation 7 : C* _(A) — B(H).

We claim that (7, u,H) is a covariant representation of (C¥ .. (A),G,¢). By
taking adjoints in the covariance equation

u(s™)m(a) = w(ag (a)u(s™")
and then setting a = a;(b), we obtain u(s)7(b)* = w(as(b))*u(s), i.e.,
T(0%)u(s) = u(s)7(as(b)*) = u(s)7(as(b¥)),
and the conclusion follows. Furthermore the C*-representation
axu:Ck (A) Xq G— B(H)

extends ¢ = 7 X u.
This shows that C¥,,,(A) x4 G satisfies the universal property for Cf; . (A% 4 G)

and the conclusion follows. O

Let A be an operator algebra. Let K, H be locally compact groups and consider
continuous actions §: K — Aut Aand ¢ : H — Aut(AxgK). The iterated crossed
product (A xg K) x5 H can be described as follows.

By Lemma B4 both 8 and ¢ extend to actions 8 : K — AutC#_ (A) and

§ : H — Aut (C}, (A xg K)) respectively, denoted by the same symbols for
convenience. Now, Theorem E.1] shows that

C;ax('A Xp K) = (CfnaX(A) ¥ Kaj)a
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where j : AxgK — C¥_ (A)xgK is the canonical map arising from the “inclusion”
A < Cf . (A). Therefore we may identify (A x5 K) x5 H with the norm closed
subalgebra of (Cf . (A) x5 K) x5 H generated by Co(H, A x5 K) = (C¥ . (A) xp
K) A H.

In the case where both K and H are abelian there is a more convenient de-
scription of the iterated crossed product.

PROPOSITION 4.2. Let A be an operator algebra. Let K, H be locally compact
abelian groups and consider continuous actions § : K — Aut A and § : H —
Aut(A xg K). Then the iterated crossed product (A xg K) x5 H is canonically and
completely isometrically isomorphic with the norm closed subalgebra of( Aol A) X3
K) x5 H generated by C.(H, A xg K) < (C¥,,(A) x3 K) x5 H.

PRrROOF. By Theorem .14, we have

(Axpg K) x5 H >~ (Axg K) X (ax,r0),5 H-
However, Theorem shows that
At K) = (Chyy(A) 5 K. )

where j : AxgK — C% (A) xg K is the canonical map arising from the “inclusion”
A c C¥ ,(A). This implies the desired identification. O

env(

Before embarking with the Takai duality, we need a technical result. Let C
be a C*-algebra, H, K locally compact groups and f: K — C, 0 : H - C xg K
continuous actions. Then we can view C.(H x K,C) as a dense subspace of the
iterated crossed product
(CxpK)xs H
by associating to a “kernel” F € C.(H x K,C), the function A\ € C.(H,C x3 K)
defined by

(4.1) Ar(R)(k) = F(h,k), he H ke K.

Assuming a compatibility condition for 4, one can show (see [102, p. 191]) that
actually the subspace

{Ar | FeC.(H x K,C)}
forms a x-subalgebra of the iterated crossed product. The compatibility condition
requires that C.(K,C) € C xg K is invariant for §, and that

(4.2) (h, k) = 5, (Ar (W) (k)

is continuous with compact support in A" and k. (For instance, if supp §(Ar(h)) <
supp Ap(h), for all h € H, then (@2 is satisfied.) Actually one can show that for
functions Ap, € C.(H,C x5 K), i = 1,2, we have

43) (r ) 00K) = | | e (0615 (8 (hr (0 0) (08 ) dpn

How does this transfer to non-selfadjoint algebras? Assume now that the sys-
tems (A, K, ) and (A xg K, H,J) are as in the beginning of this chapter and let
C = C} (A). Assume further that the compatibility condition is satisfied by 9,
regarding both its action on C.(K,C) € C x5 K and on C.(K, A) € C xg Kl

1n this case we simply require that Cc(K, A) € C xg K is invariant for é.
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LEemMmaA 4.3. If A, C, B and § are as in the paragraph above, then the set
(4.4) {A\r | FeC.(H x K, A)}
forms a dense subalgebra of the iterated crossed product (A xg K) x5 H.

PrOOF. Indeed, (£3]) shows that the set in (£.7) is a subalgebra of (AxgK) x5
H. The density follows from the fact that kernels of the form

F(h,k) = az(h)w(k), ae A,z e C.(H),w € C.(K)
give A\p = (a®@w)® z and such elements form a total subset of (Axg K) x5 H. O

A particular case of an iterated crossed product comes from the dual action of
a locally compact abelian group G on the crossed product A x, G. Here we have
a dynamical system (A, G, «), with G abelian, and we let K = G, 8 = a, H = G
and 6 = & The dual action & is defined on C.(G,A) by G, (f)(s) = v(s)f(s),
feC.(G,A),veG. (By Theorem B4 it does not matter whether we consider
C.(G, A) as a subalgebra of A x, G or any other relative crossed product.)

Let p: G — B(LQ(Q, u)) be the right-regular representation of G and consider
the dynamical system Adp: G — K(L?*(G)) where (Adp)s = p(s)Tp(s™'), s € G.
Then for the dynamical system (A, «, G), we can form the tensor product dynamical
system a @ Ad p: G — Aut (A® K(L(G)).

For C*-algebras, the following is known as the Takai duality Theorem [99]. We
establish its validity for crossed products of arbitrary operator algebras.

THEOREM 4.4 (Takai duality). Let (A,G,a) be a dynamical system with G a
locally compact abelian group. Then

(4.5) (Axq G) %4 G~ ARK(LX(G)),

where K(L*(G)) denotes the compact operators on L*(G) and A® K(L?(G)) is the
subalgebra of C%,,(A)®K(L?(G)) generated by the appropriate elementary tensors.

env
Furthermore, the complete isomorphism

D: (Axa G) %a G — ABK(LG)),

which implements [@H) can be chosen to be equivariant for the double dual action

a: G — Aut ((A X g g) X4 Q) and the action a ® Adp: G — Aut (A@/C(L2(g)).

PROOF. The proof follows verbatim the plan laid down by Williams in [102]
Theorem 7.1]. What we need to do here is to keep track of where our non-selfadjoint
operator algebra is mapped under the various maps appearing in Williams’ proof.
(For the record, Williams attributes his proof to Raeburn [90], with an extra con-
tribution by S. Echterhoff.)

Let C = C¥,.(A). In [102] Lemma 7.2], it is shown that there exists an
isomorphism

‘1)1 : (C X g) ng — (C Aid Q) x]iAdil®oz g

Here C x1q G ~ C*(G) ® C and the action ia_l ® « of G (which also satisfies the
compatibility condition) is given by

A1

(id  ®a)s(/)(7) =v(s)as(f(7)),
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where f € OC(Q,C), seGand e G. Actually, ®; is constructed so that on kernels
FeC.(G x G,C) it acts as
(4.6) D1 (F)(s,7) = v(s)F(7,5), s€ G,y €g,

in the sense that ®;(Ar) = Ag, (r). Therefore ®; maps the linear space

(4.7) {Ar | FeCe(G x G, A} S (Axa G) xaG
onto the linear space

(4.8) {Ar| FeC.(GxG,A)}C (A i -C;) Mg 9

(0246
Recall that both & and ia_l ® « satisfy the compatibility condition and so two
applications of Lemma 3 show that the algebras appearing on the left side of (4.1
and ([4.8) are dense in the algebras appearing in the right sides of these relations.
Hence we have a completely isometric surjection
(49) ‘I)l : (.A X g) ng—> (.A Xid g) Niafl®a g

In [102, Lemma 7.3] it is shown that there exists isomorphism

Py : (C xig Q) X G — Cp(G,C) ¥iga G

Here (It ®a)s(f)(r) = as(f(s7'r)), f € Co(G,C) ~ Co(G) ®C. By its construction,
®, satisfies
Da

(c®p)®= (c®¢)®z2,
where ¢ € C.(G), z € C.(G) and @ denotes the Fourier transform of ¢. Clearly
®o maps (A Xid _C';) M g G onto Cy(G, A) Mit@a G and so we have a complete
isomorphism

(4.10) s : (A 10 G) 1, G — Col(G,A) Xiega G
Now [102], Lemma 7.4] provides an isomorphism
®3: Co(G,C) Xit@a § — Co(G,C) X1tgid G,
which satisfies
P3((a®2)@w) = p3(a®2) ®w,

where z,w € C.(G) and p3(a ® 2)(s) = a;'(a)z(s), s € G. Clearly we have a
complete isometry

(4.11) B3 : Co(G, A) Xiv@a G — Co(G, A) Xit@id G,
Combining (£.9), (@.I0) and (@I1)), we obtain
(4.12) (Axg G) x4 G~ Co(G,A) x1wgia G

via the complete isometry 53 o fT)Q o &)1. However
Co(G,C) ¥1t@id G ~ (Co(G) ®C) Xigia G
~ (Co(G) x1t §) ®C
~ KC(L*(9)) ®C

by the Stone-von Neumann Theorem [102] Theorem 4.24]. Now these isomorphisms
preserve A-valued functions, i.e.,

Co(G, A) x1@ia G ~ A® K (L*(G)).
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This combined with ([@I2) completes the proof of the first paragraph of the theorem.
In [102] Lemma 7.5] it is shown that there exists an equivariant isomorphism
@4 from

(Co(G) %1t G, G, 1t ®id) onto (K(L(G)), G, Ad p)

and so we have an equivariant isomorphism ¢4 ® id from
((€o(9) %1 9) ®C.G, (t@id) ® a) onto (C®K(LA(G)),G,a® Adp),
where C = C?¥ (A). Therefore [102] Lemma 2.75] implies the existence of an

equivariant isomorphism ®4 from
(Co(G,C) x1@ia G, G, (1t @) ®id) onto (C ® K(L*(G)),G,a ® Adp).
Note that ®4 preserves the non-selfadjoint subalgebras Cy(G, A) %1 gia G and A®

~

K(L?(G)) and so it establishes an equivariant isomorphism @4 for the non-selfadjoint
dynamical systems

(Co(G, A) x1eia .G, (1t Q) ®id) and (A®K(L*(G)),G,a ® Adp).

Finally let ® = ®3 0 &5 o &1, where &1, Py, 3 are as earlier in the proof.
In the proof of [102, Theorem 7.1], it is shown that ® establishes an equivariant
isomorphism from

((C x4 G) x4 G,G,4a) onto (Co(G,C) M1gia G, G, (rt®a) ®id)
and so @ = &)3 o &)2 o &)1 establishes an equivariant isomorphism from

(Axqs G) %4 G,G. ) onto (Co(G, A) ¥1eia G, 7, (rt @) ®id).
Composing &)4 od gives the desired equivariant isomorphism from

(Axa G) %4 G,G,4) onto (AR K(L*(G)),G,a®Adp).
This completes the proof of the second paragraph of the theorem. ([



CHAPTER 5

Crossed Products and the Dirichlet Property

A far more illuminating, but prohibitively longer title for this monograph should
be “Dirichlet algebras, tensor algebras and the crossed product of an operator alge-
bra by a locally compact group”. Indeed the initial motivation for this monograph
came from our desire to understand when a Dirichlet operator algebra fails to be
the tensor algebra of a C*-correspondence. In principle, examples of such algebras
should abound but remarkably, up until the recent paper of Kakariadis [48], none
was mentioned in the literature. In this monograph we manage to come up with
many additional examples (see Theorem [E.12]) and the apparatus for proliferating
such examples is the crossed product of an operator algebra. In this chapter we pro-
duce the first such class of examples, with additional ones to come in later chapters.
(See Theorem [6.171)

Actually, we do even more here. In [20] Davidson and Katsoulis introduced the
class of semi-Dirichlet algebras. The semi-Dirichlet property is a property satisfied
by all tensor algebras and the premise of [20] is that this is the actual property
that allows for such a successful dilation and representation theory for the tensor
algebras. Indeed in [20] the authors verified that claim by recasting many of the
tensor algebra results in the generality of semi-Dirichlet algebras. What was not
clear in [20] was whether there exist “natural” examples of semi-Dirichlet algebras
beyond the classes of tensor and Dirichlet algebras. It turns out that the crossed
product is the right tool for generating new examples of semi-Dirichlet algebras
from old ones, as Theorem indicates. By also gaining a good understanding
on Dirichlet algebras and their crossed products (Theorems and [B5) we are
able to answer a related question of Ken Davidson: we produce the first examples
of semi-Dirichlet algebras which are neither Dirichlet algebras nor tensor algebras

(Theorem [E.15).

DEFINITION 5.1. Let B be an operator algebra and let C% (B) ~ (C, 7). Then
B is said to be Dirichlet iff

¢ =j(B) + j(B)* = S(B).

Many of the applications of the crossed product in this monograph involve
Dirichlet operator algebras. Our first priority is to show that whenever A is Dirich-
let, A x4 G and A x% G are Dirichlet and also calculate the C*-envelope in that
important case.

First we need the following lemma which gives a workable test for verifying the
Dirichlet property. Its proof usually follows as an application of a result of Effros
and Ruan [36, Proposition 3.1], which asserts that completely isometric unital
surjections between unital operator algebras are always multiplicative. Below we
give a new proof that avoids [36, Proposition 3.1] but uses instead the existence of
maximal dilations.

37
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LEMMA 5.2. Let B be an operator algebra contained in a C*-algebra C and
assume that S(B) = C. Then, C%,,(B) ~ (C,j), where j : B — C denotes the
inclusion map.

PRrROOF. Assume first that B is unital and let C act on a Hilbert space H.
Consider the diagram

¢~ B(K)

E

J

where p is a maximal dilation of j on a Hilbert space £ > H, ¢: B(K) — H is the
compression on H and py is the extension of p to a *-homomorphism on C so that
the above diagram commutes.

