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ON NORM ALMOST PERIODIC MEASURES

TIMO SPINDELER AND NICOLAE STRUNGARU

ABSTRACT. In this paper, we study norm almost periodic measures on locally compact
Abelian groups. First, we show that the norm almost periodicity of p is equivalent to the
equi-Bohr almost periodicity of u % g for all g in a fixed family of functions. Then, we
show that, for absolutely continuous measures, norm almost periodicity is equivalent to the
Stepanov almost periodicity of the Radon—Nikodym density.

1. INTRODUCTION

The discovery of quasicrystals in Nature [30] emphasised the need for a better understand-
ing of physical diffraction, especially for systems with pure point spectrum. Over the last
two decades, tremendous amount of work has been done in this direction, and the connec-
tion between pure point diffraction and almost periodicity has become clear (see for example
[, 4L [8l 14] 151 16, 17, 18] 211, B1, B2], 87, 39] to name a few).

Given a translation bounded measure w, its diffraction is defined as the Fourier transform
7~ of the autocorrelation measure v [12] (see the monographs [1], 2] [13] for general background
of mathematical diffraction theory). We say that w is pure point diffractive if the diffraction
measure 7 is a pure point measure, and this is equivalent to the strong almost periodicity of
the autocorrelation measure v [3], [10, 2I]. For measures with Meyer set support, this is also
equivalent to the (simpler to check) norm almost periodicity of v [0, [37]. This makes strong
and norm almost periodicity interesting for us.

While strong almost periodicity seems to be the natural concept to study due to the
direct connection with pure point diffraction, norm almost periodicity appeared in a natural
way in the study of measures coming from cut and project schemes [37], and diffraction
of measures with Meyer set support [38]. Because of this, a better understanding of norm
almost periodicity becomes important. It is known that norm almost periodicity is a stronger
concept than strong almost periodicity [5], and that for measures with Meyer set support the
two concepts are equivalent [5, B7]. This suggests that there is a deeper connection between
these two concepts, a connection which has not been investigated, yet. It is our goal in this
paper to look closer at the relation between these two forms of almost periodicity.

Recall that a translation bounded measure p is called strongly almost periodic if, for each
compactly supported continuous function f, the convolution p * f is a Bohr almost periodic
function. In Theorem A7 we prove that a translation bounded measure p is norm almost
periodic if and only if the set {u * f | f continuous, ||f|lcc < 1, supp(f) C U}, where U is
a fixed but arbitrary precompact open set, is equi-Bohr almost periodic (meaning that, for

2010 Mathematics Subject Classification. 43A05, 43A25, 52C23.
Key words and phrases. Almost periodic measures, Lebesgue decomposition.
1


http://arxiv.org/abs/1810.09490v2

2 TIMO SPINDELER AND NICOLAE STRUNGARU

each € > 0, the set of common e-almost periods of the entire family is relatively dense). To
achieve this characterisation, we provide in Corollary B.21and Proposition B.3lnew formulas for
le|l. We want to emphasise here that, while in the literature this norm is typically defined
using a compact set K with non-empty interior, our choice of working with precompact open
sets leads to simpler and more useful formulas (see Corollary and Proposition [3.3]), and
therefore it is, in our opinion, more useful. Moreover, any two precompact sets X,Y with
non-empty interior define equivalent norms || - [[x and || - ||y, respectively, and therefore the
choice of a compact set K with non-empty interior or a precompact open set U is irrelevant
for the concept of norm almost periodicity.

The second goal of the paper is to study the norm almost periodicity of absolutely continu-
ous measures. We show that, given an absolutely continuous measure p with density function
f e L%OC(G), the measure p is norm almost periodic if and only if f is a Stepanov almost
periodic function. We also prove that if the density function is uniformly continuous and
bounded, then norm almost periodicity of u is also equivalent to the Bohr almost periodicity
of f and to the strong almost periodicity of u.

The paper is structured as follows. In Section [B] we provide in Corollary 3.2 Proposition [3.3]
and Corollary B.7] various estimates for the norm of a measure. We also prove that the
spaces of translation bounded pure point measures, translation bounded absolutely continuous
measures and translation bounded singularly continuous measures, respectively, are Banach
spaces with respect to this norm. We complete this section by showing that these spaces are
not closed with respect to the product topology.

In Section [ we study the connection between norm and strong almost periodicity we
mentioned above. We prove one of the main results of the paper in the following Theorem.

Theorem [A.7. Let p € M*>(G), let U C G be an open precompact set, and let F C Fyr be
dense in (Fu, || - ||oo). Then, p is norm almost periodic if and only if Gr:=={uxg | g € F}
s equi-Bohr almost periodic.

In particular, p is norm almost periodic if and only if the family G := {ux*xg | g € Fu} is
equi-Bohr almost periodic.

Here and below, for a precompact open set U, the set Fy is defined as

Fu =19 € Cc(G) | gl < 1v} = {g € Cc(G) | supp(g) C U, [lglloc <1}

After that we provide examples of measures u € SAP(G) for which pipp, ftac and/or pg. are
not strongly almost periodic, see Section [Bl This is interesting, since norm almost periodicity
carries throughout the Lebesgue decomposition by Corollary [3.15]

In Section [l we take a closer look at norm almost periodic measures of spectral purity.
Of special interest to us are norm almost periodic absolutely continuous measures. Here we
prove the second main result in the paper.

