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THE ISOMORPHISM PROBLEM FOR SOME
UNIVERSAL OPERATOR ALGEBRAS

KENNETH R. DAVIDSON, CHRISTOPHER RAMSEY, AND ORR MOSHE SHALIT

ABSTRACT. This paper addresses the isomorphism problem for the universal
(nonself-adjoint) operator algebras generated by a row contraction subject to
homogeneous polynomial relations. We find that two such algebras are iso-
metrically isomorphic if and only if the defining polynomial relations are the
same up to a unitary change of variables, and that this happens if and only if
the associated subproduct systems are isomorphic. The proof makes use of the
complex analytic structure of the character space, together with some recent
results on subproduct systems. Restricting attention to commutative operator
algebras defined by a radical ideal of relations yields strong resemblances with
classical algebraic geometry. These commutative operator algebras turn out to
be algebras of analytic functions on algebraic varieties. We prove a projective
Nullstellensatz connecting closed ideals and their zero sets. Under some tech-
nical assumptions, we find that two such algebras are isomorphic as algebras
if and only if they are similar, and we obtain a clear geometrical picture of
when this happens. This result is obtained with tools from algebraic geometry,
reproducing kernel Hilbert spaces, and some new complex-geometric rigidity
results of independent interest. The C*-envelopes of these algebras are also
determined. The Banach-algebraic and the algebraic classification results are
shown to hold for the woT-closures of these algebras as well.

1. INTRODUCTION

A fundamental problem is: given polynomials p1,...,pr in Clz1,..., 24, find all
solutions to the system of equations

(1.1) pi(z1,...,2q) =0 , i=1,...,k.

When the indeterminates x; are understood to be complex numbers, the solution
set is a complex variety, and this is the starting point of complex algebraic ge-
ometry. This problem makes sense in operator theory, where the indeterminants
are bounded linear operators on Hilbert space. We consider both the case of ar-
bitrary operators and polynomials in d non-commuting variables, and the case of
d commuting operators and polynomials in commuting variables. The issue we
study is the isomorphism problem for the universal (nonself-adjoint) operator al-
gebra determined by the solutions. In some sense, we are attempting to develop
non-commutative complex algebraic geometry in this context. Ideas from classical
algebraic geometry are an important influence on our development.
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Let us first consider the case in which there are no relations. In the setting of
multi-variable operator theory, (II)) has a universal solution if one adds a reason-
able norm constraint. The algebra that arises is Popescu’s non-commutative disk
algebra [31I]. In the abelian case (the relations z;x; — xjz; = 0 for 1 <4 < j < d),
one obtains Arveson’s algebra [5] of multipliers on symmetric Fock space; and this
is realized as a continuous multipliers on a reproducing kernel Hilbert space of
functions.

When one imposes a family of (non-commutative) relations, the universal algebra
is realized as a quotient of the non-commutative disk algebra. This can be con-
sidered as an abstract operator algebra in the sense of Blecher, Ruan and Sinclair
[11]. However, it has been shown to have an explicit faithful representation on a
subspace of Fock space associated to the ideal of relations. In the abelian case, the
algebra is a quotient of the algebra of continuous multipliers on symmetric Fock
space; and it has a rather explicit faithful representation as an algebra of multipliers
on a reproducing kernel Hilbert space determined by the zero set of the relations.

Let E be a finite dimensional Hilbert space and fix an orthonormal basis ey, . .., eq
for E. Let L = (Ly,...,Lq) be the d-shift on the free Fock space F(E) :=
Bn>0E®", defined by

Lieo, @ - Req, =€ Qe€q, @ Regq, , t=1...,d.

By the Bunce-Frazho-Popescu Dilation Theorem [12), 23], [30], every pure row con-
traction T = (T4,...,Ty) is the compression of L(>) (a direct sum of infinitely
many copies of L) to a coinvariant subspace. In fact, the normed closed algebra
Aq = Alg{I,Ly,..., Ly} is the universal operator algebra generated by a row con-
traction [31]. That is, for every row contraction T' = (T4, ..., Ty), there is a unital,
completely contractive, surjective homomorphism ¢ : 2; — alg{I, T4, ..., Ty} send-
ing L; to T;. So L can be considered as the universal (row contractive) solution to
(1) when there are no relations.

The existence of a universal solution for no relations allows us to exhibit a natural
construction of a universal solution to (LI]) when p1,...,pr generate a nontrivial
ideal T (in the algebra C(zq,...,z4) of polynomials in d non-commuting variables
with complex coefficients). Let I be the norm closed ideal in 2y generated by the
set {p(L) : p € I}. Then the quotient A; := 24/I is the universal operator alge-
bra generated by a row contraction subject to relations (I.I]), and the images of
Lq,..., Ly constitute a universal solution. Several researchers noticed over the years
that A; can be naturally identified with the compression of 2; to the coinvariant
subspace Fr := F(E) © [[F(E)] (see, in increasing order of generality, [5} 9] [38],
and [18} [32]). The d-tuple LY = (Li,..., L) obtained by compressing L to F is
a universal solution of ([II]), and every pure row contraction that satisfies (IT]) is a
compression of L’ to a coinvariant subspace. The variety of (row contractive) solu-
tions of (I.J]) is in one-to-one correspondence with the unital completely contractive
representations of Aj.

A different, yet closely related, route which leads to these operator algebras is
via subproduct systems. A benefit of this route is that it is “coordinate free”. A
subproduct system is a family X = {X (n)},en of Hilbert spaces satisfying

X(m+n)CX(m)®X(n), mneN,

and X (0) = C. These objects were introduced in [38] as a framework for the dila-
tion theory of ¢p-semigroups; independently, they appeared in [10] under the name
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inclusion systems, to facilitate computations in amalgamated product systems. Ev-
ery subproduct system naturally gives rise to an operator algebra Ax acting on the
space Fx = @®p>0X(n). The isometric isomorphism class of Ax is an invariant
of X. Whether or not it is a complete invariant was a question left open in [38]
which we resolve in the affirmative here. When these algebras were introduced
there was some hopﬂ that they will shed light on the subproduct systems that
gave rise to them. But it turned out that the structure of the subproduct systems
is easier to understand. Luckily, it was also noticed that there is a bijection between
subproduct systems and ideals (in C(zq,...,24)),

X +— 1%

and that Ax = A;x. This gave rise to a different conceptual point of view by
which to consider the universal operator algebras discussed above.

The main result of this paper is the classification of the algebras Ax. In the
general case the classification is up to (completely) isometric isomorphism; in the
commutative case, when the ideal of relations I is radical, we classify both up to
(completely) isometric isomorphism and up to algebraic isomorphism—this under
some reasonable technical assumptions on the geometry of the affine algebraic va-
riety associated with the ideal of relations I. In the latter case, it is shown that
the geometry of the affine algebraic variety determines the algebraic and isometric
structures of the algebra.

In more detail, the contents of this paper are as follows.

The notation is set up in Section 2l Among other things the correspondence be-
tween subproduct systems and ideals is explained. Some examples and motivation
are given in Section Bl and it is shown that two subproduct systems X and Y are
isomorphic if and only if the corresponding ideals IX and I can be obtained, one
from the other, by unitary change of variables (Proposition[3.]). Section [ contains
an analysis of the character spaces of the algebras Ax, and it is shown that these
can be identified with a homogeneous algebraic variety intersected with the unit
ball. Further, it is shown that the character spaces have a complex analytic struc-
ture that is preserved under isometric isomorphisms. From this we infer that the
existence of an isometric isomorphism from Ax onto Ay implies the existence of
a vacuum preserving isometric isomorphism (Proposition [L7). A result from [38]
then applies to give our first classification result, Theorem [£.8] that says that Ax
is isometrically isomorphic to Ay if and only if X is isomorphic to Y (and then
Ax and Ay are, in fact, unitarily equivalent).

From this point onward we concentrate on the commutative case (so the relations
in (LJ) include all relations z;z; = z;x;, @ = 1,...,d). Moreover, we assume
that the ideal IX is radical. In Section [F a connection is made to the theory of
reproducing kernel Hilbert spaces. It is shown that Ax is an algebra of multipliers,
and, in particular, an algebra of functions. In Section [0l we consider some natural
questions in a wide class of algebras of functions and prove a Nullstellensatz for
closed homogeneous ideals (Theorem [G.12). A direct corollary (Corollary [6.13)
is that in these algebras, any function that vanishes on a homogeneous algebraic
variety can be approximated in the norm by polynomials vanishing on that variety.

Sections [7] and [§ are the main course, with most of the hard work in the former,
and the main results in the latter. The first result in Section [1 is that a unital

1n the heart of the less experienced author.
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isomorphism from A; to A; induces a holomorphic mapping between the character
spaces. The rest of the section is therefore devoted to studying mappings between
homogeneous algebraic varieties. Some complex-geometric rigidity results of inde-
pendent interest are obtained (Theorem [I4 and Propositions[.6l and [[7]). We then
turn to prove that, given two homogeneous ideals I and J, every invertible linear
map between the varieties V/(I) and V' (J) that is length preserving on the varieties,
gives rise to an isomorphism of the corresponding algebras A; and A; (Theorem
[[17). We are able to prove this only when the varieties are what we call tractable,
which just means that their geometry is not too complicated. The precise definition
of a tractable variety is given before Theorem [[.16, but let us mention now that
many interesting varieties are tractable, for example: irreducible varieties, varieties
with two irreducible components, varieties of codimension 1 and varieties in C3.
Algebraically, this means that our methods work for, e.g., principal ideals, prime
ideals and in three variables.

In Section [l we sum up all that we obtained to give the classification (in the
commutative case) of the algebras A; when I is radical. Theorem says that Ay
is isometrically isomorphic to A; if and only if there is a unitary transformation
mapping the algebraic variety V(I) onto V' (J). Theorem B35l says that, when V(1)
and V(J) are tractable, then A; is isomorphic to Ay if and only if there is a
linear map, that is length preserving on V(I), that maps V(I) onto V(J) (and
then the two algebras are, in fact, similar). Using the geometric rigidity results
Propositions and [[7 this implies an operator-algebraic rigidity result: if I is
prime or principal and A; is isomorphic (as an algebra) to A, then A is unitarily
equivalent to Aj.

Section [ closes our treatment of the algebras A; with a study of the automor-
phism groups of these algebras. Theorem establishes a one-to-one correspon-
dence between the isomorphisms of A, (which is the universal operator algebra
generated by a commuting row contraction) and the automorphism group of the
unit ball in C¢. We then turn to study when an automorphism of A; is induced
by an automorphism of Ay, and we find the automorphism group of the algebras
corresponding to a union of subspaces.

In Section [I0 we look at the “Toeplitz” C*-algebras Tx = C*(Ax). We find
that, in the commutative case, Tx is the C*-envelope of Ax, and this allows us
to deduce that all completely isometric isomorphisms between such algebras are
unitarily implemented. We also bring some evidence for a connection between the
x-algebraic structure of Ty and the topology of the variety V (IX).

In the final section we treat the algebras obtained by taking the closure of the
algebras Ax in the weak-operator topology. We find that the algebraic and the
Banach-algebraic classification remains unchanged, as well as the algebraic rigidity.
We also show that in the radical commutative case every isomorphism is automat-
ically bounded and continuous in the weak-operator and weak-* topologies.

2. DEFINITIONS AND NOTATION

2.1. A word of explanation about notation. In this paper we are concerned
with two classes of operator algebras. The first class consists of universal operator
algebras generated by a contractive row of operators subject to noncommutative
homogeneous polynomial relations, and our objective is to classify these algebras
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up to isometric isomorphism (we will find that when two such algebras are isomet-
rically isomorphic, then they are also completely isometrically isomorphic). The
second class consists of universal operator algebras generated by a contractive row
of commuting operators subject to (commutative) homogeneous polynomial rela-
tions, and our objective is to classify these algebras up to isometric isomorphism as
well as up to (algebraic) isomorphism. Let us call the first class the noncommutative
case and the second class the commutative case.

In this section we set up the notational framework for the paper. The com-
mutative case is contained in the noncommutative case (we are simply adding the
relations z;z; = z;2;), so in principle we can set up notation for the noncommuta-
tive case and use it consistently for the commutative case as well. However, since
most of our attention will be directed towards the commutative case, and since it
is natural to do so, we will set up a notational framework for the commutative case
also. This will cause notational inconsistencies, but no confusion.