Since p is a maximal dilation of the complete isometry j : B — C, we have that

Cl (B) = C*(p(B)) = C*(p«(B)) = p«(C).

Therefore it suffices to show that p, is a complete isometry, i.e., it is injective.
Assume that py (j(b1) + j(b2)*) = 0. Then

§(01) + §(b2)* = c(p(b1)) + c(p(b2))™ = c(p(br)) + c(p(b2)*)
= c(p(br) + p(b2)*) = (s ((b1)) + pai(b2))*)

= c(ps(i(b) +4(b2)*)) = 0

as desired.

If B does not have a unit, then let j; : B* — C! be the unitization of the
inclusion map. Clearly the pair (C!,j;) satisfies the requirements of the lemma for
the unital algebra B! and so C¥,,(B') = (C!, j1). Since ji |p= j and C*(j1(B)) = C,
we conclude that C* (B) = (C, ). O

First we deal with the reduced crossed product.

THEOREM 5.3. Let (A, G,a) be a dynamical system and assume that A is a
Dirichlet operator algebra. Then A %7, G is a Dirichlet operator algebra and

Cono(A x5 G) = CE(A) ¥, .
PROOF. From Definition B.17 we have
AxGG=ANCx (409 S Cr (A xL G
Furthermore, since the elementary tensors are dense in C.(G,.A), it is easily seen
that
S(4 Mk (A)a G) =~ Ci(A) =5, 6.

Hence the conclusion follows from Lemma O

The case of the full crossed product of a Dirichlet operator algebra requires
more work.

In what follows, if (A, G, ) is a dynamical system and A € S < C*(A) a uni-
tal operator system left invariant by the action of G, then a covariant representation

of (S, G, a) consists of a Hilbert space H, a unitary representation v : G — B(H) and
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a completely contractive map 7 : § — B(H) satisfying u(s)m(a) = m(as(a))u(s),
forall se G,a€eS.

LEMMA 5.4. Let (A,G,a) be a unital dynamical system and let (S(A),G, a)
be the restriction of the natural extension (C%,.(A),G,a) on S(A) = A+ A* C
C*..,(A). Then any covariant representation (m,u, H) of (A,G, ) admits an exten-

sion to a covariant representation (7, u,H) of (S(A), G, a).
PRrROOF. By [78| Proposition 3.5] the map
7: A+ A" — B(H); a+b* — w(a) + 7(b)*, a,be A

is well defined and extends to a completely contractive map on S(A). By taking
adjoints in the covariance equation

u(s™Hm(a) = m(a7 (a)u(s™")

and then setting a = as(b), we obtain u(s)w(b)* = m(as(b))*u(s), i.e.,

70 )u(s) = u(s)m(as(b)*) = u(s)m(as(b™)),
and the conclusion follows. O

THEOREM 5.5. Let (A, G,a) be a dynamical system and assume that A is a
Dirichlet operator algebra. Then A x4 G is a Dirichlet operator algebra and

C:i,w(A X o g) =~ CZTL’U(A) Ao g
Furthermore, AxoG ~ A Xk (A 9

PROOF. We deal first with the unital case. We will show that the map
(51) C:nv('A) Ao g 3 f — f € C;ax(A) X gv f € Cc(gaA)

is a complete contraction (and therefore a complete isometry). Hence A x, G
embeds completely isometrically in C¥ (A) x4 G via a map that maps generators
to generators. Lemma [5.2] then implies the conclusion.

Let (m,u, H) be a covariant representation of (A, G, a). By the previous lemma,
it admits an extension to a covariant representation (7, u, H) of (S(A) = C¥* . (A), G, a).
Note however that the map & may not be multiplicative.

We now claim that (7, u,H) admits a covariant Stinespring dilation, (7, @, K),
so that @(G) reduces H.

The process for constructing that dilation is standard [47, [77]. Indeed start
with the algebraic tensor product C* (A) ® H with the positive semi-definite bi-
linear form coming from setting

<a ®T,b® y> = <ﬁ'(b*a)£[:, y>
fora,b e Aand 2,y e H. UN = {f € C: (A QH | {f,f) = 0} then Ky =
C¥ . (A) ® H/N becomes a pre Hilbert space, whose completion K is of dimension
less than card(A x G). The original Hilbert space is identified as a subspace of K
via the isometry H 3 — 1 ® x € K; let P be the orthogonal projection onto (that
copy of) H
On Ky we define maps #(a), a € A, and 4(s) by

7(a) (Z a; ® ;Ci) = Z(aai) ® x;
ﬁ(s)(Zal ®xi> = Zas(ai) ® u(s)x;

and
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respectively. We leave it to the reader to verify that 7 is well defined and bounded;
this is done as in [78, page 45]. Note that @(G) leaves H < K invariant and so P
commutes with 4(G). Furthermore if a,b € A and x,y € H, then the calculation
(a(s)(a®@z),u(s)(b®y)) = (as(a) @u(s)z, as(b) @ u(s)y)
= (7 (as(b*a))u(s)z, u(s)y)
= @b a)z,y) = (a@z,b®y)
shows that (s) is an isometry with inverse 4(s~!), s € G, and thus a unitary. The

strong continuity of s — (s) is easy to verify.
Returning to (&), given f € C.(G,.A), we have

I ()] = | [ (7)) uts)auts)|
- JPfr(f(s))Pﬁ(s)Pdu(s)H
= | [ Prts)acs)pancs)|

= |p( [ # @) i) 7]
@ = a)(H)] </l

where the last norm is calculated in C¥  (A) x, G. Since the covariant representa-
tion (m,u,H) of (A,G, ) is arbitrary, the map in (1)) is a contraction. A similar
calculation holds at the matricial level and the conclusion follows.

Assume now that A is not unital. Since its unitization A' is Dirichlet, the
unital case above applies thus showing that

A %0 G = A %

max

An application of Lemma [3.13 shows now that
A >qC>l<

max

N

Wra = A e a0 G-

(Aa 9= AXNcx (4,09
From this it is immediate that
Cj;nv(A Ao g) = Cj;nv (A >qC;"nv(./él),a g) = C:nv(A) Ao g.
since A ¥ (1) 9 S Céhy(A) xa G is Dirichlet. O
In [20], Davidson and Katsoulis introduced a new class of operator algebras.

DEFINITION 5.6. Let B be an operator algebra and let C% (B) ~ (C,j). Then
B is said to be semi-Dirichlet iff

Ji(B)*j(B) < j(B) + j(B)* = S(j(B)).

The name is justified by the fact that both B and B* are semi-Dirichlet if and
only if B is Dirichlet [20, Proposition 4.2]. As in the Dirichlet case, where S(B)
being a C*-algebra implied that 5 was Dirichlet, we remove the necessity of working
in the C*-envelope.

LEMMA 5.7. Let B be an operator algebra and let (C,7) be a C*-cover of B. If
J(B)*j(B) < S(5(B)) = C,

then B is semi-Dirichlet.
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PRrROOF. Identify B with j(B) and let ¢ : C — C¥% (B) be the surjective #-

env
homomorphism that maps B completely isometrically. It is immediate that
p(B)*p(B) = ¢(S(B)) = S(¢(B)) = CZ,y (B).

env

Therefore, B is semi-Dirichlet. O

THEOREM 5.8. Let (A,G,a) be a unital dynamical system. If A is a semi-
Dirichlet operator algebra then so is A %/, G.

PROOF. Let z,w € C.(G) with suppz = K and suppw = L. Let a,be A <
CZ . (A). Since A is semi-Dirichlet, there exist sequences {c,}>_;, {d,}>_; in A so
that

a*b = 1171211(6:; +dp)
Let
fn=0ERc)* (w®)*+ (20 @ 1)(w®d,), meN,

where,
z0(s) = A(s7H)z(s7")
wo(s) = A(s)w(s™1), seg.

Clearly f,, € C.(G, A)* + C.(G, A). We will show that {f,}>_, approximates (z ®
a)*(w ® b) in the crossed product norm.
Note that

(@) w@b)() = [ Az Ta, (@)ut ), (dut)

= J A(r Y z(rDw(r~ts)a. (a*b)du(r).

On the other hand,

(5.2) fnls) = JA(T’l)Z(T*)w(T’ls)ar(CZ + dp)dp(r)
and so
[fa(s) = (z®@a)* (w @) (s)] < [l + dn — a™b]|[ 2] oo ||| o pu (K 7H),

for any s € G. Furthermore, supp f, € K 'L, n € N, which is a compact set. Hence,
{fn}>_; converges to (z®a)*(w®b) in the inductive limit topology [102] Remark
1.86] and so in the L'-norm. This suffices to prove the desired approximation.

We have shown that

(z®a)*(w®b) e C.(G,A)* + C.(G, A).

Similarly,

(i%@ai)*(éwj ®bj> € C.(G, A)* + C.(G, A).

Since the linear span of the elementary tensors is dense in C.(G, .A) [102] Lemma
1.87] we have

(A NGgW(A),a g)* (A >4Egiw(A),a g) = S(A ”gg‘m(A),a g).

By the previous lemma, A %}, G is semi-Dirichlet. O
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Outside of the amenable case it is not known whether the full crossed product
preserves the semi-Dirichlet property. Nevertheless, the following holds for arbitrary
locally compact groups, with a proof similar to that of Theorem

COROLLARY 5.9. Let (A, G,a) be a unital dynamical system. If A is a semi-
Dirichlet operator algebra then so is A X (A)a g.

We have built enough machinery now to present our first applications. It was
an open question in [20] whether all semi-Dirichlet algebras are tensor algebras of
C*-correspondences. Apparently, any Dirichlet algebra that fails to be a tensor
algebra would serve as a counterexample to the question of Davidson and Katsoulis
but no such examples were available at that time. It was Kakariadis in [48] that
produced the first example of a Dirichlet operator algebra which is not completely
isometrically isomorphic to the tensor algebra of a C*-correspondence.

In what follows we use the crossed product of operator algebras to produce
new examples of Dirichlet and semi-Dirichlet algebras which are not tensor alge-
bras. Actually our algebras are not isomorphic to tensor algebras even by isometric
isomorphisms, thus improving Kakariadis’ result. These are our first non-trivial
examples of crossed products of operator algebras, with more to follow in later
chapters. But first we have to resolve a subtle issue regarding the diagonal of a
crossed product.

DEFINITION 5.10. If A is an operator algebra then the diagonal of A is the
largest C*-algebra contained in A.

If A is contained in a C*-algebra C, then the diagonal of A is simply equal to
A n A* € C. We retain that notation for the diagonal of A, without making any
reference to the containing C*-algebra C.

PROPOSITION 5.11. Let (A, G, o) be a dynamical system and assume that G is
a discrete amenable group. Then,

(53)  AxaGn(Ax.0)* =C*({ZagUg| ageAﬁA*,geg}).
g

PROOF. Consider A x, G as a subset of C*  (A) x, G; clearly the set A %,
G N (AxqG)* contains all monomials a,Uy, ag € A, g € G, where Uy € M(A x4 G)
are the universal unitaries implementing the action of o on A. Hence the inclusion
O in (53) is obvious.

Conversely let X € A x, G N (A x4 G)*. Using an approximation argument
involving finite polynomials in A x, G approximating either X or X*, we see that
D,(X)e An A*, g € G, where {®,(X)}4eq denotes the Fourier coefficients of X €
C* . (A) x4 G. By Proposition 27 X can be approximated by finite polynomials

with coefficients in {®4(X)}geg and {Uy}geg, which completes the proof. O

It is not known to us whether an analogue of Proposition [5.11] holds for the
diagonal of A x,, G, when G is not necessarily discrete and amenable.

Recall that the non trivial conformal homeomorphisms of the unit disc D are
classified as either elliptic, parabolic or hyperbolic depending on the nature of their
fixed points. An elliptic conformal homeomorphism has only one fixed point in the
interior of D; such maps are conjugate via a Mobius transformation to a rotation.
The hyperbolic transformations have two fixed points which are both located on the
boundary of D. The parabolic transformations have only one fixed point located
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on the boundary of D. (See [14] Section 2.3] or [11] for a more detailed exposition
and proof of these facts.)

THEOREM 5.12. Let G be a discrete amenable group and let o : G — Aut (A(ID)))
be a non-trivial representation. Assume that the common fized points of the Mébius
transformations associated with {ay}geg do not form a singleton. Then A(D) x4 G
is a Dirichlet algebra which is not isometrically isomorphic to the tensor algebra of
any C*-correspondence.

Proor. By way of contradiction assume that there exists isometric isomor-
phism o : A(D) x, G — Ty, for some C*-correspondence (X, C).
By Proposition 5.1l we have

(54) A(D) xq G (AD) xag)*=c*({zng9| sgec,geg}) ~ C*(G),

where Uy, are the universal unitaries in A(D) x4 G.

By its universality, C*(G) admits a (non-zero) multiplicative linear functional
p. Let 9, be the collection of all (necessarily contractive) multiplicative linear
functionals on A(D) x, G whose restriction on C*(G) agrees with p.

Claim: Either 9, = & or M, contains exactly two elements.

Indeed any multiplicative form p’ on A(D) x, G is determined by its action on
A(D) and {Ugy}geg. If it so happens that p’ € M, then (B.4) implies that p’ is only
determined by its action on A(ID) and therefore by its value on fo(z) = z, z€ T. If
p'(fo) = #o, then the covariance relation Uy fo = (fo o ag)U, implies

P (Ug)z0 = p'(Uy)p'(fo) = p'(Ug fo)
= pl((fO o ag)Ug) = (fO o ag) (ZO)p(Ug)
= ay(20)p' (Uy)

for all g € G. Since p'(Uy) # 0, we obtain zy = «4(20) and so z is a fixed
point for all ay, g € G. If such points do not exist, then M, = . Otherwise,
our assumptions imply that there exist exactly two common fixed points. Hence
there are exactly two choices for p’/, which both materialize by the universality of
A(D) x, G (Proposition B7). Hence |9,| = 2, as desired.