Theorem An absolutely continuous translation bounded measure p = f0Og is norm
almost periodic if and only if its density function f € L} (G) is L'-Stepanov almost periodic.

loc
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The mapping f — fOg is a norm preserving isomorphism between the Banach spaces

(S| M) and (NAPwe(G), || - lv), where
S:={feLl,.(G)| f is L'-Stepanov almost periodic} .

loc

We complete the paper by looking at some consequences of these results for the diffraction
of measures with Meyer set support.

2. PRELIMINARIES

Throughout the paper, G denotes a second countable, locally compact (Hausdorff) Abelian
group. The metric on G can be chosen such that it is translation invariant and all the balls
are precompact [34], and we assume that this holds. The associated Haar measure is denoted
by | - | or b¢.

We use the familiar symbols C.(G) and Cy(G) for the spaces of compactly supported
continuous and bounded uniformly continuous functions, respectively, which map from G to
C. For any function g on G, the functions T;g and ¢ are defined by

(Lg)(@) = glx—1) and g (z) == g(—a).

A measure p on G is a linear functional on C.(G) such that, for every compact subset
K C @G, there is a constant ax > 0 with

11(9)] < ax ||glloo

for all g € C.(G) with supp(g) C K. Here, ||g|/cc denotes the supremum norm of g. By the
Riesz Representation theorem [23, 24] 28], this definition is equivalent to the classical measure
theory concept of regular Radon measure.

For a measure p on G, we define Ty and pf by

(Top)(g) = u(T_rg) and  p'(g) = p(g").

Given a measure u, there exists a positive measure |u| such that, for all f € C.(G) with
f =0, we have [22]
|ul (f) = sup{lu(9)] | g € Ce(G), lgl < [}
The measure || is called the total variation of .

Recall that a measure p on G is called translation bounded if sup;cq |u|(t + K) < o0
holds for every compact subset K C G. The space of all translation bounded measures on
G is denoted by M>(G). We will denote by M (G), M2 (G) and M (G) the spaces of
translation bounded pure point, translation bounded absolutely continuous and translation
bounded singular continuous measures, respectively.

Now, as mentioned in the Introduction, there are different notions of almost periodicity.

Definition 2.1. A function f € Cy(G) is called strongly almost periodic if the closure of
{T:f | t € G} is compact in the Banach space (Cy(G), || - ||oo)- The spaces of strongly almost
periodic functions on G is denoted by SAP(G).
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Remark 2.2. Note that a function f € Cy(G) is strongly almost periodic if and only if it is
Bohr almost periodic, i.e. for each € > 0, the set

{teGIITif — fllso <}
is relatively dense [2, Prop. 4.3.2]. &

Definition [2.1] carries over to measures.

Definition 2.3. A measure p is called strongly almost periodic if, for all f € C.(G), the
function f x p is a strongly almost periodic function. We will denote by SAP(G) the space of
all strongly almost periodic measures.

Later, we will compare this notion of almost periodicity with the following stronger version.

Definition 2.4. Let K C G be a compact subset with non-empty interior. A measure
€ M(G) is called norm almost periodic if, for all € > 0, the set

PE(u) = {t € G | lu - Tuptlx < e}

is relatively dense in (G. The space of norm almost periodic measures will be denote by
NAP(G). Here, for a translation bounded measure v € M*(G), its K-norm (see [5, [37] for
more details and properties of this) is defined as

V|| x = sup |v| (z + K).
zeG

Last but not least, we need to define the convolution of two measures.

Definition 2.5. Let p and v be two measures on G. We say that p and v are convolvable
whenever their convolution

(s v)(f) = /G /G f(@ + ) dp(z) dv(y)
exists for all f € C.(G).

Definition 2.6. A sequence (A, )nen of precompact open subsets of G is called a van Hove
sequence if, for each compact set K C GG, we have

K
A

lim

n—oo |A,|
where the K-boundary 9% A of an open set A is defined as
A= (ATK\A)U((G\A) - K)n4A).
Note that every o-compact locally compact Abelian group G admits van Hove sequences
[29].
At the end of this section, let us review the standard notions of convergence for measures
which we will use below.

Definition 2.7. Let (u,)nen be a sequence of measures on G, and let u € M(G). Then, the
sequence (L, )neN converges to p

e in the vague topology if lim,_, u,(f) = u(f) for all f € C.(G);
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e in the norm topology if lim, _, ||ttn, — it||x = 0 for some (fixed) non-empty and
compact set K C G which is the closure of its interior;
e in the product topology if lim,,_, ||(ttn — 1) * gllec = 0 for all g € C.(G).

These types of convergence are denoted by fin — i, fin = iy fin —> fi.
3. ON THE NORM OF MEASURES

In this section, we give various estimates on the norm ||u|| of a measure. Let us start with
the following lemma.

Lemma 3.1. Let U be an open precompact set, and let ;v a measure on G. Then,

[ul (U) = sup{|u(g)| | g € Cc(G), |g| < 1u}-

Proof. >: First, for any such g, we have
()l < [pl(lgl) < lpl (Lv) = [p] (U).