2.2. The noncommutative case. In this paper, a subproduct system is a collec-
tion X = {X(n)}nen of finite dimensional Hilbert spaces that satisfy X (0) = C
and X (m +n) C X(m) ® X(n). Subproduct systems were introduced and studied
in greater generality in [38].

Given a subproduct system X, let £ = X(1). Then X (n) C E®". Write p:X for
the projections pxX : E™ — X(n). Then X has an associative multiplication that
extends to tensor products given by product maps Uy} ,, : X (m)®X (n) — X (m+n),

We define the X-Fock space, denoted Fx, to be Fx := @p>0X(n). If E = X (1),
then Fx is a subspace of the full Fock space F(E) := @,>0FE%®™. The symbol Qx
will denote the vacuum vector Qx =1 € X(0) C Fx of Fx.

Now fix an orthonormal basis {e1,...,eq} for E. Let C (21, ..., z4) be the algebra
of polynomials in d noncommuting variables with complex coefficients. When d is
understood, we simply write C (z). If p is a polynomial in C (z), we write p(e) or
p for the element of F(E) given by “evaluating” p at ej,...,eq. For example, if
p(2) = 2129 — 232123, then pe) = e1 ®ea — e3 V€1 ® es.

There is a natural bijection between homogeneous ideals in C (z) and subproduct
systems X with X (1) C E (after fixing an orthonormal basis {ej,...,eq} for E).
If X is a subproduct system, we denote the associated ideal by IX, and if I is
a homogeneous ideal, we denote the associated subproduct system by X;. The
relation between X and IX is the following:

(2.1) I = span{p: p(e) € E®" & X (n) for some n}.

See [38| Section 7] for details.
On F(E) there are the natural left creation operators L1, ..., Lq4, given by

Li(ea, ® - Reqn,) =€ Qe€n, @ Req, , t=1...,d.

Let S{¥, ..., Slf denote their compression to Fx.

We define Ax to be the norm closed operator algebra generated by I, S5, ..., 5.
This is the main object of study in this paper. Recall that Ax is equal to the univer-
sal norm closed unital operator algebra generated by a row contraction subject to
the relations in IX (see Section 8 in [38] for details). We also define Tx := C*(Ax)
and Ox = Tx /K(Fx), where K(Fx) is the algebra of compact operators on Fx.
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In [40], following terminology from [28], the algebra Ax was denoted 7, (X) and
called the tensor algebra of X, and the algebra Tx was denoted T (X) and called
the Toeplitz algebra of X. We shall also refer to Tx, sometimes, as the Toeplitz
algebra of X.

There is another way to obtain the algebra Ax. Let 21y be the noncommu-
tative disc algebra, that is, the norm closed algebra generated by I,L,..., Lg.
By [31] Theorem 3.9], 24 is the universal unital operator algebra generated by a
row contraction. If I is the ideal in 2y generated by {p(Li,...,Lq) : p € IX},
then the quotient A4/ I is also the universal unital operator algebra generated by a
row contraction subject to the relations in IX, thus it is completely isometrically
isomorphic to Ax [32].

Let L4 be the noncommutative analytic Toeplitz algebra, that is, closure of of
24 in the weak-operator topology (WOT). We also denote by Lx the woT-closure
of .Ax.

2.3. The commutative case. When focusing on the commutative case it will be
more natural to use the following framework.

Let E be a Hilbert space of dimension d. Denote by E™ the symmetric tensor
product of F with itself n times. For x1,x2,...,x, € E, we write z1z5- - x, for
their symmetric product in E™. The family {E"},,>0 forms a subproduct system
in which the product is just the symmetric product. Briefly, the commutative
case is the case in which we take X to be a subproduct subsystem of the symmetric
subproduct system {E"},en. Such a subproduct system will be referred to below as
a commutative subproduct system, and note that multiplication in these subproduct
systems is commutative.

In more detail, the notation for the commutative case will be almost the same as
for the noncommutative case described above, but with the following adjustments
made.

We replace the algebra C (z) with the algebra C[z1,...,2q4] of complex poly-
nomials in d (complex) variables. Again, when d is understood, we write Clz].
Also, we replace the full Fock space by the symmetric Fock space, also known as
Drury-Arveson space, which we denote by H3? (see [5]).

As in the noncommutative case, once we fix an orthonormal basis {e1, ..., eq} for
E, there is a natural bijection between homogeneous ideals in C[z] and commutative
subproduct systems X with X (1) C E. If X is a subproduct system, we denote the
associated ideal by I, and if I is a homogeneous ideal, we denote the associated
subproduct system by X;. The relation between X and IX is the following:

I = span{p : p(e) € E™ © X (n) for some n}.

Note that we are using the same notation, but now I is understood to be an

ideal in C[z]. Here and below, when given a polynomial p(z) = p(z1,...,24) =
Sy iy At -2, we will write p(e) = p(e1,...,eq) for the element in the sym-
metric Fock space given by ) ¢;,...i,e]' - - - elf. For a multi-index o = (s, ..., aq),
we will write e® for the polynomial z® = 21" --- 27 evaluated at e. Let Zy,...,Z,
denote the coordinate functions on H 3. Then Z; is the compression of L; to H d2,
and S{¥,..., S5 are also the compressions of the Z; to Fx.

We denote by A4 the norm closed algebra generated by I, Zi,...,Z4. By [5,
Theorem 6.2], (and also by the discussion in the previous subsection), A4 is the
universal unital operator algebra generated by a commuting row contraction. If I
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is the ideal in Ag generated by {p(Z1,...,Zq) : p € I}, then the quotient Aq/T is
completely isometrically isomorphic to Ax.

In the commutative case (and in that case only), when I = I, then we will also
write Aj instead of Ax. We will also write £y for Lx.

2.4. Ideals and zero sets. If I is an ideal in C[z] or in C (z), we let
V(I)={2€C%:p(z) =0 forall p €I}

When [ is an ideal of polynomials in noncommutative variables, there is still a well
defined notion of p(z) for z = (21,...,24) € C% In both the commutative and
noncommutative cases the set V(I) is an (affine) algebraic variety in C¢. Through-
out the paper we will use some well known results and terminology from algebraic
geometry.

An ideal I C CJ[z] is said to be radical if

I=V1:={peClz]:3Inp"el}.

In algebraic geometry it is natural to associate to a homogeneous ideal a projec-
tive variety (rather than an affine variety), but we do not do so for reasons that
will become clear. The decisive role will be played by the sets

Z(I)=V(I)NB,
and

Z°(I) =V (I)N By,
where B, is the unit ball of C?. The set of singular points of a variety V will be
denoted Sing(V).

3. MOTIVATION AND EXAMPLES

Two subproduct systems X and Y are said to be isomorphic, written X =2 Y,
if there is a family W = {W,,},, of unitaries W,, : X(n) — Y (n) such that for all

m,n,
(3.1) Wingn o U, =Uy 0 (W @ Wy).
It is clear that if X 2 Y then Ax is completely isometrically isomorphic to Ay,
because then the map
V=@, W, : Fx = Fy
is a unitary that gives rise to a completely isometric isomorphism ¢ : Ax — Ay by
pla) =VaV* | a € Ax.

Answering the converse question, “if Ax is isometrically isomorphic to Ay, does
it follow that X =Y ¢”, is our main objective in this section and the next. In [38]
it was verified within several special classes of subproduct systems that the answer
is yes. In the next section we will show that the answer is yes in general.

Let us indicate why the above problem—classifying the algebras Ax in terms
of the subproduct systems X—is interesting. First, the subproduct systems give
a concrete and easily computable handle to the more complicated category of op-
erator algebras. In the last few sections of [38] several examples are given where
it was possible to effectively distinguish between naturally defined operator alge-
bras in terms of the associated subproduct systems. The second reason is that an
isomorphism of subproduct systems is “the same” as a unitary equivalence of the
associated ideals defining the relations.
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Proposition 3.1. [Proposition 7.4, [38]] Let X and Y be [commutative] sub-
product systems with dim X (1) = dimY (1) = d < co. Then X is isomorphic to'Y

if and only if there is a unitary linear change of variables in C (z) {C[z]} that sends

IX onto IY. Moreover, every isomorphism of subproduct systems is induced by a
unitary linear change of variables, and vice-versa.

This theorem was stated in [38] in the noncommutative case. Since in [38] a
proof was not provided, we include one for the commutative case. A similar proof
works in the noncommutative case.

Proof. Assume that IX is sent to 1Y when applying a unitary change of variables
in C[z]. By this we mean that there is a unitary U acting on C? such that

IY ={foU: feI*}.

We now define an isomorphism W of subproduct systems from X = X;x toY =
X;v. We define a unitary W,, on E™ by sending p(es,...,eq) (where p(z1,...,24)
is a homogeneous polynomial of degree n) to poUley,...,eq) = p(Utey,...,Utey).
The unitary W,, sends X (n)* to Y(n)*, thus it sends X (n) unitarily onto Y (n).
The family W = {W,,} is an isomorphism of subproduct systems. To see this, notice
that an arbitrary element of Y (m+n) can be written as Y. (p;oU)(e) ® (g; o U)(e),
where (p;oU)(e) € Y(m), and (g;oU)(e) € Y (n). On the one hand, applying to such
an element the inclusion map Y (m+n) — Y (m)®Y (n) followed by (W,, @ W,,) ™1,
we get the element ). p;(e)®@¢;(e) € X(m)® X (n). On the other hand, applying to
Si(pioU)(e)®(gioU)(e) first W, },, and then applying the inclusion X (m+n) —
X (m) ® X(n) we again get the element ), pi(e) ® ¢;(e) € X(m) ® X (n). Taking
the adjoint of the above argument, we obtain ([B.1).

Conversely, assume that W : X — Y is an isomorphism of subproduct systems.
We define a unitary U = (u;;)¢._, by the following relations:

i,j=1

d
Wleiz E Uij€5 4, izl,...,d.
Jj=1

Reversing the reasoning above, we find that U sends I X to I'V. Here are the
details. W, extends to a unitary W, : E€" — E®" by

Wn(eil Q- ® ein) = (Wleil) X (Wlein).
Because W respects the product,
Wopy (21 ® @ xp) =p* (Wiz1 @ -+ @ Wizy,).
Thus W,pX = pY W,. Because W, is a unitary from X(n) onto Y (n) we have
Whalx(n) = Wn. Thus p(e) = poUl(e) = p(Wiey, ..., Wieq) sends X (n) to Y (n),
and thus it sends X (n)* to Y(n)+. It follows that p(z) — po U(z) sends I to
Iv. |

Remark 3.2. To a reader who is wondering why not forget about subproduct
systems and classify these algebras using “equivalence classes” of ideals, we note,
for example, the role of the integer d in the above proposition.

When the ideal I¥ is radical (in the commutative setting) we will show below
that the geometry of a certain variety determines Ax. However, when Ax comes
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from a non-radical ideal of relations, this geometrical classifying object disappears,
and the subproduct systems is the next best thing.

Example 3.3. Let [ = (zy,y?, 2%) and J = (z(z+y), (r+y)?,2) in C[z,y]. There
is a unique unital (algebraic) automorphism ¢ of C[z,y] determined by ¢(z) = z,
o(y) = z+y. Clearly, ¢ sends I onto J, thus it induces an isomorphism of algebras

?: Clz,y]/I — Clx,y]/J.

Now write X = X; and Y = X ;. Since Ax and Ay are finite dimensional, they
are the universal commutative unital algebras generated by a pair satisfying the
relation in I and in J, respectively. Thus Ax = Clz,y]|/I = Clz,y]/J = Ay as
algebras. More is true: Ax and Ay are actually isometrically isomorphic.

The Fock space Fx is seen to have an orthonormal basis {Qx, e1, €2, €2}. In this
basis we have

0 0 0 O 0 0 0 O
« [t 000 x loo oo
St = 0 0 0 O0f°” 52 = 1 0 0 O
01 00 00 00
It follows that
a 0 0 O
b a 0 0
Ax = c 0 a 0 ta,b,e,d e C
d b 0 a
Similarly, Fy is seen to have {Qy,e1, e, (€3 — 2e1e2 + €3)/2} as an orthonormal
basis. (Recall that [lejes|| = ||(e1 ® ez + €2 ® e1)/2| = 1/v/2.) So we obtain the
shifts
0 0 0 0 0 0 0 0
vy _[1 0 0o o vy (o 0o 0 o
S = 0 0 0 of"’ $2 = 1 0 o 0}’
0 1/2 —-1/2 0 0 —1/2 1/2 0
and the algebra
a 0 0 0
b a 0 0
Ay = c 0 a 0 ca,b,e,deC
d (b—¢)/2 (c—b)/2 a

From this description of the algebras it is not clear that they are isometric. But it
can be checked that the unitary change of variables

ze (z—y)/V2 . oy (+y)/V2

sends I onto J. Thus by Proposition [3.I] and the discussion before it, we conclude
that Ax and Ay are isometrically isomorphic (and, in fact, they are spatially
isomorphic). It is hard to recognize this because the isometric isomorphism will

not send {S7X, S5} to {SY, S5 }.