Corollary 2.10 in [2] (see also [19, Proposition 3.1]) implies that the isomor-
phism o maps the diagonal of A(D) x, G onto the diagonal of 7y. Hence the
induced isomorphism ¢* onto the spaces of multiplicative linear functionals satis-
fies o (M,) = M, for some multiplicative linear functional p on C. By the Claim
above |9M;] is either 0 or 2. But this contradicts Proposition [2.6] and the conclusion
follows. O

As we saw in the proof of Theorem [(5.12] under the assumptions of that theorem
there are two choices for the common fixed points of {ay}seg: either there are no
such points or otherwise they form a two-point set. Let us show that both choices
do materialize under an amenable action.

REMARK 5.13. (i) Let G = Z, let a be a hyperbolic Mébius transformation of
the disc and let o, = o™, n € Z. In that case the common fixed points form a
two-point set.
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(ii) Let 21,22 € T be distinct points and consider two Mébius transformations
a1, ag of the unit disc D. Choose «a; so that it fixes both 21, zo without being the
identity self map on D. Choose a3 so that it intertwines z; and z2. Clearly the group
G generated by these transformations has no common fixed points. However, the
set {21, 22} is invariant by both generators and so G is amenable by [75] Theorem].
Choose a : G — Aut ((A(D)) to be the identity representation.

In particular the above remark implies that whenever « is a non-trivial hyper-
bolic automorphism of A(D), then A(D) x4 Z is not a tensor algebra. It is instruc-
tive to observe that in the case where « is elliptic then A(D) x4 Z ~ C(T) x, ZT,
which is indeed a tensor algebra. We will have more to say about this later in the
monograph.

We can now extend the previous result into a multivariable context. Recall,
for d = 2, the non-commutative disk algebra 2l; is the universal unital operator
algebra generated by a row contraction [T} - - - Ty4] [82]. The maximal ideal space is
M (244) ~ B, and so every automorphism ¢ of 24 induces an automorphism ¢* of
B, by composition p*(p) = po ¢. It is established in [23], 83] that the isometric
automorphisms of 24 are in bijective correspondence with Aut(B4;) which turn out
to be unitarily implemented and thus completely isometric automorphisms.

In the same way as the disk there are automorphisms of By that fix exactly two
points, see [96] Example 2.3.2]. Therefore, in exactly the same way as the proof of
Theorem (.12, we can now produce semi-Dirichlet algebras that are not isometri-
cally isomorphic to a tensor algebra of any C*-correspondence, thus providing new
examples for the theory in [20], not covered by the tensor algebra literature.

THEOREM 5.14. Let G be an amenable discrete group and let o : G — Aut (Qld)
be a representation. Assume that the common fized points of the transformations
associated with {og}geg form a finite set which is not a singleton. Then g x4 G
is a semi-Dirichlet algebra which is not isomorphic to the tensor algebra of any
C*-correspondence.

In the case where G is abelian, we can say something more definitive about
Ay xo G. Indeed in that case, Theorem B.23 shows that C*, (g x4 G) ~ Oy x4 G.
It is easy to see now that A4 %, G is not a Dirichlet algebra, thus showing that
g Xq G is a semi-Dirichlet algebra which is neither a tensor algebra nor a Dirichlet
algebra. This answers a question of Ken Davidson that was communicated to both
authors on several occasions. Stated formally

COROLLARY 5.15. There exist semi-Dirichlet algebras which are neither Dirich-
let nor isometrically isomorphic to the tensor algebra of any C*-correspondence.



CHAPTER 6

Crossed Products and Semisimplicity

In this chapter we consider the semisimplicity of crossed products by locally
compact abelian groups. Recall from Theorem [3.14] that there is a unique crossed
product for such groups.

We begin by reminding the reader of the definition of the Jacobson Radical of
a (not necessarily unital) ring.

DEFINITION 6.1. Let R be a ring. The Jacobson radical Rad R is defined as
the interchapter of all maximal regular right ideals of R. (A right ideal Z < R is
regular if there exists e € R such that ex —z € Z, for all z € R.)

An element x in a ring R is called right quasi-regular if there exists y € R such
that * + y + zy = 0. It can be shown that € Rad R if and only if zy is right
quasi-regular for all y € R. This is the same as 1 + zy being right invertible in R!
for all y e R.

In the case where R is a Banach algebra we have

RadR = {z € R | lim |(zy)"|"™ = 0, for all y € R}
= {z e R |lim|(yz)"|"™ = 0, for all y € R}.

A ring R is called semisimple iff Rad R = {0}.

The study of the various radicals is a central topic of investigation in Abstract
Algebra and Banach Algebra theory. In Operator Algebras, the Jacobson radical
and the semisimplicity of operator algebras have been under investigation since the
very beginnings of the theory. In his seminal paper [94], Ringrose characterized the
radical of a nest algebra, a work that influenced many subsequent investigations
in the area of reflexive operator algebras. Around the same time, Arveson and
Josephson [6] raised the question of when the semicrossed product of a commutative
C*-algebra by Z* is semisimple. This problem received a good deal of attention
as well [70, [79, 80] and it was finally solved in 2001 by Donsig, Katavolos and
Manoussos [30], building on earlier ideas of Donsig [27].

In Theorem we discover that the semisimplicity of an operator algebra
is a property preserved under crossed products by discrete abelian groups. This
provides a huge supply of semisimple operator algebras and also raises the question
of whether or not the converse is true. In order to investigate this, we go back
to a class of operator algebras that has been investigated quite extensively by
Davidson, Donsig, Hopenwasser, Hudson, Katsoulis, Larson, Peters, Muhly, Pitts,
Poon, Power, Solel and others: triangular approximately finite-dimensional (abbr.
TAF) operator algebras [17, 27, 29, 28], 45, [67, [88]. This is one of the main
topics of study of this chapter. Another is the semisimplicity of crossed products
by compact abelian groups. This is done in Section where we uncover some
interesting behavior.

45
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In a recent paper [16], Davidson Fuller and Kakariadis make a comprehensive
study of semicrossed products of operator algebras by discrete abelian groups. It
turns out that our ideas on the semisimplicity of crossed products by abelian groups
are also applicable on semicrossed products as well. We devote a whole section on
this topic at the end of this chapter.

6.1. Crossed products by discrete abelian groups
We begin with the following motivating result.

THEOREM 6.2. Let (A, G, @) be a dynamical system with G a discrete abelian
group. If A is semisimple then A x, G is semisimple.

PRrROOF. Assume that the crossed product is not semisimple and so there exists
0 # S e Rad Ax,G. Any automorphism of A x,G fixes the Jacobson radical, which
is closed, and so the discussion at the end of section 2.3 implies that ®4,(S)U, €
Rad A x, G for all g€ G.

Now if {e;}ier is a contractive approximate unit for A, then

Py(9) = lign (@Q(S)Uq)a_gl(ei)U;kv

and so ®,4(S) € Rad A x4 G, for all g € G. By Proposition 27 since S # 0 there is
a g € G such that ®,(S) # 0 and so

0# ®,4(5) € (RadA %, G) n A Rad A

Therefore, A is not semisimple. (Il

Naturally, one asks whether the converse of the above result is true. This brings
us to the study of crossed products and semisimplicity in the context of strongly
maximal TAF algebras with regular #-extendable embeddings. Studying this class
alone will provide us with a good idea of the richness of the theory. As we will
see, even very “elementary” automorphisms, i.e., quasi-inner automorphisms, can
be used to generate crossed product algebras with interesting properties. Below
we give some pertinent definitions and a few instructive examples. We direct the
reader to [88] for a comprehensive treatment of non-selfadjoint AF algebras.

Let 2 = lim(%A,, p,) be a unital AF C*-algebra via regular embeddings [88],
Section 9] and further assume that p,(A,) S Ant1, n = 1,2,..., where A,
denotes the subalgebra of upper triangular matrices in 2,,. The limit algebra A =
lim(Ay, p,) is said to be a strongly mazimal TAF algebra. In the case of a strongly
maximal TAF algebra A = lim(Ay, pn) the diagonal C = A n A* of A satisfies

C =1im(Cy, pn), where C,, = Ap 0 Af,n=1,2,....

It is easy to see that the Shilov ideal of A = lim(An, p,) S 2 is the zero ideal
and so the C*-algebra 2 = lim(2l,,, p,) together with the inclusion map gives the
C*-envelope of A.

DEFINITION 6.3. Let {e;;}};_; denote the usual matrix unit system of the
algebra M,,(C) of n x n complex matrices. An embedding o : M, (C) — M;,,(C)
is said to be standard if it satisfies o(e;;) = Z;@n;ol €it+kn,j+kn, for all ¢, j. That is,

o(A) =A@ ---®Ae M,,(C), VAe M,(C).
-—

m
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EXAMPLE 6.4. Let A, = lim(A,,0,) be a standard limit algebra, i.e., each
A,, is isomorphic to the k, x k, upper triangular matrices T, < My, (C) and
on : My, (C) —» My, ,,(C) are the standard embeddings. Let 2, = CX ,(A,) be
the associated UHF C*-algebra.

For each z € T, we define an automorphism v, : 2, — 2,, which acts on
matrix units as 1. (e;) = 2/ "ej’*. Assume further that z = ¢*™, with 6 € [0, 1)
irrational. We denote the corresponding crossed product C*-algebra as A, g Z
and the associated non-selfadjoint algebras as A, %9 ZT and A, x4 Z. These are
analogues of the familiar irrational rotation C*-algebras and their non-selfadjoint
counterparts.

Of course, there is nothing special in this discussion about the standard embed-
ding. If 2, = h_n)l(an, pr) is any other presentation of 2, via regular embeddings,
then one has a commutative diagram

A —2 s Ay —2 5 A oA
| | | v
Ay —2s Ay —22 5 A |

where the vertical maps are conjugations by permutation unitaries. The composi-
tion U1 0 4), o ¥ allows us to define now an automorphism on the non-selfadjoint
algebra A = lim (A, p,,), that twists each matrix unit by a (not necessarily positive)
power of z = > (This automorphism is actually an example of a quasi-inner
automorphism, i.e., an automorphism that maps A4,, onto A, for all n € N.)

By Theorem 55, C¥ (Ay %9 Z) ~ A, xg Z. The K-theory of that C*-algebra

is easy to calculate and it demonstrates how far removed A, xg Z is from its TAF
generator.

PROPOSITION 6.5. Let 2 = lim (A, p,,) be an AF C*-algebra and ¢ : A — 2 a
quasi-inner automorphism. Then, Ko(A xyZ) = Ko(A) and K1 (A xy Z) ~ Ko(2).

PRrOOF. This follows from an application of the Pimsner-Voiculescu exact se-
quence

Ko@) 7Y% Ro@) —% s Ko(A %y Z)

6.1) ] [
Ki(A 2y Z) —— Ki(A) Ky (A)

Ty idg —Yx

where 7 : 2 — 2 x,, Z denotes the inclusion map. Since 9 is quasi-inner, 1, = idy
on K;(2,), i = 0,1, n € N. By the continuity of the K; functors (Theorem 6.3.2
and Proposition 8.2.7 in [93]), we obtain 1y = idsx on K;(), ¢ = 0,1. Hence
the upper i, is injective. Furthermore K; () = 0 [93] Excercise 8.7] and so the
right vertical map is the zero map. Therefore the upper i, is also surjective and so
KQ(Q[) ~ KQ(Q[ X Z)

On the other hand the left side of (61]) collapses to

0 —— Ki(AxyZ) — Ko(A) — 0
and so Kl(Ql N Z) ZK()(Q[) ([
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By Kishimoto’s Theorem [64], Theorem 3.1], the C*-algebra 2, x¢ Z is simple
and therefore any of its representations is necessarily faithful. This allows us to
give a good picture for A, xy Z.

EXAMPLE 6.6. Let A, = lim(Ay,0,), 0 € [0,1] and A, xp Z be as in Exam-
ple

Let {en}nen be an orthonormal basis for a Hilbert space H. An operator
A € B(H) is said to be k-periodic if its matrix representation with respect to
{en}nen consists of a k x k-matrix which is repeated infinitely along the diagonal.
The collection of all k-periodic matrices is denoted as Aj. Clearly the collection
{A;cn }nen 1s an increasing collection of finite dimensional factors that provides a
faithful representation for 2.

Consider now the diagonal unitary operator Uy € B(H) with Uge,, = e2™"¢,,,
n € N. Then the algebra generated by |,y Ak, and {U§"}mez is isomorphic to
Ao’ Xg 7.

As we will see, the semisimplicity of A, xg Z is easy to establish. The same
statement for A, %y Z" requires more work.

The semisimplicity of strongly maximal TAF algebras was characterized by
Donsig |27, Theorem 4]. Donsig showed that a strongly maximal TAF algebra A is
semisimple iff any matrix unit e € A has a link, i.e., eAe # {0} (Donsig’s criterion).
It is easy to see that any strongly maximal TAF algebra A = li_r)n(An, pn) for which
the standard embedding appears infinitely many times satisfies the above and is
therefore semisimple.

DEFINITION 6.7. Let A be a strongly maximal TAF algebra. The dynamical
system (A, G, a) is said to be linking if for every matrix unit e € A there exists a
group element g € G such that eAagy(e) # {0}.

By Donsig’s criterion if A is semisimple then (A, G, «) is linking. The following
example shows that there are other linking dynamical systems.