<: Let € > 0 by arbitrary. By the inner regularity of |u|, there exists a compact set K C U
such that

€
|1l (U) < [pl (K) + 3 -
Next, we can find some f € C.(G) such that 1x < f < 1y, and hence

ul (U) < |pl(f) +

N ™

Now, since f > 0, we have

|l (f) = sup{|u(g)| | g € Ce(G), |9l < f}-
Therefore, there exists a function g € C¢(G) such that |g| < f and

1l (F) < 9| + 5.
Thus, one has
1(g)| > |ul (F) = 5 = Il (U) =<,
and |g| < f < 1y. Since € > 0 was arbitrary, this proves the claim. O

As we will often deal with functions of this type, we will use the following notation:

Fu =19 € Ce(@Q) | 9] <1} = {g € Ce(G) | supp(g) C U, [lglloc <1}

As a consequence we get the following simple result, which will be important in our study of
norm almost periodicity.

Corollary 3.2. Let U C G be an open and precompact subset. Then, for all p € M*>(G),
we have

lullo = sup sup |u(Tig)| = sup  |u(Tig)| = sup sup|u(Tig)|.
teG geFy (t,g)EGX]:U gEFu teG

Proof. The first equality follows from Lemma 3.1l The second and third equality follow from
standard properties of the supremum. O
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We next show that each measure p induces an operator 7}, on the space of continuous
functions supported inside —U, and that |||/ is just the operator norm ||7},||. This enables
us to give alternate formulas for ||u||y. For simplicity, we write

C(G:U) :={f € C(G) | supp(f) CU}.
Proposition 3.3. Let u € M*>(G), and let U be an open precompact set. Define the operator
T, by
Ty : (C(G:=U) [ Mloo) = (Cu(G) - llos);,  frir o £
Then, one has
1Tl = lalle -

In particular, this gives

[ullo = sup{llp flloo | f € C(G: =U), [|flloc =1}
= sup{[lp = flloo | f € C(G: =U), [[flloo <1}

:sup{% fec(@: U, f£0)

=Inf{C | [l fllo <Cflloc forall f € C(G: =U)}.

Proof. First note that g +— g’ defines an isometric isomorphism between C(G : —U) and
C(G :U). It follows immediately from Corollary B.2] that

|ullv = sup sup|u(Trg)| = sup sup|u(Tigh)| = sup sup|(u+g)(t)| = sup ||+ gl
geFy teG geF_y teG geF_y teG geF_u

This yields

lullv = sup [lp* glloo - (3.1)
geF_u

Now, since 1 € M>(G), we have ux g € Cy(G) for all g € Cc(G) [10, 2I]. Therefore, T}, is
well defined, and it is easy to see that T, is linear.
Next, we have

F_v=1{9 € C(G) | supp(g) € U, [lgllec <1} ={g € C(G: =U) | llglloo < 1}.

Hence, F_g; is the unit ball in the normed space (C(G : =U), || ||oc). Therefore, by Eq. (81]),
we get

[ello = sup{[|T.(F)lleo | f € C(G: =U), [[flloc <1} = ||Thll-
Finally, the last claim follows from standard equivalent definitions of the operator norm on
normed spaces. 0

As an immediate consequence, we obtain the next result.

Corollary 3.4. Let U be an open precompact set, and let F C F_g be dense in (F_y, || ||co)-
Then, one has

lullo = sup{llp * fllo | f € F}
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Proof. With the notation of Proposition [3.3] since F is dense in (F_y, ||| ) and (F_u, || |loo)
is the unit ball in (C(G : =U), || - ||eo), We get:

lullo = 1Tl = ;ggl!Tu(f)ll =sup{||p* flloo | f € F}. O

We next provide a similar estimate for the norm for compact sets, via approximations from
above. Let us start with a preliminary lemma.

Lemma 3.5. Let p be a positive measure, and let B be a precompact Borel set. Then, we
have

u(B) =inf{u(f) | f € C(@), f = 1B}

Proof. On the one hand, we have

u(B) = pu(lg) < p(f)
for all f € Cc(G) with f > 1p, since f € C.(G) and f > 1p imply f > 15. Hence, we obtain

u(B) < inf{u(f) | f € Ce(G), f > 15}
On the other hand, we have

w(B) = inf{u(U) | BCU, U open} = inf{u(1y) | B C U, U open}

> inf{u(f) | BCU, U open, f € C(G), Iy = f > 15}
> f{u(f) | f€ClG), f> 15},
Therefore, the claim follows. O

Consequently, we get the following estimates.

Corollary 3.6. Let i be a positive measure, and let K C G be a compact set. Then, we have

p(K) = inf{u(f) | f € C(G), f > 1k}
The next corollary is an immediate consequence.

Corollary 3.7. Let  be a measure on G, and let K C G be a compact set. Then, we have

=sup inf Tif).
Iraivs sup  inf |l (T f)

f2lk

In particular, if i is positive, then we have

= su inf T f).
Il el i sup  inf) (i f)

f21lk

Proof. This follows from Corollary because

K = sup t+ K)=sup inf f)=sup inf 1 f). O
Il = suplpl (44 ) =sup in |l () =supinf |l (1)
2l f21lk
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Remark 3.8. When working with precompact open sets, the formula of Corollary in-
volves two suprema, which can be interchanged. In contrast, the supremum and infimum in
Corollary B.7 cannot be interchanged. Because of this, it is much easier to work with open
precompact sets when estimating |||/ than with compact sets, and this is why we make this
choice below. <&

Let us emphasise that our choice of open precompact sets does not matter when working
with the norm topology. The following result is proved in [5] for compact sets and the same
proof works for precompact sets.

Lemma 3.9. Let A, B be precompact sets with non-empty interior. Then || - ||a and || - ||B
are equivalent norms on M (G).