The following example shows that if I and J are ideals in C[zq,. .., z4] that are
related by a linear change of variables, then their universal operator algebras may
not be isometrically isomorphic.
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Example 3.4. Let I = (zy,y3,2%) and J = (z(z + y),y>, 23). Again, there is
a unique unital (algebraic) automorphism ¢ of Clz,y] determined by ¢(z) = =z,
©(y) = z +y. Note that ¢ sends I onto J. Thus it induces an isomorphism of
algebras
% Cla,yl/T — Cla,y]/

Now write X = X; and Y = X ;. Exactly as above, Ax = Clx,y]/I = Clz,y]/J =
Ay as algebras. However, Ax and Ay are not isometrically isomorphic.

The Fock space Fx is seen to have an orthonormal basis {Qx, €1, e2, €%, e2}. In
this basis we have

0 00 0O 0 00 0O
1 0 0 0 O 0 00 0O
S¥=10 00 0 of,s8 =1 0000
01 0 0O 0 00 0O
0 00 0O 001 0O
It follows that
a 0 0 0 O
b a 0 0 O
Ax = c 0 a 0 0]:a,bcdeecC
d b 0 a O
e 0 ¢c 0 a
Similarly, Fy is seen to have {Qy,e1,ea, (€3 — 2e1e2 )/ V3, e3} as an orthonormal
basis, so we obtain the shifts
0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0
SY=10 o0 0 o0o0|,S8=t o o000/,
0 1/v/3 —=1/V/3 0 0 0 —1/V/3 0 0 0
0 0 0 0 0 0 0 1 00
and the algebra
a 0 0 0 O
b a 0 0 O
Ay = c bO (Ib 0 0] :a,b,c,djecC
d \/g % a O
e O c 0 a

Here (as in any finite dimensional example), we have Tx = Ty = M5(C). How
does one go about showing that the algebras Ax and Ay are not isometrically
isomorphic? We will provide an answer at the end of the next section.

4. CLASSIFICATION OF THE ALGEBRAS BY THEIR SUBPRODUCT SYSTEMS

4.1. The character spaces as analytic varieties. In this section, our subprod-
uct systems are not necessarily commutative. Let X be a subproduct system. Let
M x denote the space of all unital, multiplicative linear functionals on Ax. The
maps in M x will be called characters. Recall that every character is automatically
contractive, hence completely contractive too.

The character space may be (homeomorphically) identified with the set

Z(IX)={z€By:p(z) =0 for all p € IX}
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via the identification:
(4.1) Mx 2 p— (p(S7%),...,p(S5)) € Z(I).

See [38| Section 10.2] for details.
We will also use the notation and identification

M = Z°(I%) = {z € By : p(z) =0 for all p € I*}.

The character corresponding to the point 0 € Z (1) is called the vacuum state,
and is denoted by pg. It is the unique multiplicative linear functional sending I to
1 and S to 0 for i = 1,...,d. The vacuum state is a vector state, and is given by

pQ(T) = <TQ)(,Q)(> .

We intentionally use the same notation for vacuum states acting on different alge-
bras. If ¢ : Ax — Ay and ¢*(pg) = po then we say that ¢ preserves the vacuum
state. The following theorem explains the significance of the vacuum state to our
discussion.

Theorem 4.1. [Theorem 9.7, [38]] X = Y if and only if Ax and Ay are
isometrically isomorphic via an isomorphism that preserves the vacuum state. In
fact, if o : Ax — Ay is a vacuum preserving isometric isomorphism, then there is
an isomorphism V : X —'Y such that for oll T € Ax,

o(T) = VTV*.

For A = (A1,...,Aq) € Z(I¥), let us denote by py the character sending S;¥ to
Ai. For every T € Ax, the Gelfand transform gives rise to a continuous function
on Mx by

T(N) = pA(T).

If p € C[z], then p(S¥)(\) = pa(p(SX)) = p(\). If T € Ax and p,(S¥) converges
to T in norm, then by the contractivity of the Gelfand transform, p, converges
uniformly to 7' on M. Therefore, for every fixed A € Mx, the function T’ (t) =
T(tA1, ..., tAg) is analytic in ID.

Every continuous isomorphism ¢ : Ax — Ay gives rise naturally to a homeo-
morphism ¢* : My — Mx given by ¢*(p) = po .

Lemma 4.2. If ¢ is an isometric isomorphism, then ¢* maps MY onto M%.

Proof. Let p € Mx \ M%. By applying a unitary transformation to the variables
we may assume that p = (1,0,...,0). Assume that (¢*)~1p = py,», where tg € [0,1)
and A € My. Put T = ¢(S¥). Then |T|| = 1, thus |T\(t)] < 1 for t € D. On
the other hand, Ty (to) = p(Si¥) = 1. By the maximum modulus principle, T is
constant 1 on ID. We claim that this is possible only if 7' = I. That would show
that (S5¥) = I, but that is impossible because ¢ is injective and unital. This
contradiction completes the proof.

To derive T = I from Th(t) = 1, assume that T = 3, p,(S¥) is the Cesaro
norm-convergent series of T' (see [38], Proposition 9.3]), where p,, are homogeneous
polynomials of degree n. The terms p, (S¥) must be bounded, therefore p, (\) are
also bounded. Then for ¢t € D we have that

Tk(t) = an(t)‘) = an()‘)tn'
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This holomorphic function can be constantly equal to 1 only if p,,(\) = 0 for n # 0
andpg=1. SoT =1+ o pn(SY). Now ||| = 1 implies _, _pn(S¥) =0. m

Remark 4.3. It is also true that if ¢ : Ax — Ay is a bounded isomorphism, then
©* maps MY onto M. Since we will not require this result, the proof is omitted.
See Proposition [T.1] for the commutative case.

Lemma 4.4. Let X and Y be two subproduct systems with dim X (1) = d’ and
dimY (1) =d. Let ¢ : Ax — Ay be an isometric isomorphism. Then there exists
a holomorphic map [ : By — C? such that

©*me = flrmg -
That 1is, the restriction of ¢* to MY is an analytic map of analytic varieties.

Proof. Let T = ¢(S{¥), and let T = ", p,,(SY) be the Cesaro norm-convergent
series of T. Denote E =Y (1), and let {eq,...,eq} be an orthonormal basis for E.
We can rewrite the series for T" as

d

----- in

where

TQyv) = > biien® e,

is the image of the vacuum vector in the full Fock space F(F).
It follows that the coefficients {b;, . ; } are ¢? summable. The estimate

yeeey

12
Z|b11 vvvvv inRi1 "t Zzn|< Z|b11 ----- 1n| 1/2 Z|Zz Zln| /

together with the identity

[e'S) d [e'S)
oY lmm =) (Al 4 )"
n=01%1,...,ip=1 n=0

shows that the function

Z) = Z bilw--;inzil T Zin
is holomorphic in B;. But
P (PA)(ST) = pa(T) =Y by, i hiy == Miy = F1(N)

Thus ¢*px = p,, where g1 = fi(A). In the same way, we see that pu; = fi(\), for
alli=1,...,d, where f; : By — C% is holomorphic. n
4.2. The singular nucleus of a homogeneous variety.

Lemma 4.5. Let V = V(I) be the variety in C? determined by a radical homoge-
neous ideal I. Then either V has singular points, or V is a linear subspace.

Proof. If V is reducible, then by Theorem 8(iv) in [14], Section 9.6] the origin is
in the singular set. So we may assume that V is irreducible.
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Let f1,..., fr be a generating set for I, and assume the dimension of V(I) is m.
By a theorem in [39] page 88], the singular locus of V' is the common zero set of
polynomials obtained from the (d — m) x (d — m) minors of the Jacobian matrix

Oh ... Of
6z1 azd
of ... O
621 8Zd
But since fi,..., fx are homogeneous, all these minors will vanish at the point 0

unless at least d — m of the f;’s are linearly independent linear forms. But then
V lies inside m dimensional subspace. Being an m-dimensional variety, V must be
that subspace. [ |

Let V be a homogeneous variety in C?. Then by the lemma, either V is a
subspace of C%, or the singular locus Sing(V) is nonempty. Now Sing(V) is also a
homogeneous variety, so either Sing(V') is a subspace or Sing(Sing(V')) is not empty.
Since the dimension of the singular locus is strictly less than the dimension of a
variety, we eventually arrive at a subspace N (V) = Sing(- - - (Sing(V) - - - ) which we
call the singular nucleus of V. Note that N(V) = {0} might happen, as well as
NV)=V.

If X is a subproduct system and I = IX, then from Lemma [£4] it is clear that
By N N(V(I)) is an invariant of the isometric isomorphism class of Ax. We also
refer to this set as the singular nucleus of I.

4.3. Classification of the algebras by subproduct systems. In what follows
we will need to consider the group Aut(B,,) of automorphisms of B,,, that is, the
biholomorphisms of the unit ball. We will use well known properties of these frac-
tional linear maps (see [35] Section 2.2]). For a € B,,, we define
a— Pz —5,Q4z
(12) oule) = S
where P, is the orthogonal projection onto span{a}, Q, = I, — P, and s, =
(1 —]a|?>)*/2. Then ¢, is an automorphism of B,, that maps 0 to a and satisfies
¢2 = id. For every ¢ € Aut(B,,) there exists a unique unitary U and a € B,, such
that v =U o ¢,.

By a disc in B,, we shall mean a set D of the form D = B,, N L, where L C C"
is a one dimensional subspace.

Lemma 4.6. Let ¢ € Aut(B,,). Then there are two discs D1, Dy in B, such that
Y(D1) = Ds.

Proof. If ¢y = Uop, and a # 0, take D1 = span{a} NB,,. Then ¢,|p, is a Mobius
map of D; onto itself. Take Dy = UD;. If a = 0, take D1 = D5 to be B,, N L where
L is any one-dimensional eigenspace of U. [

Proposition 4.7. Let X and Y be subproduct systems and assume that there exists
an isometric isomorphism ¢ : Ax — Ay. Then there exists a vacuum preserving
isometric isomorphism from Ax to Ay.

Proof. By the discussion following Lemma 5] the singular nucleus of 1Y must be
mapped biholomorphically by ¢* onto the singular nucleus of IX. If these nuclei are
both {0} then ¢ itself must be vacuum preserving, and we are done. Otherwise, by
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rotating the coordinate systems we may assume that N(V(I%X)) = N(V(IY)) = B,
a complex ball.

Now, ¢*|p € Aut(B). Thus by Lemma , there are two discs D{,Dy C B
such that ¢*(Ds) = D;. Define

0(0; X,Y) ={z € Dy : z="(0) for some isometric isomorphism ¢ : Ax — Ay},
and
O0(0;Y) ={z € Dy : 2 =4¢*(0) for some isometric automorphism v of Ay }.

Claim: The sets O(0; X,Y) and O(0;Y) are invariant under rotations about 0.
Proof of claim: For X with |A\| = 1, write ¢, for the isometric automorphism
mapping Si¥ to ASX (i = 1,...,d). Let b = ¢*(0) € O(0;X,Y). Recall that
b= (b1,...,bq) is identified with a character p, € M% such that p,(S;X) = b; for
i=1,...,d. Consider p o ). We have

po(p 0 9)(S7)) = po(p(AS[)) = Apo((S]")) = Abi.
Thus Ab = (¢ o px)*(po) € O(0; X,Y). The proof for O(0;Y) is the same.

We can now show the existence of a vacuum preserving isometric isomorphism.
Let b = ¢*(0). If b = 0 then we are done, so assume that b # 0. By definition, b €
0(0; X,Y). Denote C := {z € D; : |z| = |b|}. By the above claim, C C O(0; X,Y).
Consider C” := (¢*)71(C). We have that C' C O(0;Y). Now C’ is a circle in Dy
that goes through the origin. By the claim, the interior of C’, int(C"), is in O(0;Y).
But then ¢*(int(C”)) is the interior of C, and it is in O(0; X,Y"). Thus 0 lies in
0(0; X,Y), as required. ]

Combining Theorem[Z.Tland Proposition[d.7] we obtain our main non-commutative
result:

Theorem 4.8. Let X and Y be subproduct systems. Then Ax is isometrically
isomorphic to Ay if and only if X is isomorphic to Y .