ExXAMPLE 6.8. Let A, = C® T3, and define the embeddings p, : A, — A,11
by

T

Then A = lim A, is a strongly maximal TAF algebra that is not semisimple.
Consider the following map ¢ : A, — A,,+1 given by

x
Y(e@®A) = 2@ T
A

You can see that 1 o p, = pp+1 0% on A, and so ¢ is a well-defined map on UA,.
By considering that

A
1/1*1(33@14) =z T
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one gets oy ! =y Loy = p,y10p, on A,. Hence, 1 extends to be an isometric
automorphism of A. Finally, for every e € A, i # j

02n
2n n n 2n
ez(‘,j ) O2n, 6§i— RS )(ez(’,j )
02n
_ (2n) (2n)
= ei)j Ozn ej,i 02n (2n)
02n 02n 61»7]»
02n
= 02n egin)
02n

Therefore, (A, Z,) is a linking dynamical system.

The following theorem and the previous example establish that the converse of
Theorem [6.2] is not true in general.

THEOREM 6.9. Let A be a strongly maximal TAF algebra and G a discrete
abelian group. The dynamical system (A, G, «) is linking if and only if A x4 G is
semisimple.

PROOF. Assume that (A, G, «) is not linking. This means that there exists a
matrix unit e € A such that eAagy(e) = {0} for all ge G. For every g€ G and a e A
we have

(ealy)? = eaUgeal,

= eaagy(e)Ugzaly,
= 0UgalUy = 0.
In the same way for any g1,--- ,gn € G and a1,--- ,a, € A

(e Z aiU‘h‘)z =0.
i=1
Therefore, e € Rad A x4 G.

Conversely, assume that (A, G, «) is linking. By way of contradiction, assume
that Rad A x, G contains a non-zero element. As in the proof of Theorem this
implies that there is a nonzero element

aceAnRadAx,G=J.

It is easy to see that J is a non-zero closed ideal of A. By [88, Theorem 4.7], J is
inductive and so it is generated by the matrix units it contains. Hence there exists
at least one non-diagonal matrix unit e€ J n A,, .

Start with e; = e. Since (A, G, «) is linking, there exist g1 € G, by € A,, matrix
unit and summands e}?, e5? € A, of ej, so that

(6.2) 0 # ey, (bie) = el?ay, (b1e5?) = e2 € Rad A x4, G.

Claim 1: The summands e}?,e5? € A,, of e; are distinct.
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Indeed if f = e]? = e5?, then notice that (62) implies that the normalizing partial
isometry ag, (b1) maps inside the initial space of f and f maps inside the initial
space of by. Hence fayg, (b1fag, (b1)) # 0 and so

(ngb1)2 = Oy, (blfagl (bl))U.gl # 0.
Similarly
faag, (baforg, (b1 farg, () ) # 0

and so (fUgy b1)? # 0. Continuing in this fashion we conclude that (fUg,b1)"™ # 0,
for all n € N. However, (fUy,b1)" is the product of a normalizing partial isometry
with the unitary U\ and so [(fU,,b1)"| = 1, which contradicts the fact the f e
Rad A x, G.

Note that at this point we cannot conclude that e, is a matrix unit nor a
sum of such units because of the generic nature of ag,. However by multiplying
by with a suitable diagonal unitary, we may arrange so that g, (bie5?) is a sum of
matrix units with orthogonal initial and final spaces, i.e., a pure normalizing partial
isometry. Hence multiply both sides of (2] with a suitable diagonal unitary and
S0 es becomes a pure normalizing partial isometry by being a product of two such
partial isometries. Note that b; in this situation is no longer a matrix unit but
instead a normalizing partial isometry which may not be even pure.

Since es € Rad A x4 G, we can find now go € G, a normalizing partial isometry

by € A and summands e}®, e5® € A,, of one of the matrix units in ez so that

0 # ey, (baea) = ey, (beeh?) = e3 € Rad A x4 G

is a sum of matrix units. Since e3 € Rad A x, G an argument identical to that of
Claim 1 shows that the summands e7®, e5® are distinct. And so on.

Continuing in this fashion we obtain the sequences {e,, }52_1, {e1™}o_,, {e5™}2 _,
{bm}2_1 and {gm }2_4 so that

(6.3) em+1 = €m0y, (bmem) = €] oy, (bney™ ), m e N.

Note that the sequences {e]™}%_; and {e5™}*_, are distinct term by term.
In an analogy to the above construction to be understood shortly, we now

construct a sequence X,, € A x, G, m =1,2,..., as follows

X1 = €Uh1b1
XQ = (eUhlbl)(eUh2b2) (eUhlbl)
Xm = mel(eUhmbm)mela me Nv

where hy = g1 and hy, = gm(9192 -+ - gm—1) "1, for m > 2.

Claim 2: Xime = em+1Ug,gs...gm» M € N,
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The claim is indeed true for m = 1. Assuming its validity for m — 1, we have that
Xne= (Xm_le)Uhmbm(Xm_le)
emUg1gs...gm—1 U bmemUgigs .., —1

€m U.qm bmem Ugl 92---Gm—1

emQyg,, (0mem)Ug, Ugigs...gm—1 = €m+1Ug1gs...gm

as desired.
Set
31
6.4 B = —Up. b; Rad 2 G,
(6.4) e e(;w hl)e ad A %, G

where hy, hso,--- € G are as above. We will show that
(6.5) I(eB)2" 1| >1/22""", meN.
This will imply that the spectral radius of eB is
1/2m—1
Jim B i () =1

and so eB is not quasinilpotent, thus contradicting (6.4)).

To establish (G.5), fix an m € N and note that (eB)?” ~'e can be written as an
infinite sum of the form

2m _1 e
Z < H 2TLUhklbkl>e_
k=(k1,...kgm _1)eN2""—1 =1

= Z 2 Pk (eUhkl bkl)(eU}”C2 bkg) - (eUhk2m71 bk2m71)6

= 2 2 Pk €Qny, (bk1 eQhy, (bkg c €Oy (bk2m716)))Uhkl hbgm

where py, are suitable exponents.
Note that for a specific k = (k1,...kam_1) € N2"~1 the corresponding summand in

©8) is

(6.6)

27 X e =2"P e 1 1Ug 9o am
because of Claim 2 above. The complication we are facing now is that the terms appearing
in (6.6 are not necessarily positive multiples of sums of matrix units. (This is the case
for instance when the automorphisms a4 are actually gauge automorphisms.) In order to
bypass this problem and actually show that the norm of the sum in (6.0 is as large as the
norm of each one of its terms, we capitalize on our careful choice of the partial isometries
bm, m € N. We need to establish the following two claims.

Claim 3: bib;‘ =0 for ¢ # j.
Note that
(6.7) e (er?) =z el (e) e (e ) =
Since b¥b; < ep'* (e )* and ey’*! # )" we have
R Ca
and so by (67
(6.8) bEb; el (ef™)*, 1=1,2,....
On the other hand

*p Ti+l o, Ti+1\% %k T Ti\ ¥
bibi < ey (e )T <eie <eif(er’)
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and so replacing ¢ with ¢ + [ in the above, we obtain
(6.9) bE b < eyt T, 1=1,2,....
By G.8) and @3), b} by L bjb;, 1 =1,2,..., which proves the claim.

Claim 4: Different choices for the index k = (k1,k2,...kam_1) produce terms in (6.6
with orthogonal domains.

We will establish this for the case of two factors and will leave the details of the general
case to the reader.
Indeed let

X = eUhkl bk1 (EU;”€2 bkze and Y = (EU}”1 bl1eUh12 blze

and assume that XY™ # 0. Since byl is a normalizing partial isometry there exists a
projection p € A* n A so that by,ee® = pby,. Then,

XY* = eUn,, br,€Uh,,, bkzee*b?‘2 U;flz e*b?‘1 U;fll e
%7k _kpk ok %
= eUh,Cl bk, eUhkzpka by, Uhl2 e by, Uhl1 e".
Since, XY * # 0, Claim 3 implies that k2 = l>. Hence,
p/ = engQpbkzbz2 U9*l2 efeA*n A
is a diagonal projection. Now there exists a projection p” € A* N A so that bg,p" = p"by, .
Hence
* % g%k
XYY" = ebklnglp’Ugllblle
= eUg, p"bi, b, U;‘L1 e*

Another application of Claim 3 implies k1 = l1, as desired.

Claim 4 shows now that | (eB)?" ~e| is at least as large as the norm of each non-zero
term in ([G.6]). This shows now that

[(eB)*" | = [(eB)* ~'e| = |agigs...onUgiga...on |
(6.10) = 27" em+1Ug g5 gml

— 277k,
Note that the multi-index k = (k1,...kam_1) € N2" -1 appearing above is given by

kzm—1 =m
k2m72 = k3,27n72 =m-—1
kom-3 = k3g.om-3 = kg.om—3 = kr.om-—3 =m —2

and so

pr=m+2(m—1)+2°(m—=2) +---+2" P =2"" 2
by an easy inductive argument. Hence pyr < 2™%', m e N. This fact, together with (G10),
implies ([G.5) and leads to the the desired contradiction. Hence A x4 G is semisimple. O

REMARK 6.10. In order to show that the converse of Theorem fails, it
suffices to prove Theorem only in the case where the automorphisms oy map
matrix units to sums of matrix units, as Example clearly indicates. As it turns
out, the proof of Theorem simplifies considerably in that case.

If we specialize the automorphisms or the algebras in the previous result we do
have the converse of Theorem
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COROLLARY 6.11. Let A be a strongly mazximal TAF algebra and G a discrete
abelian group acting on A by quasi-inner isometric automorphisms. A is semisimple
if and only if A x4 G is semisimple.

PROOF. A quasi-inner automorphism acts on a matrix unit e by multiplying e
with some unimodular scalar. By Donsig’s criterion, this fact implies that (A, G, «)
is linking if and only if A is semisimple. O

A strongly maximal TAF algebra A = lim(A,, p,) is said to be a TUHF al-
gebra if each one of the finite dimensional algebras A,, is isomorphic to the upper
triangular matrices Ti, < My, (C), n e N.

THEOREM 6.12. Let (A, G, «) be a dynamical system with A a strongly mazimal
TUHF algebra and G a discrete abelian group. A is semisimple if and only if AxqG
is semisimple.

PRrROOF. Inlight of Theorems[G.2land 6.9 we only need to establish that (A, G, a)
linking implies that A4 is semisimple. This is accomplished by careful bookkeeping
of indices.

Assume that (A, G, a) is a linking dynamical system with A not semisimple.
By Donsig’s criterion there is a matrix unit e € 7, which cannot be linked in A, i.e.,
eAe = {0} Therefore if egn) e are the first and last diagonal matrix units in 7y,
then en )Aeln) {0} or otherwise by multiplying en )Aeln) from the left and right
with approprlate matrix units in 7,, we would get eAe # {0}. Since el .Aeln) {0}
we get el nAe = {0} and so e(") € Rad A because it generates a nilpotent ideal.

Claim 1: There exists an nq1 € N and an index 1 < k£ < n; such that

esﬁl)Ae;nl) = e,(cnl) ("1 = {0}.

By linking there exists a g1 € G such that e Aa(h (e1 n) # {0} which is the

same as el”) Aag, (e\™) # {0}. By inductivity there exists an n; € N such that
esln)'ﬁhagl (egn)) # {0} and «ag, (T) < Tp,. Hence,

ni/n ni/n

Z e("l 7 a(h 2 e("l

nl/n nl/n

Z e("1 ) and ag, (el™) 2 e("1
where 1 = ji1 < -+ < jpym, 1 = j1 < - < jm/n, lh < - <lpym=mn and
h<--<l, m =1 Now

WAl = (0} = el Ael™ = {0},

e Ael” = {0} = ag, (V) Aay, (") = {0} = €A ("1 = {0}.

As well,
e T ag, () # {0} = L < jh .
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Finally, let k = [,. We already have e nl)Ae ™) = {0} and note that
1 ./46 7111/71 {0} €n 1 Aek 1 1 Aell’;nﬂnej;zll/n a {0}

Therefore, the claim is verified.

Claim 2: Suppose p : Tm, — Tm, is a unital regular #-extendable embedding. If
ple™) = 3™ el"™ with ki < -+ < Ky, then ki < (k — 1)na/ny + 1 and
kng/n1 = kng/nl.

This follows from the ordered partition theory of [91] due to the rigid structure
of such embeddings.

Let ni, k be those found in Claim 1. By linking there exists g2 € G such that
egrfﬁangQ (e&"ﬁl ) # {0}. Thus, there exists ny € N such that enll)EQQQQ( ﬁ"l)) #
{0} and

n2/n1 n2/n1
g, ( egnl Z enz) elm) = Z e("2
n2/n1 n2/n1
("1 Z e("2 ) agQ el(cnl)) = Z 659?2)7
i=1

where the indices are again in 1ncreasmg order. Now
) Ael™) = {0} = kpy/m, <11, and
™A™ = (0} = g (el™)Aag, (")) = (0} = Ji, 0 < K-
By eml)’ﬁlz ag, (€3 elmy) ) # {0}, Claim 2 and the above inequalities we have that
kng/ni < Ky, <l < Gy, < k< (k= Dng/my — 1,

which is a contradiction. Therefore, if (A, G, «) is linking then A is semisimple. [

6.2. Crossed products by compact abelian groups

Our previous results on the semimplicity of crossed products by discrete abelian
groups raise the question of what happen in other cases. Here we address the
semisimplicity of crossed products by compact abelian groups. Remarkably the
situation reverses. The key ingredient in our study is non-selfadjoint Takai duality.

We need the following.