Proof. Tt is obvious that || - ||4 defines a semi-norm, and since it has non-empty interior it is
a norm.

Now, since A and B are precompact and have non-empty interior, each set can be covered
by finitely many translates of the other. Let N be the number of translates needed for both
coverings. Then, it is straightforward to see that

1
—. < - <N -a. O
Sl <l s < N -

We complete the section by looking at the completion of various spaces of translation
bounded measures with respect to norm and product topologies. First, let us recall the
following result.

Theorem 3.10. [27] Let K C G be any compact set with non-empty interior. Then, the pair
(M>(G),]| - k) is a Banach space.

Now, Lemma [3:9] and Theorem B.10] imply the next corollary.

Corollary 3.11. Let U C G be any open precompact set. Then, (M>(G),||-||v) is a Banach
space.

We next show that the spaces of translation bounded measures of spectral purity are closed
in (M>(G), |||lr) and hence Banach spaces. Let us start with the following result.

Lemma 3.12. For all o € {pp, ac, sc} and all p € M>(G) we have
ltally < llullo < lluppllo + lpacllo + [lselle -
Proof. We follow the idea of [38, Cor. 8.4]. By [11, Thm. 14.22], we have

|l = lpppl + [ac] + lpsel -
The claim follows immediately from this. O
The following statements are immediate consequences of Lemma
Corollary 3.13. One has
M>Z(G) = M5 (G) © M3 (G) @ MT(G).
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Corollary 3.14. Let p, i, € M>(G), for all n € N. Then, lim,, o0 ||t — pin|lv = 0 if and
only if
li_>m | (b= pn), llu =0 for all o € {pp, ac, sc}.

Corollary 3.15. Let i € NAP(G). Then fipp, fac, fisc € NAP(G).

We can now prove the following result.

Proposition 3.16. The spaces M5 (G), MR(G) and M3 (G) are closed in (M*(G), ||-||lv)-
In particular, (Mp(G), || - lv), (MGG), [| - [lo) and (MZZ(G), || - [lv) are Banach spaces.

Proof. Let o € {pp, ac,sc}, and let (i, )nen be a sequence in MS°(G). Assuming that p,, — p
in M (G), we need to show that p € M (G).

Now, if 3 € {pp, ac,sc} and 8 # «, we have (uy,)5 = 0. Therefore, by Corollary B.14, we get
llpslly = 0 and hence pug = 0. As pg = 0 for all 8 # «, § € {pp, ac,sc}, we get p € MX(G),
as claimed. ([l

We complete this section by showing that the spaces of pure point, absolutely continuous
and singular continuous measures, respectively, are not closed in the product topology. To
do so, we first provide a simple lemma which simplifies some of our computations below.

Lemma 3.17. Let pi,, 1 € M™(G), for all n € N, such that p, — p. If v has compact
support, we have
L ¥V 5 (¥ V.

Proof. Let g € C.(G). Since v has compact support, we have f := gxv € Cc(G). As p,, — p
in the product topology and f € C.(G), we get

im ||y * f — p* flle = 0.
n—oo
Therefore, we have

lim ||(n *v) g — (n*v)*glloc =0.

n— oo

As g € C.(G) is arbitrary, the claim follows. d

Now, we look at some examples.
Example 3.18. Let u, = %Ezzl Sk, for all n € N. Then, p, = Ajp,1-

Proof. Let f € C.(G). Each such f is uniformly continuous. Fix ¢ > 0. Then, there is N € N
such that

|(f * Aljo,a)) (@) = (f * pn) (2 |—'/f33— dy——Zf

fx— dy — Z/ x—— dy

i

dy

Z/
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n k
<Z/€lsdy:€
k=1" "%

holds independently of x, for all n > N, due to the uniform continuity of f. Therefore, for
all n > N, we have

1S Mjo,1) = f * pinlloc < - O

Example 3.19. Let v be any singular continuous measure of compact support. Then, with p,,
as in Example BI8], the measures pu,, v are singular continuous, and the sequence (p, *v)nen
converges in the product topology to the absolutely continuous measure v * A 1.

Proof. It is easy to see that u, * v is a finite sum of singular continuous measures, which is
again singular continuous.
Next, v * Aljg,1] is an absolutely continuous measure because

(v Aljo.y)(6) = /R /R oz + 1) 1o.(z) dA(z) du(y)

= / / (;5(1') 1[071] (a: — y) dA(‘T) dy(y)

= [ [ toate =) dvty) 6(0) ax)

—/ ) é(z) dA(z),
R

where h(z) := (191) * v)(z).
Finally, by Lemma B.I7] the sequence (pu,, * v),en converges in the product topology to
UV * A[O,l}' &

Example 3.20. Consider the following measures on R?:

1 n
k=1

Then, exactly as in Example B.I8 it can be shown that (u,)nen converges in the product
topology to the singular continuous measure

= /01 f(x,0) dzx

for all f € C.(R?). &

Example 3.21. Let (f,)o be an approximate identity for (Cy(G),|| - ||oo). Then, the net
(ta) o, With pg = fo 0, converges in the product topology to dg.