Remark 4.9. It follows from the above theorem that if Ax and Ay are isometri-
cally isomorphic, then they are also completely isometrically isomorphic.

Example 4.10. Let us return to Example B4 We now show that Ax is not
isometrically isomorphic to Ay . Using the above theorem, it is enough to show
that X is not isomorphic to Y. By Proposition[3.I] one must show that there is no
unitary change of variables that takes I onto J. But if there was, then the set

Z(I(z)) ={z€By: f(z)=0forall fe 1(2)}
would be mapped unitarily onto the set
Z(JP)={2€By: f(z) =0 for all f e JP},

where I denotes the set of homogeneous polynomials in I with degree 2, etc.
However, Z(I(?)) consists of two complex lines that intersect at an angle /2, and
Z(J@) consists of two complex lines that intersect at an angle 7/4. It follows from
the theorem (together with Proposition B.]) that Ax and Ay are not isometrically
isomorphic.
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5. THE ALGEBRAS Ax AS ALGEBRAS OF CONTINUOUS MULTIPLIERS

From this point onward, we will concentrate on the commutative case. The
purpose of this section is to show that when X is commutative and I¥ is a radical
ideal in C[z], the algebra Ax can be realized as a norm closed subalgebra of the
multiplier algebra of a reproducing kernel Hilbert space.

Let I C C[z] be an ideal, not necessarily homogeneous. We will denote the
closure of I in H3 by [I]. Define

Fr=Hiol.
When I = IX is a homogeneous ideal, then F; = Fx, the X-Fock space.

Recall that for an ideal I C C[z] we denote

V(I)={zeC%:p(z)=0forall p € I},

Z(I) =V N By,
and
Z°(I) =V NBy.
If W C C%, we define
IW)={feClz]: f(A\) =0 for all A\ € W}.

Lemma 5.1. Let I be a radical ideal in C[z] such that all the irreducible components
of V(I) intersect By. Then I(Z°(I)) = 1.

Proof. This is an exercise in algebraic geometry. Assume first that V(I) is irre-
ducible. Let f € C[z] such that f(\) = 0 for all A € Z°(I) = V(I) N B,. Denote
W = V(f). By assumption, W NB; 2O V(I) N By, therefore dimW NV (I) =
dim V(I). Tt follows from [29, Proposition 1.4] that W NV (I) = V(I), therefore
felv()) =1

Finally, if V(I) is reducible then we apply this argument to each irreducible
component. [ ]

For any ideal I in C[z], the radical of I is
VI ={feClz]: f* el for some n>1} = I(V(I)).
Corollary 5.2. If I is a homogeneous ideal, then
VI=1(V(I)) = I(Z(I)) = [(Z°(I)).
Lemma 5.3. If I is a homogeneous ideal in C[z], then [I]NC[z] = I.

We omit the easy proof of this lemma. However we note that it is not true for
non-homogeneous ideals. Indeed, if d = 1, I = (x — 1), then H? © I = {0}. Thus
[I] = H?, and [I| N H? = C[2].

Now we turn to the reproducing kernel. For any A € By, let

oo d
(5.1) mo=1= (A0 > N e @@,

n=01i1,...,in=1

It is known [20] that vy are eigenvectors for the operators L} (the adjoints of the
left creation operators L; on the full Fock space) with eigenvalue \;. Since the
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multiplication operators Z; are co-restrictions of the L;’s to H32, and since
|

5.2 = (1—||A?)"/? &X““eﬂz’,

( ) Ux ( || ||) ;al!"'ad! e d

we have that vy are eigenvectors of Z with eigenvalues i
Alternatively, H3? is known [5] to be a reproducing kernel Hilbert space with
kernel

1
Y
The kernel function at A, the function k(-, A), is seen to correspond to ([B.2]). Denote
by Mult(H32) the multiplier algebra of H3. From the basic theory of multiplier
algebras, it follows that for any ¢ € Mult(H2), v, is an eigenvector for M with

eigenvalue () [1, Chapter 2].
We now compute which vy belong to F; for a given ideal I.

Lemma 5.4. The vector vy is in Fy if and only if X € Z°(I).

Proof. Fix A € By. Then v lies in F7 if and only if v, is orthogonal to I, if and
only if for all f € I we have

fQ) = (fim) =0.
This happens if and only if A € Z°(I) = V(I) N By. [ |
Lemma 5.5. Let I C C[z] be a homogeneous ideal. Then
Fr= spﬁ{w\ A E ZO(I)}
if and only if I is radical.
Proof. Assume that F; =span{vy : A € Z°(I)}. Let [I] denote the closure of I in
H2. Then
(I =Ff ={feH2: f(\)=0forall \ € Z°(I)}.
By Lemma52 [I]NC[z] = I(V(I)) = VI, and by Lemmal5.3, [I]NC[z] = I. Thus,
I is radical.

Now assume that I is radical. By LemmaE4] vy € F; forall A € Z(I)NB,. Thus
we need only show that if f € H2 is orthogonal to {v) : A € Z°(I)} then f € [I].
Let f € {va: A € Z°(I)}+. Write the Taylor series of f as f(z) =, aaz®. Then
for all A € Z°(I), we define a function gy on D by

OESICYED B IR I

n |al=n
But g =0, thus 37, _,, aaz® € I(Z°(I)) for all n. Since [ is radical, I = I(Z°(1))
by Lemma 52l So f belongs to []. |

Proposition 5.6. Let I C C[z] be a radical homogeneous ideal. Then Fr is nat-
urally a reproducing kernel Hilbert space on the set Z°(I). The algebra Ay is the
norm closure of the polynomials in Mult(Fr), and can be identified with

{f|Z°(I)  f e Aa}.
Moreover, L1 = (L} F,)* can be identified with Mult(Fr), and
(5.3) Mult(Fr) = {f|zecr) : f € Mult(H})}.
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Proof. Since F; = span{vy : A € Z°(I)}, it is naturally a reproducing kernel
Hilbert space on the set Z°(I) with kernel functions vy, A € Z°(I).

Now, A;j is generated as the operator norm closure of the identity and the com-
pressions of the coordinate functions S; = Pr, Z;|7,, 4 = 1,...,d, to a coinvariant
space. Since Sfvy = A\;ivy, S; is the multiplier operator that sends f(z) € F
(a function on Z°(I)) to z;f(z). This shows that A; is the norm closure of the
polynomials in Mult(Fy).

The same argument shows that £; is a wOT-closed algebra of multipliers in
Mult(L;) generated by polynomials. Furthermore, if f € Mult(H3) and My is the
corresponding multiplication operator on Fi, then Pz, M¢|r, = M,, where g is
the multiplier on F7 given by g = f|zo(5). This provides a natural identification
between Lr and {f]zo(r) : f € Mult(Hj)}.

To establish Equation (5.3)), it remains to show that every multiplier in Mult(Lr)
extends to a multiplier in Mult(H3) of the same norm. This follows from [I8|
Theorem 3.3] or [2, Theorem 2.8]. ]

Thus, the algebra Ay, which is the universal unital operator algebra generated
by a row contraction satisfying the relations in I, can be given three interpretations.
First Ay is the quotient algebra A4/T; second, A; is the concrete operator algebra
generated by compression of Ay to Fr; and thirdly, it is also an algebra of functions

{flzewy : f € Aa},

of restrictions given the multiplier norm (on the subspace Fr). All of these points
of view are useful.

6. NULLSTELLENSATZ FOR HOMOGENEOUS IDEALS IN MULTIPLIER ALGEBRAS

Our goal in this section is to obtain a (projective) Nullstellensatz for a large class
of operator algebras, including Ay and the “ball algebra” A(Bg). From this result
we will derive an approximation result (Corollary[6.13)) that will allow us to describe
isomorphisms between the algebras Ax that are induced by automorphisms of By
(Proposition below). At the end of the section we will also provide a different
and quick proof of Corollary for the algebra A .

Let Q C C? be an open bounded domain that is the union of polydiscs centered
at 0. Then  has the following property:

ANeEQ=>tAeQ, forallteD

and §2 also the property that every function f holomorphic in 2 has a Taylor series
that converges in (2.

Let H be a reproducing kernel Hilbert space of analytic functions in €2 containing
the polynomials with the additional property that f(z) — f(e'z) is a unitary
operator on H for all t € R. It follows that if p, ¢ € H are homogeneous polynomials
of different total degrees, then (p,q) = 0.

In the discussion below B will denote the closure of the polynomials in the
multiplier algebra Mult(H). If # = HZ, then B = A4, which is the case of principal
interest in this paper. If H is taken to be the Bergman space on 2, then B is A(Q),
the space of continuous functions on  which are analytic on €, with the sup norm.
As is always the case with algebras of multipliers, the norm of B, which will be
denoted simply by || - ||, satisfies || flloo < ||f|| (see [I, Chapter 2]).
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Every f € B has a Taylor series in Q, f(2) = )" aqz®. We write

(6.1) f=Y fn
n=0

where f,(z) = Z‘M:n a0z% is the nth homogeneous component of f. The series
(1) converges locally uniformly in €.

Lemma 6.1. For all n, the map P, : B — C[z] C B given by P,(f) = fn s
contractive. Furthermore, the series [6.1]) is Cesaro norm convergent to f in the
norm of B.

Proof. Consider the gauge automorphisms on B:

e (N(z) = fle2).
The unitary group given by [U;(h)](z) = h(e'z) is continuous in the strong operator

topology, and 7 = ad U;. Hence the path ¢ — ~:(f) is continuous with respect to
the strong operator topology. One sees therefore that the integral

1 2w X
[t
0

2T
converges in the strong operator topology to an element of B(H). The operator P,
is a complete contraction, as it is an average of complete contractions. Note that
P, maps C[z] onto the space H,, of homogeneous polynomial of degree n. This
fact follows from the simple identity U,P,(f) = ¢™*P,(f). Therefore, P, maps
B = m”'” onto H,,. A standard argument using the Fejér kernel shows that the
Cesaro means X, (f) are completely contractive and converge in norm to f, and

that P,(f) = fa. ]

In particular, we see that f is in the closed linear span of its homogeneous
components. This will be used repeatedly below.

Pa(f)

Definition 6.2. An ideal J C B is said to be homogeneous if f, € J for alln € N
and all f € J.

Proposition 6.3. A closed ideal J C B is homogeneous if and only if for allt € D
and all f € J, one has f(tz) € J.

Proof. Assume that J is homogeneous, and let f(z) = >, fu(z) € J. By the
previous lemma || f,| < ||f]|, so for all t € D, f(tz) = >, t"fn(2) is a norm
convergent series of elements in J. Hence f(tz) € J.

Conversely, let f € J, and assume that for all t € D, f(¢z) € J. Assuming that
J is proper, fo = 0 follows from taking ¢ = 0. But then

@ = ngotnfn+1 € J

Taking ¢t — 0 we find that f;(z) € J. Now we consider

M =3 1" fura(2) €,

n=0

taking the limit as ¢ — 0 we find that fao(z) € J. The result follows by recursion. m
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Lemma 6.4. Let I C C[z] be a homogeneous ideal. Then the closure of I in B is
homogeneous. If p is a homogeneous polynomial in I, then p € I.

Proof. This follows easily from the continuity of P,. [ ]

Lemma 6.5. Let J be a homogeneous ideal in B. Then the ideal I = C[z] N J of
Clz] satisfies I C J C I, and it is the unique homogeneous ideal in C[z] with this
property.

Proof. Clearly I C J, and that J C T follows from Lemma [G.1 If K is another
homogeneous ideal in C|[z] such that K C J C K, then we have I C K and K C I.
From Lemma[6.4] I = K. [

Corollary 6.6. Every closed homogeneous ideal in B is finitely generated (as a
closed ideal).

Remark 6.7. There do exist closed ideals in A(B;) which are not finitely generated
(one may adjust the example in [34, Proposition 4.4.2]).

For a closed ideal J C B, the radical of J is defined to be the ideal v/.J given by
VJ={feB: f"eJforsomen>1}.
Lemma 6.8. The radical of a closed homogeneous ideal J of B is homogeneous.