LEMMA 6.13. Let A be an operator algebra and let K(H) denote the compact
operators acting on a Hilbert space H. If A® K(H) is semisimple, then A is
semisimple.

PROOF. Let {&;}ie1 be an orthonormal basis for 7 and let e;; be the rank one
operator mapping &; to &;, i,j € I. Assume that A acts on some Hilbert space H'.
Then A ® K(H) is generated as an operator algebra by all elementary tensors of
the form a®e;j € B(H' ®H),ac A, i,j el

By way of contradiction, assume that 0 # x € Rad.A. Fix an iy € I and let
X =2®e, € A® K(H). An easy calculation shows that given A € A ® K(H),
there exists a € A so that

a®eioio = (I®eioio)A(I®eioi0)
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and so

n—1
(AX)" = A@ ® €igio) (I ® €iia) AU ® i) (& D i)
= Az ® €igiy) ((a2)" ' ® €iig)
for all n € N. Hence

lim || (AX)" /" < lim | A(z ® e4qi )|/ limsup | (az)" /"
= limsup | (az)™|Y™ = 0

because x € Rad A. Hence 0 # X € Rad A® (), which is the desired contradic-
tion. g

THEOREM 6.14. Let (A, G, a) be a dynamical system, with G a compact abelian
group. If A x, G is semisimple, then A is semisimple.

PRrROOF. Assume that A x4 G is semisimple. Then Theorem implies that
(A xq G) %45 G is semisimple. By Takai duality, A ® K(L?(G)) is semisimple and
so by Lemma [6.13] A is semisimple, as desired O

Let us see now that the converse of the above theorem is not necessarily true.
Therefore, Theorem [6.2] does not extend beyond discrete abelian groups.

EXAMPLE 6.15. A dynamical system (B, T, (), with B a semisimple operator
algebra, for which B xg T is not semisimple.

We will employ again our previous results and Takai duality. In Example
we saw a linking dynamical system (A, Z, ) for which A is not semisimple. Since
(A,Z,«) is linking, we have by Theorem that the algebra B = A %, Z is
semisimple. Let 8 = &. Then,

BxgT=(AxaZ) xa T ~ AR K((*(Z)),

which is not semismple, by Lemma [6.13]

6.3. More examples of crossed product Dirichlet algebras

In Chapter [l we promised additional examples of crossed products which are
Dirichlet algebras and yet fail to be isometrically isomorphic to any tensor algebra.
We remind the reader that the existence of such algebras was an open problem in
[20] that was only solved recently by Kakariadis [48].

DEFINITION 6.16. Let A = lim(Ay,, pn) be a strongly maximal TAF algebra
and let Ay = lim(Rad A,,, p,) S A. We say that A is fractal-like if Ay = [AF].

The familiar refinement and alternation limit algebras [88] are examples of
fractal-like limit algebras.

THEOREM 6.17. Let A be a strongly mazimal TAF algebra and let ¢ : A — A
be an isometric quasi-inner automorphism. If A is fractal-like, then A Xy Z is a
Dirichlet algebra which is not isometrically isomorphic to the tensor algebra of any
C*-correspondence.
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PROOF. Note that

0
(AxyZ) 0 (Axy Z)* ={ > aU'|cie AnA*, ieZ}.
i=—00
Since v is quasi-inner, An A* is left elementwise invariant by ¢ and so (A x4 Z) N
(A %y Z)* is a commutative C*-algebra.

The conclusion will follow if we verify that an operator algebra B containing
a copy of a fractal-like TAF algebra A = lim(Ay, p,), cannot be isometrically
isomorphic to the tensor algebra of a commutative C*-algebra C.

By way of contradiction, assume that there exists a C-bimodule X so that each
element b € B admits a Fourier series b = ¢ + Z;ozl &, with c € C and & € X7,
j = 1,2,.... Note that if e € A, is any off-diagonal matrix unit then the C-
coefficient in its Fourier series is equal to 0, since such an e is nilpotent of order 2.
Let jo be the smallest positive integer so that e = Z;O: Jo &j, for some off diagonal
matrix unit e. However e can be written as a finite sum of products of the form
e = e1eq, where ey, es € A are off-diagonal matrix units. But the minimality of jg
implies that each product ejes has a Fourier series starting from 2jy, which is a
contradiction. O

It is worthwhile noticing that the above arguments also show that any fractal-
like strongly maximal TAF algebra cannot be isomorphic to the tensor algebra
of a C*-correspondence. This theme has been further explored in [57], where we
characterize all triangular limit algebras that happen to be isometrically isomorphic
to tensor algebras of C*-correspondences.

6.4. Semicrossed products and semisimplicity

It is instructive to see what happens in the semicrossed product case. This
can be taken as further evidence that the crossed product is perhaps a nicer non-
selfadjoint object than the semicrossed product.

Let (A, G, a) be a dynamical system with G a discrete abelian group. Suppose
P is a positive spanning cone of G, that is, P is a unital semigroup such that
P~ P! = {1} and PP~! = G, using multiplicative notation.

Define the (unitary) semicrossed product of the dynamical system
(A, P,a) as

Ax, P =alg{aUs :ae A, s € P}.

This definition is left-right flipped from the usual one and would really be the defi-
nition for the unitary semicrossed product of (A, P~1, ). Another important note
is that by [16, Theorem 3.3.1] this semicrossed product is completely isometrically
isomorphic to the isometric semicrossed product.

There is no version of Theorem as it is no longer true in this context. To
see this we again turn to strongly maximal TAF algebras.

DEFINITION 6.18. Let A be a strongly maximal TAF algebra. The dynamical
system (A, P, «) is said to be linking if for every matrix unit e € A and every t € P
there exists an s € P such that eAag (e) # {0}.

PROPOSITION 6.19. Let (A, P, «) be a dynamical system with P totally ordered.
If for every matriz unit e € A there is an s € P\{1} such that eAas(e) # {0} then
(A, P, ) is linking.
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PROOF. Let e € A be a matrix unit. By hypothesis there exists s; € P\{1} such
that eAdas, (e) # {0}. This is an inductive object, hence there exists fi € A such
that efias, () is a matrix unit. Again by the hypothesis, there exists so € P\{1}
such that

{0} # e1fias, (e1)Aas, (e1fias, (e1)) © erAas,s (e1) # {0}

Repeating this argument implies that there are an infinite number of semigroup
elements s € P such that eAag(e) # {0}. Therefore, for ¢t € P, discrete and totally
ordered imply that there exists s € P such that st is a semigroup element in this
infinite set. Hence, eAag(e) # {0}. O

Note that if A is semisimple then (A, P, «) is not necessarily linking. In par-
ticular, consider the following example.

ExXAMPLE 6.20. Let
A, =COTLB @Ton2@Ton-1 @ Tan2@---@T2EC
and define the embeddings p, : A, — A,11 by

A
Pl(A1)=A1(-B[ ! Al]@A1=A1(-B(Iz®A1)@A1

and for n > 2
2n—1 2n—1
%(@ Ai) = Al@(@ IQ®Ai>®A2n—1-
i=1 i=1

These embeddings are associated with the following Bratteli diagram
1
VAN
1 2 1
/| [N

|
1 2 4 2 1

|
1 2 4 8 4 2 1

Then A = lim A, is a semisimple strongly maximal TAF algebra. However,
consider the following shift-like map ¢ : A — A which takes A,, into A, 1 by

2n—1

¢( @ Ai) =410 (LRA)®I1RA)D(I1®A)®- -

DI ®A_1) DA, DAy 1D D Azp_1.
This is well defined with the p,, embeddings and thus we define

2n—1

1/}71< @Al) =A1@A2®@An®(l4®f4n+l)®
i=1

DIy ® Aon—3) D (11 ® Aap—2) D (I ® Aap_1) ® Agp_1.
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From these definitions we calculate that

2n—1 2n—1

v ov( D A) = pasropn( @ Ai):

i=1 i=1
Thus, v is an isometric automorphism of U;O:l A, and so extends to an isometric
automorphism of A.

Now consider ey 2 € T2 < Ag. It is immediate that el,gAw(k) (e1,2) = {0} for all

k > 1. Therefore, (A,Z*,1)) is not linking even though A is semisimple.

THEOREM 6.21. Let A be a strongly maximal TAF algebra and P a semigroup
that is a positive spanning cone of a discrete abelian group. The dynamical system
(A, P, ) is linking if and only if A x,, P is semisimple.

PROOF. Assume that (A, P,«) is not linking. This means that there exists a
matrix unit e € A and a t € P such that eAag(e) = {0} for all s € P. For every
s € P and a € A we have

(eUsalU,)?* = eUsaU,eUralU,
=eq; (a) Qgt (e) Qg2 (a) Ugzy2
= Qg2 (a) Ugzy2
=0.

In the same way for any s1,...,8, € Pand a1, -+ ,a, € A
n
(eUr Y] a;Us,)? = 0.
i=1

Therefore, eU; € Rad A x, P and so the semicrossed product is not semisimple.

Conversely, suppose that (A, P,«) is linking. This will follow in a similar
manner as the proof of the converse in Theorem One only needs to be careful
at a few points since we are dealing with a semigroup instead of a group.

Assume that A x4 P is not semisimple. Thus, there is a non-zero a € Rad A x,
P. Since we are working in a discrete abelian group we can use the Fourier theory
discussed after Proposition277 In light of this, let G = PP~! and G the Pontryagin
dual of G. The gauge actions {1} Leg Testrict to gauge automorphisms on A X,
P and so ideals in this algebra are left invariant by the gauge actions. Hence,
Rad A x, P is a closed linear space in A x, P < A x, G, which is left invariant
by the gauge action {¢4} 5. Therefore, a;,Us = ®,(a) € Rad A xo P for all s € P
(being careful to note that this ®, was defined differently).

By Proposition 7] there exists sg € P such that AUs, n Rad A x, P # {0}.
This set is inductive and so there exists a matrix unit e € A,, such that eUs, is in
the radical.

Start now with e; = e € A,,. By linking there exists s} € P such that
eAagy s, (e) # {0}. Define s; = sjsop € P. By inductivity there is a by € A,
such that ejas, (bre1) is a matrix unit in A,,. Because A has regular embeddings
and since any isometric automorphism preserves the normalizer there exists e?, e5?
summands of e; such that e]? and s, (e5?) are matrix units in A,,. This allows
that b; can be taken to be a normalizing partial isometry and

€2 = e1as, (bre1) = e2as, (bres?).
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If e]? = ey? = f then notice that f*f = as, (b10F) and ff* = b¥b;. This implies
that
(eUslbl)n = eUslbleUslbl s -eUslbl
= eqy, (breag, (bie- - ag, (b1)))U,
= faSl (blfasl (blf cr gy (bl)))Usnl
is a partial isometry times a unitary and so eUs, Uy by = eUs, by is not quasinilpo-
tent, a contradiction to eUy, being in the radical. Therefore, e]* # e5? which allows

us to choose rg, by, €] and e5? again such that e]? and e5? are distinct summands
of e. We remark for later in the proof that this gives

(6.11) € (e2)* L ef?(ept)*.

Continuing this way, we get a sequence of matrix units {e,,}>X_,, em, € A, ,
a sequence of partial isometries {b,,}>_;, and semigroup elements {s,,}%_;, sy, =
sl siso € P, with

emi1 = emas,, (bmem) = 1" s, (bmey™ ™) # 0

where €;""", e5™*" are summands of e, and
m—1 )
(6.12) smpo=|] sin_i €P.
i=1
By linking s;,, € P is chosen such that e, Aoy g (e) # {0}.
Again we need to consider if e;™"" = ey™*' = f. TFirst, by the recursive

definition of e,,, we have
eUs, B = eUsOOzsalsl (bleoz52 (b262a53 (bg .. .bm)))US/

= aslsg...sm,l (emsm (bm)) USm;
noting that s;'s; = s} € P. Hence,
(eUsOB)" _ (045152.”57)%1 (emasm (bm))Usm)n
= Olgy59...5m_1 (emasm (bmemasm (bm s Qg (bm))))Usnm

= Qls189...8m_1 (fasm (bmfasm (bm te fasm (bm))))USnm

is again the product of a partial isometry and a unitary and so eUs,B is not

quasinilpotent, a contradiction. Therefore, in the same way as before we can choose
Tm+1 Tm+1

Tm+1s Om, €1 and e, such that

(6-13) eqmﬂ(e;m“)* 1 egm“(egmﬂ)*,

Set

[e¢] [e¢]
1 1
(6.14) eUs, B = eUs, (; EUt?bZ) —e (; EUtibi> e Rad A x, P,

where the semigroup elements ¢; will be defined later.
We will show that
2m+1

(6.15) I(eUsy B)?" | = 1/2", meN.
This will imply that the spectral radius of eU,, B is

1 1/2771

m—00
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and so eUs, B is not quasinilpotent, thus contradicting (614)).
To establish this contradiction, fix an m € N and note that (eUs,B)?" can be
written as an infinite sum of the form

& & e
(6.16) > (%Ut,ﬂ bk, ) (2T2Utk2 bi,) - .. (WU%M Dhyrn )
k=(k1,kz,...kom )EN2™
= Z 2 Preay, (bkleatkz (bk2 Seoyy (bk2m)))Utk1 g >

k=(k1 ka,...kym )eN2™

where pj, are suitable exponents.
The following two claims remain unchanged from the proof of Theorem
Claim 1: b;by =0 for i # j.

Claim 2: Different choices for the index k = (k1, k2, . .. k2n) produce terms in (G.I6])
with orthogonal domains.

Claim 3: For any m € N, there is a choice of indices ki, ko, ...kom_1 and group
elements ¢y, - ,thym_, €G = PP~ such that

€m+1 = €Qyy, (bkl eQy,, (ka e Qe (kamfle)))'

This follows by induction. The case m = 2 follows from the definition of es.