Proof. Since po * f = fox f and dp* f = f for all f € C(G), the claim follows from [9, Thm.
1.2.19(b)]. o

Example 3.22. Let v be any singular continuous measure of compact support. Then, with
fo as in Example [3:2]] the measures p, * v are absolutely continuous, and (4 * ), converges
in the product topology to the singular continuous measure v.
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Proof. Tt is obvious that p, * v are absolutely continuous, and by Lemma 317, we have
liglua*yzéo*yzy
in the product topology. <&
Next, we provide a slight generalisation of Example [3.21]

Lemma 3.23. Let (un)nen be a sequence of probability measures such that, for each ¢ > 0,
there exists some N € N such that, for all n > N, we have supp(uy,) C B:(0). Then, we have
lim u, = dg

n—oo
in the product topology.
Proof. First note that every second countable locally compact Abelian group is metrisable.
Let f € C.(G) be arbitrary, and fix € > 0. Since f is uniformly continuous, there exists some
0 > 0 such that, for all z,y € G with d(z,y) < 0, we have |f(z) — f(y)| < €. By the condition

on the support, there exists some N € N such that, for all n > N, we have supp(u,) C Bs(0).
Then, since each pu, is a probability measure, for all n > N and all x € G, we have

(i £)() — (B0 * 1) ()| = /G f(& — ) dunly) — f(2)

/f(w—y) dun(y)—/f(iv) dun(y)'
G G
< /G @ =) - £(@)] dn(y)
- / @ —y) — F@)] duny)
B;(0)

where we used supp(u,) € Bs(0) in the last step. Now, since y € B;(0), we get d(y,0) < ¢
and hence, since the metric is translation invariant, d(z—y,y) < . By the uniform continuity
of f, this gives |f(x —y) — f(z)| < € and thus

(i * ) (@) — (00 * f)(2)| <€
for all x € G and n > N, which implies the claim. O

Remark 3.24. (i) In Lemmal[3:23] the condition that each p, is a probability measure
can be weakened to p,(G) = 1 and there exists some C' > 0 such that |u,| (G) < C,
for all n € N.

(ii) Let G be an arbitrary LCAG, which is not necessarily metrisable, and let (1q)q
be a net of probability measures such that, for each open set 0 € V C G, there
exists some [ such that, for all a > S, we have supp(uy) € V. Then, exactly as
in the proof of Lemma [B:23] it can be shown that (), converges in the product
topology to dg.

O

Now, we provide two examples of singular continuous measures which converge to pure
point measures.
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Example 3.25. For all n € N, let p1,, be the normalised line integral over the circle 22 + 7% =
# in R?, that is

() 1 /OQ”f(cos(t)7sin(t)) it

T on n n
Then, every p, is a singular continuous measure, and by Lemma [3:23] the sequence (fiy,)nen
converges in the product topology to dp. <&

Example 3.26. Let i be any singular continuous probability measure on R supported inside
[0,1]. Define p,, for all n € N, by

in(f) = /R f(nz) dp(z).

Then, each pu, is a singular continuous probability measures supported inside [0, %], and
therefore, by Lemma [B:23] (14, )nen converges in the product topology to dg. &

4. STRONG VERSUS NORM ALMOST PERIODICITY

The purpose of this section is to show that norm almost periodicity is a uniform version of
strong almost periodicity.
Recall that, for a measure u, we can define

P () :={t € G || Topr — pllv < e}
Similarly, for a f € Cy(G), we can define
P(f) =t €GIITf - fllo <€}

Remark 4.1. (i) Sometimes the set of e-almost periods is defined with strict inequal-
ity. It is easy to see that the notion of almost periodicity is independent of the
choice of < or <.

(ii) Usually, the norm | - ||k and norm almost periodicity are defined using compact
sets K. Working with open precompact sets makes our computations below much
simpler.

O

Let us start with the following lemma.

Lemma 4.2. Let U C G be an open precompact set, and let F C Fy be any set which is
dense in (Fu,|| - |luv). Then, we have

PY(u)={t€G | |Ti(u+g") —pxg'loc <e forallge F} = () P(u*g").
geF
In particular

PU(p)={te G| |Ti(p*g") —prglle <e foralge Fu}= () Peuxg').
g€Fu
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Proof. Let
B.i={te G || Tuxg) —pxglle <= forall g F},

C. = ﬂ P.(uxgh).

geF

The equality PY(u) = B. is an immediate consequence of Corollary [3.4] because

|Tp—pllo = sup [(Tep — p)(Teg)l =  sup  |p(Te-rg) — 1(T2g)|
(z,9)EGXF (x,9)EGXF
= swp |(Ti(p e g") (@) — (x9N (@)
(z,9)EGXF

= supsup | (Ti(p* g")) () — (u* g")(@)| = sup | Te(p * g") — % g7 oo -
geF xeG geF

Therefore, we have
tePl(n) < |Tip—plv <e
= sup [T g —nxglle <e
= |Ti(pxg") —pxgllleo <e forallgeFy
<— t € B..
The equality B. = C. follows immediately from the definition of P.(u * g'). O

Remark 4.3. If U is symmetric, i.e. —U = U, we can replace g' by g. Since we are
interested in norm almost periodicity, which by Lemma [3.9] does not depend on the choice of
U, one can assume without loss of generality that U = —U, to make the computations below
slightly simpler. Since this assumption doesn’t simplify the formulas too much, and in future
applications one may need to work without this extra assumption, we don’t assume below
that U is symmetric. &

Next, we show that to check that a measure is strongly almost periodic, it suffices to use
Fu as the set of test functions.