Proof. Let f and m be such that f™ € J. Write the homogeneous decomposition
of fas f(2) = >, 5 fn(2), where fi(2) is the lowest non-vanishing homogeneous

term. Then f™(z) = fx(2)™ +.... Since J is homogeneous, fJ* € J, so f € V/J.
Proceeding recursively, we find that f; € VJ for all j. ]

Theorem 6.9. Let J C B be a closed homogeneous ideal. Then there exists N € N
such that fN € J for all f € \VJ.

Proof. By the effective Nullstellensatz [27, Theorem 1.5] there is an N € N such

that pV € JNC[z] forall p € \/J N C[z] = VJNC[2]. If f € V/J, then f € v/J N C[2]
by Lemma If {f.} is a sequence in /.J N C[z] converging to f, then fN € .J
for all n, thus f = lim, f¥ € J. ]

Corollary 6.10. The radical of a closed homogeneous ideal J C B is closed.
Proposition 6.11. If I C C[z] is radical, then I is radical in B.

Proof. Put J = I. Then v/J N Cl[z] is the unique homogeneous ideal in C[z] with
closure equal to V.J. But VJNC[z] =/JNC[z]=1,50 VJ =T=J. [

The main result of this section is a projective Nullstellensatz for closed ideals in
B. We shall need the following notation. For an ideal J C B, we define

Va(J)={z€Q: f(z)=0forall f e J}.
If X CQ, we define

Ig(X)={feB:f(A\)=0forall e X}.
Theorem 6.12. Let J C B be a closed homogeneous ideal. Then

(6.2) VT = Ip(Va(J)).
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Proof. Define K = Ip(Vq(J)). First, note that K is closed. Next we show that K
is homogeneous. Notice that Vo (J) = Vo(JNC[z]), so tVa(J) C Vo(J) for all t € D.
Thus if f € K, then for all A € Vo (J) it follows that f(tA\) = 0. By Proposition
[(.3] K is homogeneous.

Finally, K N C|z] is the set of all polynomials vanishing on

Va(J) =Va(JNC[z]) = V(JNC[z]) N Q.
So by an easy extension of Corollary 5.2 we find

KNClz] =+/JNC[z] = VJINC[z].
By Lemma and Corollary [6.10

K=KNC[z]=VJNC[z] =VJ. "

Corollary 6.13. Let I C C[z] be a radical homogeneous ideal, and let f € B be a
function that vanishes on V(I) N Q. Then f € I.

Proof. Define J = I. Then, using Theorem [6.12] and then Proposition [6.11]
fels(Vo(I)) = Ip(Va())) =VJ=J =T u

A natural question now is the following: suppose that a function f € B is known
to be small on V(I) N Q. Does it follow that f is close to I?7 The following
proposition shows that this equivalent to an extension problem.

Proposition 6.14. Let I C C[z] be a homogeneous ideal, and let D be an algebra
of functions on Vqo(I) that is the closure of the polynomials in some norm that
satisfies || flvonyllp < || fllB. Then the following are equivalent.

(1) For every g € D there exists an f € B such that fly,q) = g
(2) There exists a constant C > 0 such that for all f € B

(6.3) dist(f, 1) < C || flvnynellp -

Proof. (1) = (2). Define the map ¢ : B — D by o(f) = flv,)- By Corollary
B.I3 kerp = I. Therefore, ¢ induces an injective and surjective bounded map
@ : B/I — D. Therefore ¢ has a bounded inverse, and that proves (6.3)).

(2) = (1). Define ¢ and ¢ as above. Equation (3] implies that ¢ has closed
range. But the range of ¢ is clearly dense because it contains the polynomials.
Hence ¢ is surjective. [

Remark 6.15. Let I C C|z] be a radical homogeneous ideal, and let J be the
closure of I in Ay. Then both A; and A;/J are the universal unital operator
algebras generated by a row contraction satisfying the relations in I, so they are
naturally isomorphic. In particular, using Proposition [0.6] it follows that for all

e Ag,

dist(f, I) = Hf|Z°(I)||Mult(]:I)'
This gives another proof for Corollary [6.13] for the special case B = Ay. By the
above proposition, it also follows that every function that is in the closure of the

polynomials on Z°(I) with respect to the multiplier norm on F7 is extendable to a
function in Ag.
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7. ISOMORPHISMS OF ALGEBRAS, BIHOLOMORPHISMS OF CHARACTER SPACES,
AND THEIR RIGIDITY

We now turn our attention to algebras that are universal for row contractions
of commuting operators satisfying the relations of a radical homogeneous ideal
I C C[z]. In this special and important case we will be able to sharpen our results
in three ways. First, we will classify the algebras up to (completely) isometric
isomorphism and also, in many cases, up to isomorphism. Second, the classifying
objects will no longer be subproduct systems (or ideals), but rather geometric
objects. Finally, we will describe the isomorphisms and (completely) isometric
isomorphisms of the algebras in terms of holomorphic maps of the unit ball in C¢.

7.1. Unital homomorphisms are composition operators. Let I be a radical
homogeneous ideal, and let X = X ;. The algebra Ax will be denoted by A;. Also,
the character space M x will be identified with Z(I).

Recall that by Proposition 5.6l A; can be considered as an algebra of functions:

Ar ={flzeqy : f € Aa},
where the norm is the multiplier norm on the reproducing kernel Hilbert space
Fr= spﬁ{w\ A E ZO(I)}.

If I and J are radical homogeneous ideals in Cl[zq,...,24] and Clzy,..., zq4/],
respectively, then for every algebra homomorphism ¢ : Ay — Aj and every p €
Z(J), the composition p o ¢ is a homomorphism from A; into C. Therefore it
is either a character or it is the functional 0. Thus every unital homomorphism
v : A = Ay gives rise to a mapping ¢* : Z(J) — Z(I).

Proposition 7.1. Let I and J be radical homogeneous ideals in Clz1, ..., z4] and
Clz1, ..., za’], respectively. Let ¢ : Ar — Ay be a unital algebra homomorphism.
Then there exists a holomorphic map F : By — C? that extends continuously to
By, such that

F |Z(J) ="
The components of F' are in Ag. Moreover, ¢ is given by composition with F, that
18

o(f)=foF , feAL

Proof. Let A € Z(J) give rise to the evaluation functional py on Aj; given by
ox(f) = f(A). Then ¢*(py) is also an evaluation functional. In fact, for the
coordinate functions z; € Ay, we find

(2™ (p)1(21) = 2i(@"(px)) = pale(2:)) = @(2:) ().
We find that the mapping ¢* is given by
" (A) = (p(21)(A), - - - o(2a) (N)-

Now ¢(21),...,¢(zq) are restrictions to Z°(J) of functions fi,...,fq € Az (see
Remark [6.15). Defining

F(z) = (f1(2),.- ., fa(2)),
we obtain the required function F'. Finally, for every A € Z(J),
(f)(A) = pale(f)) = @™ (pA)(f) = proy (f) = FF(N),
soo(f)=foF. ]
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Using the fact that every unital homomorphism is a composition operator, to-
gether with a standard application of the closed graph theorem, yields the following
corollary.

Corollary 7.2. Fvery unital algebra homomorphism ¢ : A; — A; is bounded.

7.2. Some complex geometric rigidity results. We now follow the discussion
in [35, Chapter 2] to obtain some rigidity results for isomorphisms between the
varieties Z(I). These rigidity results will help us determine the possibilities for
isomorphisms between the various algebras A;.

Lemma 7.3. Let I be a homogeneous ideal in C[z]. Let F : By — C? be a contin-
uous map, holomorphic on Bq, such that F|zyy is a bijection of Z(I). If F(0) =0

and %F(tz) L for all z € Z(I), then F|yz5y is the identity.

Proof. It seems that a careful variation of the proof for “Cartan’s Uniqueness
Theorem” given in [35] (page 23) will work. One only needs to use the facts that
Z(I) is circular and bounded. The reason one must be careful is that Z(I) typically
has empty interior.

Let’s make sure that it all works. We write the homogeneous expansion of F":

(7.1) F(z)=Az+ ) Fu(2),

n>2

where A = F’(0). First let us show that, without loss of generality, we may assume

(7.2) F(z)=z+ Y Fu(2).
n>2
Let W be the linear span of Z(I), and let W+ be its orthogonal complement in C*.
By the assumption %F(tz) = z for z € Z(I), so the matrix A can be written
t=0

as
I B
=0 2)
with respect to the decomposition C% =We W, Replacing F by F + Ica — A we
obtain a function that is continuous on B4, analytic on By, agrees with F' on Z(I),

and has homogeneous decomposition as in (Z2)).
Following Rudin [35] bottom of page 23], we consider the kth iterate F* of F:

FF(2) =2+ kFy(2) +....

Since Z(I) is circular and since F* maps Z(I) onto itself, we find that for all
ze€ Z°(I)
1 27

kFg(Z) = Py i Fk(ewz)e_%‘gcw,

from which it follows that ||kF>(z)|| < 1 for all k£ and all z € Z°(I). This implies
that Fy(z) = 0 for all z € Z°(I). Therefore there exists a continuous function
G : By — C? that is holomorphic on B; and agrees with F on Z(I), that has
homogeneous expansion

G(z) =2+ Y Gul2),

n>3
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(namely, one takes G = F — F,). Note that G,, = F, for all n > 2. This last
observation allows us to repeat the argument inductively and deduce that F(z) = z
for all z € Z°(I). By continuity, F'|z(1) equals the identity. ]

We now obtain the desired analogue of Cartan’s uniqueness theorem.

Theorem 7.4. Let I and J be homogeneous ideals in C|z1, ..., zq] and Clz1,. .., zq/],
respectively. Let F : By — C? be a continuous map that is holomorphic on By
and maps 0 to 0. Assume that there exists a continuous map G : By — C? that
is holomorphic on By such that F' o G|z 1y and G o F|z ;) are the identity maps.

Then there exists a linear map A : C? — C* such that Flz) = A.

Proof. Again we adjust the proof of [35] Theorem 2.1.3] to the current setting.
The derivatives F’(0) and G’(0) might not be inverses of each other, but from
G o F(z) = z, we find that G'(0)F’(0)z = z for all z € Z(J).

Fix 0 € [0,27], and define H : By — C% by

H(z) = G(e " F(c"2)).
Then H(0) =0 and

d _ —i6 ! i, _
EH(tZ) — G'(0)e™F'(0)e" z = .

By the previous lemma

H(z)=z
for z € Z(J). After replacing z by e~%
F(e™®2) =e F(2) forall z€ Z(J).

Integrating over 6, this implies that if (ZI)) is the homogeneous expansion of F,
then F,,(z) =0 for all z € Z°(J) and all n > 2. Thus F|z;) = A. ]

z and applying F' to both sides we find that

The following easy result is a straightforward consequence of homogeneity.

Lemma 7.5. Let I and J be homogeneous ideals in Clz1,. .., zq] and Clzy,. .., zq4],
respectively. If a linear map A : C¥ — C? carries Z(J) bijectively onto Z(I), then
A is isometric on V (J).

Proof. Each unit vector v € V(J) determines a disc Dv = Cv N By in Z(J).
Observe that A carries Cv onto CAv, and must take the intersection with the ball
to the corresponding intersection with the ball By. Thus it takes Dv onto DAv.
Therefore ||Av|| = ||v]|. ]

This lemma can be significantly strengthened to obtain a rigidity result which
will be useful for the algebraic classification of the algebras A;.

Proposition 7.6. Let V be a homogeneous variety in C%, and let A be a linear
map on C? such that ||Az|| = ||z|| for all z € V. IfV = Wy U---U Wy is the
decomposition of V into irreducible components, then A is isometric on span(W;)
for1 <i<k.