Assume that the claim is true for m € N, i.e.,

(6.17) em = €Qy,, (bkleoz,g,C2 (bk2 QL (bkzma,le)))-

-1

Then, for ty,,, , = smtgll Sty K remembering that G is abelian, we have

om—1_

em+1 = ems, (bmem)
= ey, (b;Cl e (bkszl,le))
Qs,, (bmeatk1 (b;Cl Qo (bkwflile)))
= ey, (b;Cl ey (bkwflile

Xy (meO[tkl (bry - - - T (bkwflile) )

which proves the claim.
It is instructive to specify the choice of indices ki, ks, ...kom_1 appearing in
Claim 3. Indeed

k2m—1 =m
k2m72 = k3.27n72 =m-—1
k27n73 = k3.2m73 = k5.27n73 = k7.2m73 =m—2

k1 =ks3=ks=- =k 1=
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We wish to now prove that the t,, are actually in P. To this end, note that by the
recursive formula ¢; = s;v; ! where v; € P. This implies that

—1

_ -1
tm = Smty, - -tk2m7171

. —1y—1 -1 —1
= Sm(skl Uk, ) U (Skszl,lvkyn,lfl)
m—1
—i 1
= Sm Sm—iVm—i
i=1
m—1
_ 4
= 5,50 n v,_; €P
1=1

by [6.12).

Claim 2 shows now that [(eUs, B)?"| is at least as large as the norm of each
non-zero term in (6I6). By Claim 3 and setting kam = m + 1, one of these terms

is 27Pk e, 11U, b1, which is non-zero. Furthermore for this term we have

pr=m+1)+m+2m—1)+2*m—2) +---+2m" L =2m+1 |

by an easy telescoping argument. Hence,

m 1
2 _
I(Uso B)™ | = 1277 ems1Usp i brnsr | = oy -
Using this estimate in (616), we obtain ([@I5]), which is the desired contradiction.
Hence A x,, P is semisimple. O

Corollary [6.17] transfers with no changes in the proof to this semigroup context
and Theorem [6.12] with some changes.

COROLLARY 6.22. Let A be a strongly maximal TAF algebra and P a positive
spanning cone of a discrete abelian group acting on A by quasi-inner isometric
automorphisms. A is semisimple if and only if A x, P is semisimple.

THEOREM 6.23. Let (A, P, «) be a dynamical system with A a strongly mazimal
TUHF algebra and P a positive spanning cone of a discrete abelian group. A is
semisimple if and only if A x4 P is semisimple.

ProOOF. If A x,, P is semisimple then (A, P,«) is linking by Theorem
Using the exact same proof as Theorem we get that A is semisimple.

Conversely, due to the failure of Theorem in the semicrossed product case
we need a different proof. To this end, assume that A is semisimple. Because A
is a TUHF algebra Donsig’s criterion can be strengthened into the fact that for
any two matrix units e, f € A we have eAf # {0}. This is due to the fact that
egtﬂAegZz # {0} which implies that e/ Ael™ # {0} for all n € N such that 7;, = A.
Therefore, for any matrix unit e € A and ¢t € P this gives that eAa(e) # {0} and
so (A, P, «) is linking. O



CHAPTER 7

The Crossed Product as the Tensor Algebra of a
C*-correspondence.

There are three sources of inspiration for the results in this chapter. First
we saw in Definition that given a system (A, G, «) there is a whole family of
crossed products, parametrized by the possible C*-covers of A, which we coined
as relative crossed products. In Corollary we verified that all relative reduced
crossed products coincide. This raises the question if a similar result is valid for the
relative (full) crossed products. Theorem [(77] indicates that this is a very delicate
problem that among other things it also rubs shoulders with the validity of WEP
for certain C*-algebras.

For a second inspiration recall that we have already verified that the identities

C:HV(A Aoy g) = C::nv('A) Aoy g

Nl
(7.1) (A 7, G) ~ T (A) 57 G

are indeed true whenever A ia a Dirichlet algebra and G is an arbitrary discrete
group (Theorems 5.3 and 55 or A is arbitrary but G is abelian (Theorem [B.23]). In
this chapter we continue to investigate the validity of such identities. We will show
that for a very special class of operator algebras and group actions, the validity
of (1)) is intimately connected with an open problem in C*-algebra theory, the
Hao-Ng isomorphism problem, which we will describe shortly.

There is a third source of inspiration for the results of this chapter. In Theo-
rem .12l we proved that the crossed product of a tensor algebra of a C*-correspondence
with a discrete group may fail to be a tensor algebra. And yet we noticed that for
an elliptic Mobius transformation « of the unit disc, the crossed product A(D) x,, Z
of the disc algebra is isomorphic to the semicrossed product C(T) x, Z* and thus
a tensor algebra. It turns out that this fact is not just a curiosity but general-
izes considerably. As we shall see, the crossed product of any tensor algebra by
a generalized gauge automorphism is once again a tensor algebra of some other
C*-correspondence.

7.1. Discrete groups

Let us set up the framework of study for this chapter and describe the Hao-
Ng isomorphism problem. Let (X,C) be a non-degenerate C*- correspondence
over a C*-algebra C and let G be a discrete group. Assume that there is a group
representation o : G — Aut Tx so that as(C) = C and as(X) = X, for all s € G. We
call such an action « a generalized gauge action of G on (X,C). Clearly the action
« restricts to a generalized gauge action « : G — Aut Ty}, which in turn extends
to a generalized gauge action on Ox. Generalized gauge actions, and in particular

63
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the so-called quasi-free actions, have received a great deal of attention in the study
of C*-algebras and their states [37), [38}, (65, [66].

If (X,C), G and « are as above, we define a C*-correspondence (X x”.G,C %", G)
as follows. Identify formal (finite) sums of the form ) .Uy, zs € X, s € G, with
their image in Ox x7, G under T x Ay, where 7 is a faithful representation of Ox on
H. We call the collection of all such sums (X X7 g) 0" This allows a left and right
action on (X X7 Q)O by (C X7 g)o, i.e., finite sums of the form ) c,Us € C x, G,
simply by multiplication. The fact that « is a generalized gauge action guarantees
that

(€% 9)g(X %2, 9),(C %, )y = (X 51,9),.
Equip (X x7, Q)O with the (Cx7, g)o—valued inner product {.,.) defined by (S,T) =
S*T, with S,T € (X x7, Q)O. The completion of (X x7, g)o with respect to the
norm coming from {.,.) becomes a (C x7, G)-correspondence denoted as X x7 G.

THEOREM 7.1 (Hao-Ng Theorem [42] Theorem 2.10]). Let (X,C) be a non-
degenerate C*-correspondence and let o : G — (X, C) be a generalized gauge action
of a discretd] amenable group G. Then Ox %y, G ~ Oxxr g via a x-isomorphism
that maps generators to generators.

The reader familiar with the work of Hao-Ng may have noticed that our nota-
tion in Theorem [T1] differs from that of Hao and Ng in [42] Theorem 2.10]. Indeed
Hao and Ng state their result for a different C*-correspondence, which is denoted
as X x4 G and it is defined below. As it turns out, in the case where G is amenable
the C*-correspondences X X, G and X x/, G are unitarily equivalent and so the
corresponding Cuntz-Pimsner algebras are isomorphic. See Remark [T3] (ii).

The following is a consequence of the Hao-Ng Theorem that demonstrates its
significance for our work.

COROLLARY 7.2. Let (X,C) be a non-degenerate C*-correspondence and let
a: G — (X,C) be a generalized gauge action of a discrete amenable group G. Then

T G T g and Ch (T3 #0 G) ~ Ox 1, G.

PrOOF. The conclusion follows directly from Theorem [7.1] and Theorem B.14]
O

Beyond amenable groups the two notions of a crossed product differ and we
distinguish two cases. For the reduced crossed product, the definition of (X X7,
G,C x" G) has already been given. The situation is not so tame with the full crossed
product. In this case we have (at least) three crossed product C*-correspondences

(i) The C*-correspondence X x, G ([T, 42]). Let (X xq Q)O denote all
formal (finite) sums of the form », .Uy, x5 € X, s € G. This allows a left
and right action on (X X o g)o by (C X o g)o, i.e., finite sums of the form
> ¢sUs, ¢s € C, simply by allowing the obvious multiplication rules or the
ones coming from G-covariance. Equip (X X g) o With the C x4 G-valued
inner product {.,.) defined by

(8,Ty =" a1 ({ws,yst))Ur € C %10 G,

s,t

INote that the Hao-N g theorem holds for arbitrary locally compact groups.
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where S = > x,Us and T = >, 4,U; are both in (X X o g)o. The com-
pletion of (X X o g)o with respect to the inner product {.,.) becomes a
C x4 G-correspondence denoted as X %, G.

(ii) The C*-correspondence X x,G. Identify both (X xag)o and (C X g g)o
with their natural images inside Tx X, G. This allows a left and right
action on (X X o g)o by (C X g)o simply by multiplication. Equip (X X
g)o with the Cx,G-valued inner product {.,.) defined by (S, T) = S*T,
S, T e (X X o g)o, where Cx,G denotes the C*-subalgebra of Tx xo G
generated by (C X Q)O. The completion of (X X g)o with respect to the
inner product {.,.) becomes a Cx,G-correspondence denoted as X x,G.

(iii) The C*-correspondence X x,G. Identify both (X xag)o and (C X g g)o
with their natural images inside Ox x4 G this time. This allows again a
left and right action on (X X g) o by (C X Q)O simply by multiplication.
Equip (X X o g)o with the Cx,G-valued inner product ¢.,.) defined by
(8, T)=8*T, S,T e (X X g)o, where Cx 4G denotes the C*-subalgebra
of Ox %, G generated by (C X g)o. The completion of (X X o g)o with
respect to the inner product {.,.) becomes a C xG-correspondence denoted
as X x,G.

REMARK 7.3. (i) The issue with the above definitions is that the algebras
Cxg G,CxeG and C e might not be isomorphic. It is not even clear that there
is an inclusion C x,, G € Ox X, G, something that would be implied if for instance
Cxq G ~C X, G canonically. Indeed even in the case of the trivial action, such an
inclusion would translate to

C ®mam C*(g) < OX ®maz C*(g)7

an inclusion that hinges on the validity of WEP for C. (See [12] Corollary 3.6.8].)
Nevertheless, as we shall see in Remark[7.8], the correspondences X x,G and X x,G
are unitarily equivalent via an association that sends generators to generators. We
are thankful to the authors of [7] for pointing this out to us.

(ii) In the case where G is amenable, it is not difficult to see that all crossed prod-
uct C*-correspondences associated with the generalized gauge action a : G — (X, C)
are unitarily equivalent. We verify this for the C*-correspondences (X !, G,Cx7%, G)
and (X x4 G,C Xo G). Let (pw,le) be the universal covariant representation of
(X,C). Given formal sums S = Y z,Us and T = ), y:Us, we have

(€5 9o 2(S.T) = (1 d) (Y] oo () U) (7 M) (2 Eow) )
= 2 (Foo (26) " Ton (1)) Ane (5711
—Zf (P(s ye) ) A (s™'t)
~ (70 ) 2 01 (e, ) Us 1)
— (7 x Am(i 01 (e, yst))U2)

s,t

= (T x Ay) (K5, 1)),
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where the last inner product comes from X x, G. Since G is amenable, (T X Ay)
is a faithful representation of C x, G. Hence the above calculation shows that the
mappings

(X %5, @03 Y.t (1)U —— D aUs € (X %4 G)o

(C x5 G2 . Polc)Us — Y. il € (C %o G)o
t t

can be extended to X x7, G and C x', G respectively, so that the pair (W, o)
implements the desired unitary equivalence between (X x7 G,C x% G) and (X X,

guc >th g)

The Hao-Ng isomorphism problem, as popularized in [7, 52, 60, 63], asks
whether given a non-degenerate C*-correspondence (X, C) and a generalized gauge
action of a discrete group G, one has isomorphisms of the form Ox x4 G ~ Oxx, g
or Ox x/, G ~ OXN& - The analysis in this chapter indicates that in addition to
the correspondence X %, G, we should also pay attention to the correspondence
X x,G. As it turns out, a recasting of the Hao-Ng isomorphism problem using the
correspondence X X,G is equivalent to resolving the identity (L)) in that special
case.

For the moment we demonstrate a result of independent interest, a tool for
detecting whether a given operator algebra is completely isometrically isomorphic
to the tensor algebra of some naturally occurring C*- correspondence. We call this
result the Extension Theorem. But first we need a lemma.

LEMMA 7.4. Let Sy, S1,S52,...S, be bounded operators on a Hilbert space ‘H
and let V be the forward shift on I*(N). Then,

n

1Y Skl <)) Sk@ V¥

k=0 k=0
PRrROOF. Consider the character 4, on C*(V') which is obtained by taking quo-
tient on C(T) and then evaluating at 1. This induces a *-homomorphism
id®d; : C*(5) @ C* (V) — C*(5).
The conclusion follows by applying id ® 61 on Y, Sk ® VE. O

In what follows, if S < B(H), then alg(S) will denote the (not necessarily
unital) algebra generated by S, while alg(S) will denote its norm closure.

THEOREM 7.5 (Extension Theorem). Let C < B(H) be a C*-algebra and let
X < B(H) be a closed C-bimodule with X*X < C. If A = alg(X UC) and U denotes
the forward shift acting on 12(Z), then the following are equivalent

(i) A is completely isometrically isomorphic to the tensor algebra 72}1@ via
a map that sends generators to generators.
(ii) The association

Ca3C —CR®I,

(7.2) X358 —SQU

extends to a well-defined, completely contractive multiplicative map on A.