Proposition 4.4. Let up € M*>(G). Then, p € SAP(G) if and only if u* g € SAP(G) for
all g € Fy.

Proof. By definition, the given property is necessary for u to be a strongly almost periodic
measure. It is also sufficient. If f € C.(G) it is easy to show that there exist elements
1y em €C ty, ...ty € Gand g1, ...,9m € Fy such that

j=1

Indeed, since supp(f) is finite, we can find a finite open cover supp(f) C UL, (~t;+U). By a
standard partition of unity argument, we can find hq, .., h;, € Cc(G) such that Z;nzl hj(x) =1
for all z € supp(f). Then ¢; = || fhj|l and g; = éf (T—;hy) for all j such that c; # 0 gives
Eq. (#I). The claim is now obvious. g
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We now introduce the concept of equi-Bohr almost periodicity.

Definition 4.5. Let G C SAP(G) be any family of functions. We say that G is equi-Bohr
almost periodic if, for each € > 0, the set

P.(G)={te G| |Tif — fllo <e forall feg}

is relatively dense.

Remark 4.6. It is easy to see that P(G) = ;< FP:(f) &

We can now prove the main result in this section.

Theorem 4.7. Let u € M>®(G), let U C G be an open precompact set, and let F C Fy be
dense in (Fu, || - ||oo). Then, p is norm almost periodic if and only if Gr:={uxg | g € F}
is equi-Bohr almost periodic.

In particular, p is norm almost periodic if and only if the family G := {ux*xg | g € Fu} is
equi-Bohr almost periodic.

Proof. This is an immediate consequence of Lemma Indeed, we have

Ps(g]:): ﬂPe(,u*g):Pa_U(,u). 0
geF

Remark 4.8. By combining Proposition [£.4] and Theorem [£7] the following are true for a
measure 1 € M®(G).
(i) The measure p is strongly almost periodic iff, for all ¢ > 0, the set P.(u * g) is
relatively dense in G for all g € Fy.
(ii) The measure p is norm almost periodic iff, for all € > 0, the set (|, ¢ 7, Pe(p*g) is
relatively dense in G.

&

We next use the results from this section to give simpler proofs for [38, Prop. 6.2] and [16],
Prop. 5.6].

Proposition 4.9. [38, Prop. 6.2] Let u be a norm almost periodic measure and v a finite
measure. Then, u* v is norm almost periodic.

Proof. Let € > 0. Since p is norm almost periodic, there is a relatively dense set S such that
Ifspn—T(f *p)]oo < m for all t € S and f € Fy. Hence, for all f € Fyy we have

[f* (xv) =Tef * (u*v)lleo = |(f * p— Te(f * ) * vl

— sup /(fw—mfw))(:c—y) v (y)
zeG G
<§1€18/G|(f*u—1’t(f*u))(fc—y)| dv|(y)

S xp=T(f * w)lloe VI(G) <.

Consequently, p * v is norm almost periodic. O
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Next, we give an alternate proof for the following result.

Proposition 4.10. [16] Let p,v € M>®(G), and let A = (An)nen be a van Hove sequence
such that u ® 4 v existdl. If p is norm almost periodic, then u ® 4 v is norm almost periodic.

Proof. By [29, Lem. 1.1], there is a constant ¢ > 0 such that, for all g € Fy, we have
[(w@av = Ti(p®av)) * glloo

ésuplimsupﬁ/f‘n|(u*g—Tt(u*g))(x—t)‘ d|v|(t)

rz€G n—oo

v|(A,
<lrg =Tt )l sup {24 | e )

<cllp—Tiplloo -
Now, this and Corollary imply

lp@av—Ty(u®av)|v = sup sup |(p®av—Ti(p@sv))(Teg)|
geFy seG

= sup sup ((,u ®av—Ti(p®a V)) * QT)(S)‘
geFy seG

<clp=Tipllos s
which finishes the proof. O

We next look at the completeness of NAP(G).

Proposition 4.11. NAP(G) is closed in (M*>(G),| - |lv). In particular, (NAP(G), || - lv)
is complete.

Proof. Let (pn)nen be a sequence in NAP(G), and let € M>®(G) be such that p, — p

in || - |ly. Let € > 0. Then, there exists some n € N such that || — p,lly < §. Since

pin € NAP(G) the set P := {t € G | ||un — pllv < 5} is relatively dense. Moreover, for all
t € P we have

| Tepe — pllo = | Tep — Tipnllo + | Teptn — pnllo + |pn — pllo

e € €
R O
<3—|-3+3 €

However, note that N AP(G) is not a Banach space because it is not closed under addition.
Since the intersection of two closed subsets of a topological space is also closed, we get the
following consequence.

Corollary 4.12. For each o € {pp,ac, sc} the set
NAPL(G) := NAP(G) N MX(G)
is closed in (M>®(Q), |- |v)-

1Recall that y®.4 v is defined as the vague limit of {‘A—ln‘ ula, *va, }, if the limit exists. Given a van Hove

sequence, the limit always exists along a subsequence [16].
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5. STRONG ALMOST PERIODICITY AND LEBESGUE DECOMPOSITION

Recall that, by Corollary B.I5] given a measure p € NAP(G) we have pipp, flac, fse €
NAP(G). In this section, we show that the same does not hold for strong almost peri-
odic measures. First, we will prove the following lemma, which will be our main tool for
constructing examples.