Proof. It is enough to prove the proposition for an irreducible variety V. The idea
of the proof is to produce a sequence of algebraic varieties V' C V3 C V5 C ... such
that ||Az|| = ||z| for all z € V; and all ¢, where either dimV; < dimV;41, or V; is a
subspace (and then it is the subspace spanned by V).
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First, we prove that ||Az| = ||z| for all z lying in the tangent space T,(V)
for every z € V \ Sing(V). Since z is nonsingular, for every such x there is a
complex analytic curve v : D — V such that v(0) = z and +/(0) = . By the
polar decomposition, we may assume that A is a diagonal matrix with nonnegative
entries ay,...,aq. Since A is isometric on V,

d d
> a@i(2)P =Y viz)? for z €D.
i=1 i=1

Applying the Laplacian to both sides of the above equation, and evaluating at 0,

we obtain
d d
> a v 0)7 =Y 0%
i=1 i=1

Thus, ||Az|| = ||z| for all x € T,(V) and all nonsingular z € V.
Consider now the set

Xo= |J {exm(v)ccixcd
z€V\Sing(V)

Let X denote the Zariski closure of Xy, that is, X = V(I(Xp)). As X sits inside the
tangent bundle |, {2} xT.(V), Xo is equal to X'\ (Sing(V) X (Cd). Therefore X

is Zariski open in X. By Proposition 7 of Section 7, Chapter 9 in [14], the closure (in
the usual topology of C29) of X is X. Letting m denote the projection onto the last
d variables, we have m(X) C 7(Xo). But m(Xo) = U,cv\ging(v) I(V), therefore
|Az|| = ||z|| for all z € w(X). Now, m(X) might not be an algebraic variety, but by
Theorem 3 of Section 2, Chapter 3 in [14], there is an algebraic variety W in which
m(X) is dense. Observe that W must be a homogeneous variety, and ||Az| = ||z||
for every z €¢ W.

Being irreducible, V' must lie completely in one of the irreducible components of
W. We denote this irreducible component by Vi, and let Wa, ..., W,, be the other
irreducible components of W. We claim: if V itself is not a linear subspace, then
dimV; > dim V. We prove this claim by contradiction. If dimV; = dimV then
V = Vq, because V' C V; and both are irreducible. Let z € V = V; be a regular
point. Since dimT,(V) = dim V, and T,(V) is irreducible, T, (V) is not contained
in V1. But T, (V) is contained in W, thus T, (V') C W, for some i. But z € T,(V') by
homogeneity. What we have shown is that, under the assumption dim V; = dimV,
every regular point z € V is contained in UZZ2 W;. Thus Vi C U;W;. That
contradicts the assumed irreducible decomposition.

If V is not a linear subspace then we are now in the situation in which we
started, with V7 instead of V', and with dimV; > dim V. Continue this procedure
finitely many times to obtain a sequence of irreducible varieties V3 C ... C V,, that
terminates at a subspace on which A is isometric. V,, must be spanV. Indeed, it
certainly contains V. On the other hand, every V; lies in spanV;_; and hence in
span V. [ |

When the variety V is a hypersurface we sketch a more elementary proof, which
provides somewhat more information.

Proposition 7.7. Let f € Clz1,...,24] be a homogeneous polynomial, and let
V =V(f). Let A be a linear map on C? such that ||Az|| = ||z|| for all z € V. Let
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A = UP be the polar decomposition of A with U unitary and P positive. Then one
of the following possibilities holds:
(1) P=1I;
(2) P has precisely one eigenvalue different from 1 and V (f) is a hyperplane;
(3) P has precisely two eigenvalues not equal to 1 (one larger and one smaller),
and in this case V is the union of hyperplanes which all intersect in a
common d—2-dimensional subspace.

Proof. After a unitary change of variables, we may assume that A is a positive

diagonal matrix A = diag(as,...,aq) with a; > a;41 for 1 < i < d. Now A takes
the role of P in the statement.

We first show that ap = --- = aq_1 = 1. For if a; > as > 1, there is a non-zero
solution to f =0 and z3 = -+ = z4 =0, say v = (21, 22,0,...,0). But || Av|| > ||v],

contrary to the hypothesis. Hence as < 1. Similarly one shows that aq—1 > 1.
Hence all singular values equal 1 except possibly a; > 1 and a4 < 1.

If A =T then we have (1). When there is precisely one eigenvalue different from
1, A is only isometric on the hyperplane ker(A — I); thus (2) holds. So we may
assume that there are precisely two singular values different from 1, a; > 1 > agq.
Then f must have the form f = az]*+ ... for some a # 0. Indeed, otherwise (if 21

appears only in mixed terms) there is non-zero solution v = (1,0,...,0) to f = 0,
and ||Av| > ||v]|, contrary to the hypothesis. Now there are two cases:
Case 1: f does not depend on 23, ..., z4—1. In this case f is essentially a polynomial

in two variables, and can therefore be factored as f = [[,(cz1 + Bizq), from which
case (@) follows.

Case 2: f depends on zs,...,24—1. Say f depends on z5. Fix z3, ..., z4 such that
the polynomial f(-, -, z3,...,2q) still depends on 2. For every z5 there is a solution
z1 to the equation f(z1,22,...,24) = 0. As 22 tends to oo, the form of f forces
z1 to tend to oo as well. But since (z1,...,24) is a solution and A is isometric on
V(f), one has

atlz1|® + aglzal® = |z + |zal”.

This cannot hold when zy4 is fixed and z; tends to co. So this case does not occur. m

Example 7.8. Let us show that arbitrarily many hyperplanes can appear in case
@) above. Let a,b > 0 be such that a®> +b? = 2, and let A\j,...,\y € T. Let
V =4, U---U/ly, where £; = C(\;/Vv/2,1/4/2). Then A = diag(a,b) is isometric on
V.

Example 7.9. Propositions and [.7] depend on the fact that we are working
over C. Indeed, consider the cone V = V(22 + y? — 2?) over R. With a and b as
in the previous example, one sees that A = diag(a, a,b) is isometric on V, but it is
clearly not an isometry on R? = span(V).

7.3. Algebra isomorphisms induced by linear maps. Let I and J be radical
homogeneous ideals. We know that for A; and A; to be isomorphic there must
be a linear map A : By — C9 taking Z(J) bijectively onto Z(I) (see Remark 4]
below). Our goal now is to show the converse, that is, the existence of such a linear
map gives rise to an isomorphism of the algebras via a similarity, which we establish
for a certain class of varieties.
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Let V be a homogeneous variety in C% and let V=V, U--- UV, be the decom-
position of V' into irreducible components. Then we call

S(V) :=span(V1) U ---Uspan(V)

the minimal subspace span of V. By Proposition [(.6 the linear map A must be
isometric on S(V). Note that V' = S(V) if and only if V is already the union of
subspaces.

Our goal is to establish that A induces a bounded linear isomorphism A between
the Fock spaces F; and Fj given by Af = fo A*. This is evidently linear (provided
it is defined) and satisfies

(7.3) Avy =vay for A€ Z2°(J).

Conversely, A is determined by (7:3) because the kernel functions span F.
Before describing the class of varieties for which we can establish this very natural
sounding fact, we prove it in several special cases which will form the building blocks
for the general result.
Let L be a Hilbert space. Let S,, denote the symmetric group on n elements.
For o € S, we let m, be the unitary operator on L®" given by

7TU(:E1 & xn) :xa'(l) & ®:Ecr(n)

Then FE, = % Yo s, To is the orthogonal projection of L®", the n-fold tensor
product, onto L™, the symmetric n-fold tensor product. If W C L is a subspace,
then W™ = E,,WW®" is the symmetric n-fold tensor product of W. If V is another
subspace, then we write VW™ for the subspace Ey, (V™ @ W™) C (C¥)m+n,
which is the symmetric tensor product of V™ and W".

If Py is the orthogonal projection of L onto V, then P{?" is the projection of
L®" onto V®". The orthogonal projection onto V" is given by Py» = E,PZ™
where ¢ is the natural injection of L™ into L®™.

We need the following lemma which shows that high tensor powers of disjoint
subspaces are almost orthogonal.

Lemma 7.10. Let V; for 1 < i < k be subspaces of a Hilbert space L so that
max;; | Py, Py, || = ¢ < 1. When c" < 1/2k, any vectors x; € Vi satisfy

1 K b 2 3 b
DI ) R o
i=1 i=1 i=1

Proof. Observe that
n n n 1
[Py Pupll < |PE"PE| = ¢ < %

Therefore

\Hiwiu anzny—yzxz,x]

< Z ‘Tux]
i#] i#]

<3 el oyl < ¢ (ZH%“)

i#]

n 1
<o ol < 1Y Il .
i=1 =1
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Recall that F(X) is a reproducing kernel Hilbert spaces and that vy denotes the
kernel function at \. We introduce a convenient basis for the symmetric Fock space
F(X) of a subspace X. Decompose v, into its homogeneous parts

EDES 0L
n>0 n>0

Thus if f =Y, fn is the homogeneous decomposition of f € H3,
VR(f) = (fns A%") = fa (V).

This functional is completely determined by the identity
n! —
n( ny _ n )\®n — AO‘ a'
vR(z") = (2", ) g ol ol z

I ay!
lal=n d

For any subspace X,
F(X)=span{vy: A e B;N X}
= Zeaspan{uf AeEBNX} = Z®X".
n>0 n>0

Lemma 7.11. Let V=V U--- UV and W = Wy U ---U Wy be unions of linear
subspaces in c? and C?, respectively, with zero intersections V; N V; = {0} and
W; N W; = {0} for i # j. Suppose that A is a linear map from C? to C? such that
A(W;) = V; and A is isometric on each of the W;’s. Then A, defined by Avy = vay,
determines a bounded linear map of F(W) into F(V).
Proof. For any variety V that is a union of subspaces, V =V, U--- U Vg,

k

k
FV)=Y_Fv)=>_"0"vm.

i=1 n>0 =1
For f € F(W), Af = f o A*. In particular,
Av] = vy = A% "L,
That is, /~1|(Cd/)n = A®s" is the symmetric tensor product of n copies of A.

In particular, on any subspace X on which A is isometric, A is a unitary map
of F(X) onto F(AX). In particular, A carries F(W;) isometrically onto F(V;) for
1 <4<k TNhe only issue is whether this defines a bounded linear map on their
span. Since A respects the homogeneous decomposition, it suffices to consider the
restriction of A®+™ to Y2F | W, We will write W™ := S2F | w.

Since W;NW; = {0} for i < j, and d’ < oo, the projections onto these subspaces
satisfy || Pw, Pw,|| < 1. Thus we can define

¢ = max{ | P, P, |1, [Py Py || : 1< i < j < kY < 1.
We consider two cases. Observe that
[Alwa || < JA®] = | A||".
When ¢" > 1/2k, n < N :=log,-1(2k), and so we obtain

|Alw| < AN provided n < N.
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When ¢” < 1/2k, we use Lemma [T.T01 By hypothesis W; N W; = {0} for ¢ # j.
A typical vector in W™ = Zle W} can be written as z = Zle x; where x; € W}
It follows from Lemma [7.10] that

1 b b 2 3 b
33 bl < |l < 3Dl
i=1 i=1 i=1

Lemma [.10] also applies to A®s"x = Zle A®s" g, in Zle V™, namely

1 k k 3 k
3 2 A%l < | oA P < 53 A%
i=1 i=1

i=1
However A is isometric on each W;, and thus || A®:"z;|| = ||z;]]. We deduce that
for any vector x € W™, we have

1 n
3llzl” < 1A%l < 3]

In particular, ||Aly«| < V3.
Putting the pieces together, we see that

IA]| < max{[| A1, v3}.
Hence A is a bounded linear map of F(W) into F(V). [ ]

W =WyU-.-UWjg is a union of subspaces and F is a subspace orthogonal to
each of the W;’s, then we let E ® W denote (E® W1)U---U (E @ Wy).

Lemma 7.12. Suppose that V=V, U---UVy and W =Wy U---UWy are unions
of linear subspaces; and A is a linear map from C? to C* such that AW;) =V,
and A is isometric on each of the W;’s. Furthermore suppose that A, defined by
Avy = vay, determines a bounded linear map of F(W) into F(V). If E is a
subspace orthogonal to span(V') and F is a subspace orthogonal to span(W) such
that A carries F isometrically onto E, then A determines a bounded linear map of

F(FaW) into F(EDV).
Proof. This is straightforward. If F' and X are orthogonal subspaces,
FEeoX)= Y “Frx" =3 YFFE)X"

m,n>0 n>0

If A is isometric on F & X and AF = F and AX =Y, then it follows that A is
an isometry of F(F @ X) onto F(E @ Y) which takes F(F)X™ isometrically onto
F(E)Y™. Moreover if A|p = U is the isometry onto F, the restriction of A to
FF)X"is U @4 A%"| xn.