PRrROOF. We will be showing that condition (ii) above is equivalent to
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(iii) The association
C 35C —C ® Ia

(7.3) X35—85QV

extends to a well-defined, completely contractive multiplicative map on
A, where V denotes the forward shift acting on ¢2(N).

In order to establish the equivalence of (ii) and (iii) we need to verify

(7.4) I3 S U = | Y Se@ v,
k=0 k=0
where Sp, S1,...S, ranges over arbitrary elements of B(H).
Assume that U acts on [?(Z), with orthonormal basis {e,}nez, let P, be the
orthogonal projection on the subspace generated by {e,}>_,, and let V = PyUP,.

Clearly,
Ssovi-m[($s00) e |}
k=0 meN k=0

However

H( i Sk@)Uk) |I®Pm H = (i Sk®UkUmU7m) |[®pm H
k=0 k=0

= |T@U™ (Y] Sk@UU™) ligp., H
k=0

= isk@)Uk I@U )|[®pm H

= Z k@U |1®P0
k=0

= 1> Sk V¥
k=0

as desired. An analogous argument establishes the matricial version of (74]), thus
establishing the equivalence of (ii) and (iii).

In order to complete the proof, we need to establish the equivalence of (i) and
(iii).

Let (m,t) be the representation of the C*-correspondence (X,C), with 7(C) =
C®I,CeCandt(X) = SRV, S e X. Itiseasy to see that the presence of the factor
V guarantees that the representation (m,t) admits a gauge action. Furthermore,
(m,t) satisfies (24]) and so by the Gauge-Invariant Uniqueness Theorem (Theo-
rem [27]) it extends to a faithful representation ® of the Toeplitz-Cuntz-Pimsner
algebra Tx. We therefore obtain a completely isometric representation ® of the
tensor algebra T satisfying ®(t5(9)) = S®V, S € X and ®(p,(C)) = CR I,
CelC.

If (i) is valid and ¥ : A — T; is the completely isometric isomorphism that
maps generators to generators, then ® o ¥ is the map that implements ([Z3)). On
the other hand, if (iii) is valid and (Z3)) is implemented by a completely contractive
homomorphism ¥, then (the matricial version of) Lemma [7.4] implies that ¥ is a
complete isometry and ¥~ o ® implements the isomorphism desired in (i) O



68 7. CROSSED PRODUCTS AND TENSOR ALGEBRAS

REMARK 7.6. If in Theorem one makes the assumption that C contains a
contractive approximate unit for X, then the correspondence (X,C) turns out to
be non-degenerate.

We now examine the full crossed product C*-algebras Ox x, G and Tx X, G
and we consider the non-selfadjoint operator algebras 'T; X0y, and 7'; XTy.a G
sitting inside them. Are any of these two algebras the tensor algebra of some C*-
correspondence? What are their C*-envelopes? Are these relative crossed products
isomorphic? The following provides answers to these questions.

THEOREM 7.7. Let (X,C) be a non-degenerate C*-correspondence and let « :
G — (X,C) be the generalized gauge action of a discrete group G. Then

() 75 XoxaG =Ty

+
a.g  ad  CL(TY ®0x.a0) ~Oxs. g

(ii) Tof X750 G :’T;;qag and C’:M(Tg XN Ty g) ~Oxs.¢

PROOF. (i) Let (7o, teo, H) be the universal covariant representation of (Ox, G, «)
and let U be the forward shift acting on (?(Z). Any representation of Oy is the
integrated representation of some covariant representation of (X, C); this applies in
particular to 7w, and so

C 3¢+ () € B(Ho)
X 3z +— 7o () € B(Hoo)

is a covariant representation of (X, C). Hence

Cac— mp(c) ®1 € B(Ho ®@1%(Z))

X 32— 7 (2) QU € B(Ho @ 1%(Z))
is also a covariant representation of (X,C) and therefore integrates to a represen-
tation of Ox denoted as m. Set u(s) = ux(s) ® I, s € G, and notice that the triple

(7, u, Hoo ®12(Z)) is a covariant representation for the system (Ox, G, a). Therefore
it integrates to a completely contractive #-representation

7xu: Ox Xo G —> B(Ho ®I1*(Z)).

Consider now the C*-correspondence X x, G as defined in the beginning of the
chapter, with the understanding that formal (finite) sums of the form )} xz,U, €
(X X o g) o are identified with their images inside Ox x4 G under the map 7y X Ug.
First notice that

(X %0 G)*(X % G)  C5,G.

Furthermore the identities

(wa(cs)uw(s)) I =(mx u)(ZcSUS), cs€C,s€G

and

(wa(xs)uoo(s)) QU = (7 % u)(szUS), zs€X,s€G
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show that the map

C3,G3Y el — (ZCSUS) 1
X565 Y a,Us— (ZxU) QU

extends to a completely contractive map on alg (X XeGuUC %ag). Hence by The-
orem (Extension Theorem) we have that

T);F NOx,a g = Eg(—-XV)A(lag UC;qag) =~ T;;“ag

as desired.

The identification C¥,,
3.7].

(ii) We just repeat the proof of part (i) modified accordingly. Actually here the
proof can be made more elementary as we do not really need to use the forward
shift U € I2(Z). Instead we can use the forward shift V € [?(N). In that case, the
Extension Theorem is just a straightforward application of Theorem 2.4

Indeed let (7o, uan, H) be the universal covariant representation of (Tx, G, )
and let V be the forward shift acting on (?(N). The representation

C3ac— mp(c)®1 € B(Hop ®1%(N))
X 32— 7 (2) @V € B(Ho ®12(N))

(T %0y §) ~ Oy, ¢ follows from [56, Theorem

is also a Toeplitz representation of (X,C) and therefore integrates to a representa-
tion of Tx denoted as w. Set u(s) = ux(s) ® I, s € G, and notice that the triple
(m,u, Hoo ® [?(N)) is a covariant representation for the system (7x,G,«). There-
fore it integrates to a completely contractive #-representation 7 x u : Tx X4 G —
B(Hy ®1?(N)). Using 7 x u we can show as before that the assignment

C3,G3 Y Uy —> (ZCSUS) I
X50G3 Y U, — (ZxU) QV

extends to a completely contractive map on alg (X XxaG Ul %ag). Hence by Theo-
rem (Extension Theorem), we have that
T %7ca G = AB(X 7aG U CH,0) ~ Ty 4
as desired.
The identification C¥,, (T X7x.a G) =~ Oxy, ¢ follows once again from [56,
Theorem 3.7]. O

REMARK 7.8. It turns out that Theorem [T (ii) can be refined even further.
Indeed, in [7, Theorem 3.1] it is shown that Tx x4 G ~ Tx x,, ¢ via a #-isomorphism
that maps generators to generators. This implies that C x G ~ Cx,G canonically
and so the correspondences X x, G and X %,G are unitarily equivalent via an
association that sends generators to generators. Hence one can recast Theorem [7.7]
(ii) as

T; >47—X10¢g :T;xag and Cznv(T)?— ATx o g) = OXNQQ'
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The previous result shows that the problem of deciding whether all relative full
crossed products are isomorphic seems to be a delicate issue. In this particular case,
the presence of an isomorphism between T; X Ty .0 G and T; Xoy,a G is equivalent
to the isomorphism between the tensor algebras T;xag and T;;q g Currently
there are no criteria for verifying an isomorphism between tensor aalgebras. The
standing conjecture is that the obvious sufficient condition, i.e., unitary equiva-
lence of the corresponding correspondences, is also necessary for the existence of
an isomorphism.

In light of Theorem [T.7, we offer the following modified version of the Hao-Ng
isomorphism problem

Hao-Ng Isomorphism Conjecture for full crossed products. Let (X,C) be a
non-degenerate C*-correspondence and let « : G — (X, C) be the generalized gauge
action of a discrete group G. Then

Ox %o §=0xy g =~0xn.0
Note that if (L)) was valid for the relative crossed product Ty xoy.a G, i.e.,
Cznv(T)zr XOX7Q g) = C:nv(T);r) Ao g = OX X gv

then Theorem [[7(i) would imply the first half of the Hao-Ng isomorphism con-
jecture. The other half of the conjecture would follow from a similar argument
involving (LI) for the relative crossed product Ty 7y G, Theorem [[77(ii) and
[7, Theorem 3.1]. However the validity of (ILT]) and its variants is one of the main
problems left open in this monograph. Nevertheless, in the case of a Hilbert bi-
module X or an abelian group G, it turns out that this is the case; see the end of
this chapter for more on this.

One can also formulate an analogue of the Hao-Ng isomorphism conjecture for
Toeplitz algebras. As we explained earlier, the validity of the analogous conjecture

Tx ¥a G~Txs.6~>Txxag

has already been established in [7] Theorem 3.1] .

Now we deal with the reduced crossed product and wonder whether 'T; Xl Gis
a tensor algebra, provided that « is a generalized gauge action of G. Unfortunately
the strategy of the proof of Theorem [[7] does not work here as it is not clear
whether the representation m x w appearing in the proof can be modified to give
a representation of the reduced crossed product Ox %7, G. Instead we adopt a
different approach.

THEOREM 7.9. Let (X,C) be a non-degenerate C*-correspondence and let « :
G — (X,C) be a generalized gauge action of a discrete group G. Then
T; N; g = T;x;g'
Therefore,
Cjnv(T)?_ N; g) = OXN; G-
Furthermore, Tx x{, G ~ Txur g-
ProOOF. Because of Corollary [3.16] all relative reduced crossed products coin-

cide and so we have flexibility in choosing which manifestation of 7,/ % G to work
with. We choose the “natural” one 7—; xfrxﬂ GgcTx %}, G.
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Notice that the C*-algebra Tx contains a unitarily equivalent copy of the C*-
correspondence (X, C) and for the rest of the proof we envision (X,C) as a subset
of Tx. Similarly the C*-algebra Tx %% G contains a (unitarily equivalent) copy of
(X %7 G,C x" G). Indeed Tx %", G contalns naturally a faithful copy of C %I, G
and so the map

Ox %, G2 (X %L, G)o Qngug »—»ngug €eTx x., G
g g

extends to a unitary equivalence of C*-correspondences that embeds (X %% G,C x7,
G) inside Tx %% G.
Let p: Tx — B(H) be some faithful #-representation and let V' be the forward
shift acting on (?(N). The map
C3ac— p(c)®I e B(H®I*N))
X 31— p(z) ®V € B(H®I*(N))
is a Toeplitz representation of (X,C) that admits a gauge action and and satisfies
the requirements of Theorem 2.4l Therefore it establishes a faithful representation
7: Tx — B(H®*(N)).
Now view the regular representation T x Aygy2(n) as a representation of the
C*-correspondence (X x% G,C %" G). Since

( xgg)ancgug — (ﬁx/\)(chug)
g g
—ZZ plag, cq))®I®ehq 1}
(X xgg)o Qngug — ngug
g

—ZZ ah g ®V®ehq71h,

(ep,q denotes the rank-one isometry on ZQ(Q) that maps & on &, p,q € G) the
above extends to an isometric representation of (X x7, G,C x%, G) that admits a
gauge action (because of the middle factor V') and satisfies the requirements of
Theorem 2.4l Hence its integrated form is a canonical faithful representation of the
Toeplitz-Cuntz-Pimsner algebra Tx = g- In other words, if (o0, top) is the universal
Toeplitz representation of (X 7, G,C %7 G), then there exists *-isomorphism

0: C* (T, tp) —> T X /\(’TX N g)
satisfying

ga(woo(chug)) = (T x /\)(chug), for all chug € (€=, 9),

g g

and
SD(too(Zivgug)> = (T % )\)(ngug), for all Z:Cgug e (X« G),

Since 7 is faithful, 7 x X is a faithful representation of Tx x” G and so (& x A\) oy
establishes a #-isomorphism from C*(7e,te) =~ Txur g onto Tx xf, G that maps
T)}Lxgg onto Ty " G in a canonical way. Hence T3 x%, G ~ T)}Lxgg
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Finally the isomorphism Cf, (7y %%, G) ~ Ox - g follows from [56, Theorem

env

3.7], which implies the identification C} (T - g) =~ Oxxur g. O

Let us import yet another result from the C*-algebra theory and use it to our
advantage.

COROLLARY 7.10. Let (X,C) be a non-degenerate C*-correspondence and let
a: G — AutOx be a generalized gauge action of a discrete and exact group G.
Then

Clny (T %0, G) ~ Ox [, G.
PRrROOF. This follows directly from [7, Theorem 5.5 (i)]. O

7.2. The general case of a locally compact group.

In Section[Z.IJ]we focused our attention on discrete groups for two reasons. First,
the prerequisites for understanding our theory are not as many as in the general
case of a locally compact group. If someone is just interested in using the crossed
product in order to obtain new examples of tensor algebras, then this chapter gives
an easy access. One can actually read all previous results in Chapter [7] with only
minimal understanding of the previous chapters. On the other hand, one of the
major open problems in this area, the Hao-Ng isomorphism problem, is open even
for discrete groups with all its difficulties present even in that special case.

Nevertheless, with the exception of Corollary[7.10] all previous results in Chap-
ter [l hold for arbitrary locally compact groups. In what follows we demonstrate
how to obtain one such result, Theorem [[7] in the generality of a locally compact
group.