Lemma 5.1. Let py, 1 be measures on R supported inside [0,1], for all n € N, such that
tn = . Define

o
E 523+2J+lz * -

Then, w € SAP(R).

Proof. Let f € C.(R), and let £ > 0. Let M € N be such that supp(f) C [-M, M]. Since the
sequence (u;);jen converges in the product topology to 1, there exists some N € N such that,

for all j > N, we have
€

s« f =t Flloo < g (5.1)
In particular, for all j,m > N, we have
€
; — lm o < =——. 5.2
I = sim * Fllo < 52— 52)

Next, we show that every element of 2V 17 is an e-almost period for w * f.
Define

WN =Y Syt * -
j=1
Then, wy is 2VT1Z periodic. Therefore, to show that 2VT1Z are e-almost periods for w * f,
it suffices to show that 2V*1Z are e-almost periods for (w — wy) * f. Now,

Ww—WwWN = U + Z 52j+(2j+lz) * M] .
j=N+1

Next, if we define

W = Hug(n)> ifnez \ {0}7
" 1, if n =0,

where vy(n) is the 2-adic valuation of n, we can write

w—WwN = E OoN+1.4, *

nez
Then, for all k£ € Z, we have
(w—wN) *f—T2N+1,k ((w wN Z(SgNH *wn*f T2N+1 k <Z 52N+1 *wn*f>
neL nez

_252N+1 (wn * f —wp_g*x f)

nel
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Now, by Egs. (51)) and (5.2)), we have

g
Hwn*f_wn—k*fuoo <

2M +1°
Using the fact that supp(f) C [-M, M|, we immediately get

[(w—wn)*f—Ton g (w—wn)* f) oo <€

This completes the proof. O

Now, Examples BI8 B.2T] B.22] B.25] and Example B.26] yield the following example of
strongly almost periodic measures for which the components of the Lebesgue decomposition

are not strongly almost periodic.
00 —1
= Ao, +Z<52J+ 2it1z) * (= 5))
Jj=1 0

Then, p € SAP(R). &

Example 5.2. Let

S| =
= <.
Il

<

Example 5.3. Let v be a singular continuous measure supported inside [0, 1]. Define

1
:/0 fQ2x) d(v* Ap))(z),
1 n
:/ f(2x)d(u*(%z5£))(l’)
0 k=1 "

Then, (fn)nen is a sequence of singular continuous measures supported inside [0, 1] which, by
Example B.2T] converge in the product topology to the absolutely continuous measure p. As
supp(u) C [0,1], it follows that

W=+ Z 09i 4(2i+17) * Hj € SAP(R).

=1

Example 5.4. For all n € N, let
fu(®) :=max{n —n?|z[,0} and p, = fo A

Then, it is trivial to see that (f,)nen i an approximate identity for the convolution on R.
Therefore, by Example 3.2I we have

o
n = 50 + Z 52j+(2j+lz) * /L] S SAP(R) .
j=1
This is a measure with non trivial pure point and absolutely continuous components, and
trivial singular continuous component. Since pp, = g, neither pp, note piac is strongly
almost periodic. O
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Example 5.5. Let v be a singular continuous measure supported inside [0, 1], and let f,, be
as in Example 5.4l Define

1
u(f) : = /0 £(22) du(),
1
in(f) : = /0 f(22) d(v * f,)(x).

Then, (un)nen is a sequence of absolutely continuous measures supported inside [0, 1] which,
by Example B.22], converges in the product topology to the singular continuous measure v.
As supp(v) C [0, 3] C [0,1], it follows that

W=+ Z 52j+(2j+1z) * ;€ S.A'P(R) .
j=1

<&

Example 5.6. Let i be any singular continuous probability measure on R supported inside
[0,1]. Define p,, by

inlf) = /R f(nz) du(z),

for all n € N. Then, u, is a singular continuous probability measure supported inside [0, %],
and by Example [3.20]

w = (5() + Z (52j+(2j+1z) * ,U,] c SAP(R) .
7=1
<&

Example 5.7. Let u be the measure from Example and w be the measure from Exam-
ple 5.3l Define

V=t w.
Then v € SAP(G) but it follows from Examples [5.2] [5.3] that neither v, nor vg are strongly
almost periodic. Moreover, v, has compact support, and hence it is not strongly almost
periodic either. &

6. NORM ALMOST PERIODIC MEASURES OF SPECTRAL PURITY
Here, we briefly look at each of the sets NAP,,(G), NAP,.(G) and NAP(G).

6.1. On absolutely continuous norm almost periodic measures. First, we give a char-
acterisation of norm almost periodicity for absolutely continuous measures in terms of L!-
Stepanov almost periodicity.

Let us first recall that a function f € L%OC(R) is called Stepanov almost periodic if, for
each € > 0, the set

z+1
{tER‘sup/ lf(s)— f(s—1)] dsga}
zeR Jzx

is relatively dense. It is well known that working over intervals of arbitrary length does not
change the class of Stepanov almost periodic functions [6].
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Let us first extend this definition to arbitrary locally compact Abelian groups.

Definition 6.1. Let G be a LCAG, and let U C G be any non-empty precompact open set.
A function f € L} _(G) is called L'-Stepanov almost periodic (with respect to U) if, for
each € > 0, the set

{tEG‘sug‘U’/ f(s—=1t)| ds < }

is relatively dense.