This situation applies to each space F' @ W;. Hence A carries F (F) Zle wi
onto F(E) Y, Vi via

ﬁ ®s A®sn

YW
Since U is isometric, the norm of this map coincides with

a4

st wall < ALzl

=1

It follows that | A|zrew)|l = | Alxuwll. n
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Corollary 7.13. LetV =V U-- UV and W = W1 U---U W} be homogeneous
varieties decomposed into irreducible components. Suppose that A is a linear map
from Cd to C4 such that A(W;) = V; and A is isometric on each of the W;’s.
If there is a common subspace E so that S(V;) N S(V;) = E for i # j, then A
determines a bounded linear map of F(W) into F(V).

Proof. By Proposition[Z.6] A maps the minimal subspace span S(W;) isometrically
onto S(V;) for 1 <14 < k. In particular, F' := S(W;)NS(W;) is independent of ¢ # j,
and is mapped isometrically onto E. Let V! = S(V;) © E and W/ = S(W;) © F.
As these are disjoint subspaces, Lemma [Z.IT] implies that A is a bounded map of
FW{U---UW,) into F(V/ U---UV/). Then by Lemma [7.T2] this extends to a
bounded map of F(S(W)) into F(S(V)). The restriction of this map to F(W) is
a bounded map into F (V). [ |

A third construction is obtained by using the ideas in Proposition [[77

Lemma 7.14. Let V = Vi U---U Vg and W = Wy U --- U Wy be homogeneous
varieties decomposed into irreducible components. Suppose that A is a linear map
from C¥ to C% such that A(W;) = V; and A is isometric on each of the W;’s. If
dim (span(W)/S(W1)) < 1, then A determines a bounded linear map of F(W) into
F(V).

Proof. If S(W;) = span(WW), then A is an isometry of span(W) onto span(V'). In
this case, A is an isometry of F(W) onto F(V). So we may suppose that S(W;) is
codimension 1 in span(W).

As in the proof of Proposition [[.7], the restriction of A to span(WW) has singular
values a1 > 1 =ag = -+ = ap—1 > ap. And A will be isometric on span(W) as
in cases (1) and (2) of Proposition [[7, unless a3 > 1 > a,. So we assume that we
are in this situation. Let fi,..., f, be the orthonormal basis for span(¥) so that
there is a corresponding orthonormal basis e1, ..., e, for span(V) with Af; = aje;.

There is a unique « € (0,7/2) so that

2

a%cos2a+a12)sin oa=1.

The maximal subspaces on which A is isometric have the form
Wy = span{cos afy + e sinaf,, fo,... fp_1} for 6 € [0,27).

Each irreducible component W is contained in some Wpy,. By Corollary [[.13] Ais
bounded on F(Wy, U---UWp, ). Hence it restricts to a bounded map of F(W) into
F(V). |

Corollary 7.15. Let V and W be homogeneous varieties in C>. If there is a linear
map A on (C?’~ such that A(W) =V and A is isometric on the irreducible components
of W, then A is a bounded linear map of F(W) into F(V).

Proof. Let W = Wy U--- U Wy. If dim S(W;) > 1 for any ¢, then Lemma [[.14]
applies. Otherwise each W; is a subspace of dimension one. In this case, W;NW; =
{0} when i # j. Hence Lemma [.T] applies. ]

We are now in a position to state the class of varieties to which our techniques
apply. We introduce a definition for the purposes of easier exposition. Call a variety
V tractable if W = S(V) is tractable, meaning that it can be constructed as follows:
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(1) A finite union W of subspaces W; with zero intersection, W; N W; = {0}
for i # j, is tractable.

(2) A finite union W of subspaces W; so that dim (span W/W;,) = 1 for some
i is tractable.

(3) If W is tractable, and F is a subspace orthogonal to span W, then E & W
is tractable.

(4) If W; for 1 < i < k are tractable unions of subspaces and span(W;) N

span(W;) = {0} for i # j, then W7 U --- U W}, is tractable.

The crucial technical result we need is the following;:

Theorem 7.16. Let I and J be radical homogeneous ideals in Clzy,...,zq4] and
Clz1, ..., za’], respectively. Assume that V(J) is tractable. If there is a linear map
A:C¥ — C? that maps Z(J) bijectively onto Z(I), then the map A : F; — Fi

given by (73) :
Avy = vy for Xe Z°(J)

is a bounded linear map of Fj into Fy.

Proof. By Lemma [Z.5] A preserves the norm on V(J). By Proposition [[.6] A
is also isometric on the minimal subspace span S(V(.J)). If we can show that A
is a bounded map of F(S(V(J))) into F(S(V(I))), then by restriction, it maps
F(V(J)) into F(V(I)). So the theorem reduces to the case in which the varieties
are unions of subspaces.

Lemma [T.1T] shows that the result holds in case (1) of a union of subspaces with
zero pairwise intersection. Lemma [T.14] shows that the result holds in case (2) in
which one subspace W;, has codimension one in span W. And Lemma shows
that if the result holds for W, then it holds for £ @& W when F is orthogonal to
span W. Thus it remains to show that if W, for 1 < ¢ < k are tractable unions
of subspaces and span(W;) N span(W;) = {0} for ¢ # j, then the result holds for
W1 U---UWy. The proof is a refinement of the proof of Lemma [Z.111

The hypotheses guarantee that A is a bounded linear map of F (W;) into F (V)
for 1 <i < k. As in the proof of Lemma [Z.IT} it suffices to estimate || A|y | for
each n > 0. Again we let

c= maX{HPspan(Wi)Pspan(Wj)”7 ||Pspan(%)Pspan(\/j)|| l<i<y< k} <1

The proof that || Al || < [|A®"|| < ||A||Y for n < N := log,—:(2k) remains the
same. So we consider ||A|wn| for n > N.

Following the proof of Lemma [T.11] again, we split a typical vector x € W™ as
x =Y x; with z; € W C span(W;)". As before, Lemma [Z.10 yields

1 b b 2 3 b
32l < | < 3
i=1 i=1 i=1

and

1 k k 3 k
3 2 I4% i < || 30 4% < 53
1=1 =1 1=1
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Let M = max{||/1|;(wi)|\ 1<i< k} Then

k
1Y A®ma|* < 5 Z (R
=1
k
MY flai]|? < 302 szH
=1 =1

Hence || A|| < max{||A|N,v3M} on F(W). Thus A is a bounded map of F(W)
into F(V). [

N W

l\DIOJ

To recapitulate, we list a number of examples of tractable varieties:

(1) Any irreducible variety V because S(V') is a subspace.
(2) V = V1 U Vs, the union of two irreducible varieties, because there is only
one S(V; )ﬂS( ;) for i # j.
B)v=1ru---u Vk where V; are irreducible and S(V;) N S(V;) = E, a fixed
subspace, for all 1 # j.
(4) V=V U-- UV, where dimS(V;) > d — 1.
(5) Any variety in C3.
As an immediate consequence, we obtain the following statement about isomor-
phism of operator algebras of the form A; when V(I) is tractable. We conjecture
that this result is valid for all homogeneous varieties.

Theorem 7.17. Let I and J be radical homogeneous ideals in Clz1, ..., z4) and
Cle1, ..., za), respectively, such that V(J) is tractable. Let A : C* — C% and
B : C¢ = C¥ be linear maps such that AB|z1y = idgy and BA|zy) = idge.
Let A be the map given by Theorem [7.10, Then A is invertible, and the map

p:f = foA
is a completely bounded isomorphism from Ay onto Ay, and it is given by conjuga-
tion with A*:
p(f) = A"f(AT)".

Proof. By Theorem [T16, A and B are bounded. By checking the products on
the kernel functions, it follows easily that B = A~!. So these maps are linear
isomorphisms.

Let f € A; and A € Z(J). Denote by My the operator of multiplication by f on
]:[. Then

AilM;AVA = AilM}‘VAk = Ailf o A()\)IJAX =fo A()\)IJA

Thus (A~'MjA)* = A*My(A=1)* is the operator on F; given by multiplication
by f o A. [ |

Remark 7.18. The various lemmas established above only require that A be length
preserving on V. It need not be invertible on span(V') in order to show that the map
A is bounded. However, if A is singular on span(V'), then A is not injective because
the homogeneous part of order one, M; := span{vi : A € Z°(V)} ~ span(V) and
14|1\/[1 ~ A.

101/V2
For example, if V = Ce; UCey; UCe3 and A = {0 1 1§\/§] , then one can see that

00 O
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A is isometric on V' and maps C3 into span{ey, ea}, taking V' to the union of three
lines in 2-space. The map A is bounded, and satisfies Avy = vay for A € zZo(V).
But for the reasons mentioned in the previous paragraph, it is not injective.

On the other hand, if A is bounded below by § > 0 on span V', one can argue in
each of the various lemmas that A®=™ is bounded below by 6" for n < N and use
the original arguments for upper and lower bounds on the higher degree terms. In
this way, one sees directly that Ais an isomorphism.

Although the following example does not disprove Theorem [Z.16] for arbitrary
complex algebraic varieties, it does illustrate some of the difficulties one must over-
come.

Example 7.19. In this example we identify C? with R*. Let
V= {(w,z,y,2): w4+ 2% =y*+ 2°}.

Then V is a real algebraic variety in R*, but is not a complex algebraic variety in
C? because it has odd real dimension. Note that

= &i{(¢‘¢Q:AEC}

Let A = (8 (b)), where @ > 1 > b > 0 satisfy a® + b> = 2. Then A is an invertible
linear map that preserves the lengths of vectors in V. Put V' = AV. We will now
show that the densely defined operator given by Avy = v4, does not extend to
a bounded map taking span{ry : A € V N By} into pan{vy : A € V' N By}. Let

a, 3 > 0, and consider
n

Z(ael + Hjﬁeg)" S (62)71,
j=1
where 6; = exp(2X;). We find

n

Z(ael +6,8e2)" Z Z aeq) 6‘ i Bea)" ™
=1 =1 k=0
:i an kel (Zen k n k)

= ﬁ”neQ + a"net,
because E _exp(ZE(n — k)j) is equal to 0 for 1 <k <n — 1, and equal to n for
k =0 and n. Thus,
I3 s + 0,800 = (o 4 6270

Comparing this norm for (., 8) = (a,b) and («, 8) = (1,1) we find that the densely
defined A is unbounded.

8. CLASSIFICATION OF THE ALGEBRAS

We now have enough machinery to give a geometric classification of the operator
algebras A;. In the case of algebraic isomorphism, we require the varieties to be
tractable.
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First, let us say a few words about the purely algebraic problem. When I is
a radical ideal in C[z], then C[z]/I can be identified with the ring of polynomial
functions on V(I), which is nothing but the ring of restrictions of polynomials to
V(I). This algebra is also the universal unital commutative algebra generated by
a tuple satisfying the relations in I. If J is another radical ideal, then every ho-
momorphism from C[z]/I to C[z]/J gives rise to a regular map (i.e., a polynomial
map) V(J) — V(I), and the two algebras are isomorphic if and only if the varieties
are isomorphic (see [36, p. 29]). Consequently, a grading preserving isomorphism
is implemented by a linear change of variables. Therefore, when I and J are homo-
geneous, C[z]/I and C[z]/J are isomorphic as graded algebras if and only if there is
a linear map that takes V'(.J) bijectively onto V(I). We will see that the situation
for the algebras Aj is both similar and different.

8.1. Classifying the algebras A; up to isometric isomorphism. We provide
a concrete criterion for when two algebras A; and A are (completely) isometrically
isomorphic.

Remark 8.1 (Adding variables). Let I be an ideal in C[zy, ..., zq], and let d’ > d.
We may want to consider I as an ideal in C[zy,...,zq4]. Of course, it isn’t. But
note that if we define I’ = (I, 2441,...,2a), then I’ is an ideal in C[z, ..., z¢/] and
V(I') is isomorphic to V(I). Furthermore, C[V (I)] = C[V(I')] and A; is completely
isometrically isomorphic to Aj.. Therefore, when studying the situation where I
is an ideal in C[z1,...,24] and J is an ideal in C[z1, ..., z¢], we may assume that
d = d’. We do not always make this assumption, but the next theorem is much
more elegant when stated for the case d = d'.

Theorem 8.2. Let I and J be two homogeneous radical ideals in Clz1,. .., zq4]. As
and Ay are isometrically isomorphic if and only if they are completely isometrically
isomorphic. This happens if and only if there is a unitary U on C¢ taking V (J)
onto V(I).

Proof. By Proposition Bl and Theorem L8] A; and A; are (completely) isomet-
rically isomorphic if and only if there is a unitary U such that

J={foUt:felI}.