We start by defining the correspondence (X x,G,CxG). Let (X,C) be a
non-degenerate C*-correspondence and let (pg,to) be the universal covariant rep-
resentation of (X,C), acting on some Hilbert space Ho,. Let Cxo G be the com-
pletion of C, (g, Poo (C)) C Ox ¥4 G and similarly let X %, G be the completion of

Ce(G,F0(X)) € Ox x4 G.
LEMMA 7.11. IfCxo G and X %, G are as above, then
(1) (X200 G)*(Xx0G) SCx0G
(il) (C%aG)(X %0 G)(CxaG) S XX, G.
PROOF. If 2,y € t5(X) and z,w € C.(G), then

(z@2)*(w®y))(s) = JA(T_l)Z(Tfl)ar(x*)w(T_lS)ar(y)du(T)

— [ A6 T @yl s)dutr)
However,
z¥y € (EOO(X))*(EOO(X)) < p(C)
and so
(@) (wey)e Cc(g, ﬁoo(c)) S Cxag.

Since elementary tensors are dense in X x,, G, this proves (i).
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For (i), let ¢ € 7o (C), @ € £ (X) and 2, w € C.(G). Then,
(@) (w@))(s) = f z(r)ea, (w(r~ts)z)du(r)
= [t s)ar o7 @) dutr)

However G acts by gauge automorphisms and so
at(e)x € 7 (C)ln(X) < foo(ch(C)X) S on(X).

Hence (Cx4 G)(X %0 G) € X%, G and similarly (X x4 G)(Cx0G) € X%y G. This
establishes (ii). O

Allow C%4 G to act on the left and right of X %, G simply by multiplication.
Then Lemma [Z.11] shows that X %, G equipped with that action and the Cx, G-
valued inner product {-,-) defined by (S,T) = S*T, S,T € X %G, becomes a
C*-correspondence over Cxq G.

LEMMA 7.12. Let (X,C) be a non-degenerate C*-correspondence and let (X x4 G,Cx4 G)
be as above. Then

alg(X %6 G,Cx0 G) =Ty %0yx.a 6.

PROOF. Let z € Co(G) and a € Ty . Ifa = ¢+ Y7 | x, with ¢ € p(C) and
xn € H(X®"), n e N, then we have

[ee]
(7.5) z®a=z®c+2z®xn.

n=1

Since elementary tensors are dense in C.(G, Ty ), it suffices by (T5) to prove that

z@xegg(X%ag,CQag)

for any 2 € C.(G) and z € £(X®"), n e N.

We will show this by induction. The case n = 1 is obvious. Assume that
the result is true for all k < n — 1. Let z = 2’y € {(X®") with 2/ € {(X) and
yet(Xen—1),

Claim: Tf {w; };e1 are as in Lemma B8] then
QT = lin]tll (w; @) (2 ®y).
1€
Indeed, let i : Ox — M(Ox x4 G) be as in [102] Proposition 2.34]. Then,

(7.6) (wi ®2') (2 ®y) = i(2')(ws ®T)(2 ®Y)).

However, by Lemma B35 the net {w; ® I};er is a contractive approximate identity.
Hence by taking limits in (Z.6]) we obtain

lim (w; ®2) (2 ®@y) = i(2')(:®@y) = 2@2'y = 2@
1€
as desired.

The claim and the inductive hypothesis show now that
QT e?g(X?dag,C;Mg)

and the proof of the lemma is complete. O
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THEOREM 7.13. Let (X,C) be a non-degenerate C*-correspondence and let o :
G — (X,C) be the generalized gauge action of a locally compact group G. Then

T)? Mox,a ¥ > T;%ag and C:nv(,r)? HOx,a g) = OX;«OLQ

PROOF. If (5, L) is the universal covariant representation of (X, C), then the
representation

po(C) 3¢ —> c® I € B(Ho @ 1*(Z))
tw(X) 32— 2@U € B(Ho ® £*(2)),

is also covariant, where U denotes the forward shift on £2(Z). Therefore it integrates
to a =-representation 7 : Ox — Ox ® C(T). Clearly 7 is equivariant with respect
to the dynamical systems (Ox, G, a) and ((’)X ®C(T), G, « ®id). Therefore, [102]
Corollary 2.48] implies the existence of a *-homomorphism

wxid: Ox xo G — (OX®C(T)) Xa®id 9

satisfying 7 x id(f)(s) = 7(f(s)), s € G, for all f € C.(G,Ox). By [102] Corollary
2.75] there exists a #-isomorphism

¢ (Ox ®C(T)) %agia § — (Ox %o G) ® C(T)

which carries z® (a ®d) — (2 ® a) ®d, with a € Ox, d € C(T) and z € C.(G).
Hence, the completely contractive mapping ¢ o (7 x id) implements the assignment

Ce(G,5(C) 22@c— (@)1
Cc(g,foo(X)) 22z+— (2®¢c)®U.

This implies that the requirements of the Extension Theorem are satisfied for the
C o G-bimodule X %, G. Hence

a_lg(X;qagvcgqag) =~ T;;ﬂag-

The conclusion follows now from Lemma O

A similar approach works for (X %,G,C, x4G). This C*-correspondence is built
with the aid of the universal Toeplitz representation (ps,tsw). We define Cx,G to
be the completion of C., (g, poo(C)) C Tx %o G and similarly we let X x,G to be
the completion of C; (G, 1 (X)) S Tx %a G. By repeating our previous arguments,
we obtain the other half of Theorem [Z.7] i.e.,

T; ATx,a g~ T;iag and Cj;nv (T; ATy, g) = OX%(,CQ

As we mentioned in Remark[7.8] the C*-correspondences (X %,G,C%,G) and (X x,,
G,C x4 G) are unitarily equivalent via a canonical map. However it is not clear to us
whether or not (X %4 G,Cx, G) and the C*- correspondence (X x4 G,C, x4 G), as
defined in [7), pg. 1082], are unitarily equivalent. This issue is resolved affirmatively
by the Hao-Ng Theorem in the case where G is amenable. In what follows we verify
this in another important case by offering a resolution to the Hao-Ng isomorphism
problem in that case as well.
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7.3. Hilbert C*-bimodules

A C*-correspondence (X,C,px) is said to be a Hilbert C-bimodule, if there
exists a right C-valued inner product [-, -] which satisfies

ox([§&,)n =€y, forallE (,neX.

There are many useful characterizations of Hilbert bimodules. For instance, by [61],
Proposition 5.18 (iii)] (X,C, ¢x) is a Hilbert C-bimodule iff the restriction of ¢x
on Jx maps onto K(X).

The following settles the Hao-Ng conjecture for Hilbert bimodules.

THEOREM 7.14. Let (X,C) be a non-degenerate Hilbert bimodule and let o :
G — (X,C) be the generalized gauge action of a locally compact group G. Then

Ox g gloxgag :OXXOLQ'

Proor. Kakariadis has proven [48] Theorem 2.2] that a C*-correspondence
(X,C) is a Hilbert bimodule iff the tensor algebra Ty is Dirichlet. Therefore we
can apply Theorem and Theorem to show that

OX Ao g = C:nv(T);r) Ha g = Cjnv(T);r Noxﬂl g) = OX;aag

as desired. It remains to verify that OX% G = Oxx,g- Let ® be the conditional
expectation appearing in (2.6)). Since (X,C) is a Hilbert bimodule, ® projects
onto C [61l Proposition 5.18 (i)]. Furthermore ® commutes with «. Hence the
requirements of [13] Section [ID, Proposition| or [46] are satisfied and so C x, G ~
C x4 G via a map that sends generators to generators. This completes the proof. [J

It is instructive to recast Theorem [T.I4] in the language of Abadie [IJ.

COROLLARY 7.15. Let (8,7) be a covariant action of a locally compact group
G on a Hilbert C-bimodule X . If o is the strongly continuous action of G on C x X
induced by (B,7), then (C x X) xq G ~ (Cx5G) x (X x,G).

Abadie’s [I] “covariant pair” and its “induced strongly continuous action” con-
stitute the same framework of study as the ”generalized gauge action of a locally
compact group” of this monograph. What Abadie defines as C x X is isomorphic
to the Cuntz-Pimsner algebra Ox and so the above corollary is indeed a recasting
of Theorem [.T4

Corollary [[.T5 was obtained by Abadie as Proposition 4.5 but only in the case
where G is amenable. It is a technical result with a rather long proof. Hao and Ng
[42] considered Abadie’s result as a motivating force for their theory. They gave
a very short proof of it [42] Corollary 2.12] as an application of their theory, but
again, only in the case where G is amenable. It is quite pleasing to see that our
“non-selfadjoint” approach removes the requirement of G being amenable from all
previous considerations.

In [42], Hao and Ng give a second application of their theorem, this time
involving the generalized gauge action of an abelian group G. Actually using the
results of this monograph, we can give an alternative proof of the Hao-Ng Theorem
for the case where G is abelian. Indeed combining Theorem and [56, Theorem
3.7] we obtain

OX Ao g = C:nv(T;) Mo g = Cjnv(T)_('_ Mo g)
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However the amenability of G and Theorem imply
CZHV(T);F Ha g) = C;k]ﬂv(,]-);r HOx,a g) = OX;aag = Oang

as desired. It is worth mentioning that even the case G = T of the Hao-Ng Theorem
is being used in current research.



CHAPTER 8

Concluding Remarks and Open Problems

We close the monograph with a brief discussion of various open problems that
have appeared throughout and we consider them important for the further devel-
opment of the theory.

PROBLEM 1. If (A, G, «) is a dynamical system, then verify the identity
CZTL’U(A Ao g) = CZTL’U(A) Ao g

Without any doubt this is the most important problem left open in the mono-
graph. At the end of the previous chapter we indicated that a positive resolution
of Problem [I and its relative crossed product variants will also imply a positive
resolution of the Hao-Ng isomorphism problem. We have verified Problem [l in the
case where G is a locally compact abelian group (Theorem B.23) and in the case
where A is Dirichlet (Theorem [B.3).

PROBLEM 2. Give an example of a dynamical system (A,G,«) and two «-
admissible C*-covers (Cj, j;) for A, j = 1,2, so that

Axe a9 % AXe, 0 G

Theorem BI4 shows that for such a (counter)example, G will have to be non-
amenable. This problem also relates to the various crossed product C*-correspondences
appearing in Chapter [[ and our recasting of the Hao-Ng isomorphism problem.

PROBLEM 3. Let (X,C) be a non-degenerate C*-correspondence and let o :
G — (X,C) be the generalized gauge action of a locally compact group. Is Tyl x4 G
the tensor algebra of some C*-correspondence?

In Chapter [7 we did not deal with the full crossed product ’T; Xo G as it
is not relevant to the Hao-Ng isomorphism problem. Nevertheless it is important
to know the answer. Note that this problem too is open only for non-amenable
groups. If Problem 2 has a negative answer, i.e., all relative full crossed products
are isomorphic, then Theorem will imply a positive answer for this problem.

PROBLEM 4. If A is semisimple does it follow that A x4 R is also semisimple?
What about the converse?

This problem is motivated by Theorems and [6.14] which treat the cases
where G is either discrete and abelian or compact and abelian respectively. What
about other groups? It would also be interesting to have a characterization of

semisimplicity for algebras of the form A x, G where A is a strongly maximal TAF
algebra and G = T or R.

PROBLEM 5. Characterize the diagonal for either A xo G or A %!, G.

7
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Of course the “right” answer is that the diagonal of A x, G is (A N A*) x,, G,
while the diagonal of A x7, G is (A N A*) x% G. Theorem [5.11] verifies that in the
case where G is a discrete amenable group. Also algebras of the form A x, G or
A x" G that happen to be tensor algebras for some correspondence (X,C) have
diagonal equal to C. So we can characterize the diagonal of the crossed products
appearing in Chapter [[l We know nothing beyond these two cases.

PROBLEM 6. When are two algebras of the form A(D) x, Z isomorphic as
algebras?

Of course there is nothing special about the disc algebra A(D) but this seems
to be the simplest case of the isomorphism problem for non-selfadjoint crossed
products and yet we know very little even in that special case. Note that if « is an
elliptic Mobius automorphism of the disc, then A(D) x4 Z ~ C(T) X, Z" and so
the theory of Davidson and Katsoulis [18] applies.

PROBLEM 7. Give complete isomorphism invariants for algebras of the form
A Xo Z, where A is a strongly mazimal TAF algebra and o an isometric automor-
phism.

The TAF algebras have been classified up to isometric isomorphism through
the use of the the fundamental groupoid. (See [88] and the references therein.) We
wonder whether one can develop an analogous theory for crossed products of such
algebras. There is nothing special for G = Z; a broader theory would be welcome
as well.
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Note added in proof. In a recent paper [53] the first named author has resolved
Problem [ for all discrete amenable groups by verifying the identity C* (Ax" G) ~
C¥ ,(A) xT G, for any discrete group G. This has also consequences for the Hao-
Ng isomorphism problem. On the other hand, Harris and Kim in [43] present
counterexamples which show that the identity of Problem [I] may fail for discrete
groups which are not amenable. In the same paper, Harris and Kim also answer
Problem

In [58], the authors of the present paper continue their investigation on Takai
duality and its applications. In particular, they show that any semicrossed prod-
uct of an operator algebra by an abelian ordered group is stably isomorphic to a
non-selfadjoint crossed product. This leads to more examples of non-semisimple
operator algebras which give semisimple crossed products. In [58] it is also shown
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that Problem [4] has a negative answer. In the same paper, the authors partly re-
solve Problem [§] by characterizing the diagonal of A x, G in the case where G is a
compact abelian group.

In [59] the authors of the present paper continue the investigation of the Hao-
Ng isomorphism problem and its connections with non-selfadjoint crossed products.
Among others, they provide a positive answer to Problem Bl In earlier versions of
this monograph it was claimed that the validity of (L)) for crossed products of
tensor algebras by gauge automorphisms is equivalent to the positive resolution of
the Hao-Ng isomorphism problem. Even though in this monograph it is established
that (II) and its variants imply the Hao-Ng isomorphism, the converse requires
more work. The case of hyperrigid C*-correspondences is treated in [59].
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