Remark 6.2. Each non-empty precompact open set U defines a norm || - || on the space
BLL(G) = L}, (G) N M™(G) via
Il = sup [ 150 as.
c U]

An immediate computation shows that BLL (G) = {f € LL_(G) | ||fllv < oo}. Moreover,
any L'-Stepanov almost periodic function belongs to BL{. (G), see [33].

It is easy to see that different precompact open sets define equivalent norms, and that a
function f € BLIIOC(G) is L'-Stepanov almost periodic if and only if, for each € > 0, the set

{teGlIf -Tifllv <e}

is relatively dense.
Also, we will see below that the norm |[|f||y we defined here is just the measure norm

1 Ocllu-

For more details on Stepanov almost periodic functions on LCAG see [33]. &
Lemma 6.3. [7, Sec. 13.16.3] Let f € L} (G) be arbitrary. Then, one has
[f0c| =[] bc-

In particular, we obtain

|f Ocllu = sup /+U |£(s)| ds.

zeG

The following is an immediate consequence of Proposition B.16]

Lemma 6.4. The mapping f — fOq is an homomorphism between (BL} (G),|| - |lv) and
(M2(G), || - ). Moreover, one has

1f Ocllv = U] Ifllv -
In particular, (BL}, (G),| - |v) is a Banach space.
As an immediate consequence, we get the following result.

Theorem 6.5. An absolutely continuous translation bounded measure p = f0g is norm
almost periodic if and only if its density function f € Lloc(G) is L'-Stepanov almost periodic.

The mapping f — [l is an isomorphism between the Banach spaces (S,| - ||u) and
(NAP .(G), || - llv), where

S:={f €L, (G)| fis L*-Stepanov almost periodic} .
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Proof. First, let us note that S is a vector space by [33].
It is easy to see that the above mapping is linear and onto, and therefore NAP,.(G) is a
vector space, which is complete by Corollary £T121 The rest of the claims are now obvious. [

Finally, for measures with uniformly continuous and bounded Radon—Nikodym density, we
get the following simple characterisation.

Proposition 6.6. Let f € C,(G), and let p := fOg. Then, the following statements are
equivalent:
(i) p is norm almost periodic,
(ii) p s strongly almost periodic,
(iii) f is Bohr almost periodic,
(iv) f is Stepanov almost periodic.

Proof. (i) <= (iv): This is Theorem
(ii) <= (iii): This follows from [21], Prop. 4.10.5 (i)].
(i) <= (iii): This follows from [37, Prop. 5.4.6]. O

6.2. Pure point norm almost periodic measures. The pure point norm almost periodic
measures are well understood due to the following characterisation.

Theorem 6.7. [37, 38|

(i) Let p be a pure point norm almost periodic measure. Then, there exists a CPS
(G,H, L) and a continuous function h € Cy(H) such that

= Z h(z*) 6, =: wp, .
(z,z*)e L
(ii) Let (G,R% L) be a CPS and h € S(RY). Then, wy is a norm almost periodic
measure.

This allows us to construct many examples of such measures.

6.3. Singular continuous norm almost periodic measures. Unfortunately, we don’t
have a good understanding of norm almost periodic singular continuous measures.

It is easy to construct examples of such measures. Indeed, pick any pure point norm almost
periodic measure w, which can be constructed by the method of Theorem Let v be any
finite singular continuous measure. Then w*v is a singular continuous measure which is norm
almost periodic by Proposition

If w is positive and has dense support, which can easily be assured, and v is positive, then
w * v has dense support.

One another hand, picking w = dz and v a singular continuous measure with Cantor set
support, then w * v does not have dense support.

Recall that if the sets of norm almost periods of u are locally finite, for € small enough,
then they are model sets in the same CPS. While this seems to be the case for many norm
almost periodic singular continuous measures, it is not always true. Indeed, dz7 ® A is norm
almost periodic and singular continuous, but the sets of almost periods contain Z x R.
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7. DIFFRACTION OF MEASURES WITH MEYER SET SUPPORT

In this section, we look at the consequences of the previous sections for the diffraction of
measures with Meyer set support. For an overview of cut and project schemes and Meyer
sets, and their properties, we recommend the monographs [1I, 2] as well as [15} 19} 20, 25| 20,
351 136, 37, 38].

Let us start by recalling the following result.

Theorem 7.1. [38] Let u be any Fourier transformable measure supported inside a Meyer
set. Then, each of (1t)pp, (1) ac, (1) sc 1 a norm almost periodic measure.

As a consequence, we can state the next corollary.

Corollary 7.2. Let v be any Fourier transformable measure supported inside a Meyer set.
(i) There exists some CPS (G, H, L) and some h € Cy(H) such that

(1)pp = wr, -
(ii) There exists an L'-Stepanov almost periodic function f such that
(l/z)ac =f 9@-

Remark 7.3. It follows from [38] that there exists a CPS (G, H,£) and some function
h € Cy(H) such that

f=wrxfi and ([1)sc = wp *V
where f is the Radon—Nikodym density of the absolutely continuous part (@i)ac, f1 € Ll(é)
and v is a finite singular continuous measure. O

Remark 7.4. Each of the examples of compatible random substitutions in one dimension
covered in [3] is a Meyer set with mixed pure point and absolutely continuous spectrum.

It follows from the general theory that there exists some CPS (]ﬁ, H,L), some h € Cy(H)
and an L'-Stepanov almost periodic function f such that

Fy=wn + fA.
—~

~—
pp  ac
Explicit formulas for both parts are provided in [3]. &
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