Since I and J are radical, it follows from Hilbert’s Nullstellensatz that this holds
if and only if U(V(J)) =V (I). ]

8.2. Classifying the algebras A; up to isomorphism.

Proposition 8.3. Let I and J be two homogeneous radical ideals of polynomials
and assume that there exists an isomorphism ¢ : A; — Ay. Then there exists a
vacuum preserving isomorphism from Ar to Ay.

Proof. The proof is identical to the proof of Proposition[£.7, where one uses Propo-
sition [Tl instead of Lemma [£.4] ]

Remark 8.4. The same trick used to prove Propositions .7 and can be used
to show that, if there is biholomorphism between Z°(I) and Z°(J), then there is a
biholomorphism between them that fixes 0. This may seem like an obvious result,
but consider the following problem: given that Z(I) and Z(J) are homeomorphic,
prove that there exists a homeomorphism between them that fizes 0.
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Theorem 8.5. Let I and J be homogeneous ideals in C[z1, ..., zq4] and Clz1, . .., za/],
respectively, such that V(J) is tractable. The algebras A; and Ay are isomorphic
if and only if there exist two linear maps A : C* — C? and B: C¥ — C¢ such that
Ao Bl|zy) and B o A|zpy are identity maps.

Proof. If A; and A; are isomorphic, then by Proposition B3] there exists also a
vacuum preserving isomorphism between them. By Proposition [[.I] and Theorem
[[.4] there exist linear maps A, B as asserted.

If, conversely, there exist linear maps A, B as in the statement of the theorem,
then Theorem [T.17 applies to show that there is an isomorphism (in fact, a simi-
larity) from A onto Aj. n

Example 8.6. Consider the simplest case when d = d’ = 2. Then the maximal
ideal spaces Z(I) and Z(J) are either 0, B or finitely many lines. If Z(I) and Z(J)
are one line, then A; and A; are completely isometrically isomorphic. If Z(I) and
Z(J) consist of two lines, then A; and A are isomorphic but if the angle between
the two lines is not the same then they will not be isometrically isomorphic. If
Z(I) and Z(J) consist of three or more lines, then C[z]/I and C[z]/J might not
be isomorphic, because the action of a linear map on C? is determined already by
its action on two lines. The coordinate rings C[z]/I and C[z]/J are isomorphic
precisely when there exists a linear map A mapping V' (J) onto V(I). When this
happens, there exist cases when A; and A; are isomorphic, and there exist cases
when they are not— depending on whether or not this A maps Z(J) onto Z(I).

The geometric rigidity of the varieties implies that the operator algebras also
have a rigid structure.

Theorem 8.7. Let I and J be two radical homogeneous ideals in Clz1,. .., zq4], and
assume that V (I) is either irreducible or a nonlinear hypersurface. If A; and Ay
are isomorphic, then Ar and Aj are unitarily equivalent. If ¢ : Ar — Ay is a
vacuum preserving isomorphism, then it is unitarily implemented.

Proof. This follows from Theorems B.5] and Proposition ]

9. AUTOMORPHISMS OF A; AND INDUCED ISOMORPHISMS

9.1. Automorphisms of A,. By Proposition[7]] every (algebraic) automorphism
of A, arises as a composition operator f — f oy, where ¢ € Aut(By). Conversely,
it is known that every conformal automorphism of the ball yields a completely iso-
metric isomorphism of Ay. As we do not have a convenient reference, we briefly
sketch the ideas. Voiculescu [41] constructed unitaries on full Fock space which
implement *-automorphisms of the Cuntz-Toeplitz algebra and fix the noncommu-
tative disc algebra 4. Davidson and Pitts [I9] showed that the action on the
character space was the action of the full group Aut(Bg). It is clear that these
automorphisms preserve the commutator ideal, and thus the unitaries preserve the
range of the commutator ideal, (H3)+. Thus they also fix H?. Now Ay is com-
pletely isometrically isomorphic to the quotient of 24 by the commutator ideal, and
this is completely isometric to the compression to H3 by [18]. So the compressions
of the Voiculescu unitaries implement the action of Aut(Bg) on Ajg.

Theorem 9.1. Fvery ¢ € Aut(By) gives rise to a completely isometric automor-
phism of Aq.
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In fact we can say more than this, specifically that the Voiculescu unitaries, when
restricted to symmetric Fock space, are just composition with the conformal map
followed by an appropriate multiplier.

Theorem 9.2. Let ¢ € Aut(Bg). Then there is a completely isometric automor-
phism O, of Aq given by ©,(f) = fop = UfU*, where the unitary U : H3 — H?
18
—1 o\1/2
Uf=(1~1e7 0)]*) " vp-100)(f 0 9).

Proof. We begin with Voiculescu’s construction of automorphisms of the Cuntz
algebra [41]. Consider the Lie group U(1,d) consisting of (d+1) x (d+ 1) matrices
X satisfying X*JX = J, where J = [_01 1%] When X is of the form X = [z" m }

n2 X1
it must have the following relations:

1) [mll? = lln2l]? = |zo|* — 1
(2) X17’]1 = .I()T]Q and Xl N2 = Tom
(3) Xi X1 =ILi+mny and X1 X7 = 1Ig+nns.

Furthermore, if X € U(1,d) then JXTJ € U(1,d) since
XTI JIXT)) = J(XHTIXTT = (XIX* T T =Ig1J = J.
It follows from Voiculescu’s work that the map U(1,d) — Aut(Bg) given by
X1z +n2
xo + (2, m)

is a surjective homomorphism. Thus, fix X € U(1,d) such that ¢ = ¢ yxr; which
makes

X = px(z):=

-1 -1 o1
PX = Pyx=g — Puxryg =¥ -

There is a unique automorphism of 2[; defined by
®<P(LC) = (2ol — Lﬁz)il(LxlC - <C7771>I)7

where we use the convention that Le = > |, ;L; for ¢ € C?. This extends to an
automorphism of the Cuntz-Toeplitz algebra. As well, Voiculescu defined a unitary

U € U(F(C?)) by

U(AQ) = O,(A)(vol — Ly,)"'Q, forall A€ Ly,
establishing that the automorphism ©,(A) = UAU™ is unitarily implemented. As
was discussed in the beginning of this section, H3 is an invariant subspace of U and
so ©, also yields an automorphism of 44 which is implemented by the restriction

of U. We will show that U has the desired form.
For w € F}, |w| = m, we have

1
U( w = m| Z ga(w) PHgU((W Z Lo’(w))Q)

gESm gESm
= P2Oy(M., ) Pyz (20l — Ly, ) '€

As noted above, because H3 must reduce U, we obtain Py O,(A) = Pr204,(A) Py
Suppose that ¢ € C?. Then

d
‘PH2 LC ZCZZl ZCi<Zvei> = <Z7Z>
=1
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Now with x5 'n2 = ¢(0) = »~(0), we have that

1
P I—Ly,) ' Q= ——r =a;! .
Hi (o 772) 2o — (2,73) =Tg Ve-1(0)
Note that if |§] = 1, then X implements px as well. So we may assume that

xo > 0. As well, X € U(1,d) implies that |z¢|? — |n2|*> = 1. Hence,
™1 (0)]” = lx (0)]

Thus zo = (1 — |~ 1(0)]?)~ /2.
Next we compute

1
P20, (M,,) :PHg@w(m Z Lo(w))
gESm

1 m
=— > [ Puz0¢Low,)

’ 0'65771 j:l

2 _ [n2|? _ |72 — 1
lzol? Jwol?

I

—

Y
o

S
~

&

Observe that

Consequently,

Pz @,(M-,,)(z)

j=1
— ﬁ <Z7'Xlewj> <n17ew]> _ - <'X1 z ewj> + <_m7 e’w]‘>
=1 zo — (2,72) =1 zo + (2, — )
—szj(7$12_1> H <PJXTJ )
=1 0 ) =1
= [ 2w (0(2) = (zw 0 9)(2).
j=1
Combining these equations, we get that
Uza) = (T 2y 0 9) (1= 67 ) 2vpm10
j=1

= (2w o @)(1 = o~ (0)]*)*vp-1(0)-
Extending this to the span, we have that
Uf = (1=l 0)))?vp10)(f 0 )
for all f € Ay. [ |
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Remark 9.3. This also gives a very nice description for U* on kernel functions.
Letting A\g = ¢ ~1(0) then the previous theorem gives us

Uf=V1=ollPvae(fow) and UMU" = Myo,.

Then for \ € B; we have
Mi(U*vs) = U Mo, va = U*(fop)(Nva = (fop)(A)(U va).

Hence, U*vy = cxvyn) € Cryn), the eigenspace of My for eigenvalue (f o p)(A).
Now compute

axfleN) = (freavpn) = (f, U

= (Uf,va) = V1= [Xl>((f o @)vag, va)
_ e fle(W)
- 1- ”/\OH m

Therefore,

1— || Xol?
ey = VT Tl

1— <)\O,)\> V<P(>\)'

We wish to describe how ¢ € Aut(By) gives rise to an isomorphism ¢ : Ay — Ay,
when I and J are radical ideals in Clz].

Proposition 9.4. Let I and J be homogeneous radical ideals in Clz]. Let ¢ €
Aut(By) map Z(J) onto Z(I). Then the automorphism of Aq given by p(f) = fop
maps I onto J. Consequently, o induces an isometric isomorphism @' : Ay — Ay
given by ¢'(f) = foep.

Proof. It suffices to prove the first assertion. In fact, it suffices to prove that ¢
maps I into J. Let f € I. Then f o ¢ vanishes on Z(J). By Corollary [613]

fo(pEj. [ |

Remark 9.5. As we have seen in the discussion following Theorem [R5 not every
algebraic isomorphism between two algebras A and A ; is isometric. Thus not every
such isomorphism is induced from an automorphism of A4,. This leaves us with the
question: is every isometric isomorphism between two such algebras induced from
an automorphism of A4;7 We answer this in a very special case.

9.2. The automorphism group of a union of subspaces. Let I be a radical
ideal such that V' = V(I) is a union of subspaces. We will compute the group
of automorphisms of Z := Z(I). By an “automorphism” of Z we mean a map
¢ : By — C?, analytic in By, such that there exists ¢ : By — C¢, analytic in By,
for which ¢ 0otz = ¥ o p|z = id. The collection of all such maps is denoted by
Aut(Z).

Write V=V, U...UVj. Setting Z; = ViN By, we have also Z = Z; U...U Zy.
Finally, define Zy = Nf_, Z;.

For a € By, we define ¢, as in ([£2]).

Lemma 9.6. Suppose that a € Zy and A is a linear map which takes Z onto itself.
The map @ = @q0A yields an automorphism of Z. Conversely, every automorphism
of Z arises in this way.
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Proof. Let a € Zy;. We must show that ¢, preserves Z. Let z € Z;. Write
z=ux+y, where z,y € Z;, x € spanf{a} and y L a. Then
a(2) = (1~ (z,a)) " (a —2) = sa(1l — (z,0)) "'y € Zi.
For the other direction, let ¢ € Aut(Z), and let a = ¢(0). Note that ¢
must permute the subspaces Z;, and thus preserves their intersection Zy. Hence
©(0) = a € Zy. It was established above that ¢, preserves Z. Thus @, o ¢ is an

automorphism of Z which takes 0 to 0. By Theorem [(.4], ¢, 0 ¢ = A, where A is a
linear map. [

Corollary 9.7. Suppose that V is a tractable union of subspaces, and I = I(V).
Then Aut(Ap) is isomorphic to Aut(Z(I)), and all of these maps are implemented
by similarities.

The subgroup of (completely) isometric automorphisms is identified with those
p € Aut(Z(I)) of the form ¢ = @, o U where U is a unitary map which fizes
Z(I). These are precisely the quotients of 0 € Aut(Bg) which fix Z(I), and they
are unitarily implemented.

Proof. Lemma[@.6identifies the elements of Aut(Z(I)). The automorphisms ¢, for
a € Zy are automorphisms of By, and thus are induced by the completely isometric
automorphism of A4. In particular, they are unitarily implemented on H2 and fix
the ideal of functions which vanish on Z°(I). Thus the orthogonal complement,
Fr, is also fixed by this unitary. So the automorphism ¢, is unitarily implemented.

The linear map A fixes Z(I) and is necessarily isometric on V. By Theorem [T.17],
A implements the automorphism via a similarity. When U is unitary, U is unitary
and the automorphism is unitarily implemented, and thus is completely isometric.
Conversely, by Theorem [B.2] isometric automorphisms are unitarily implemented
by U for some unitary U which fixes Z(I). These are evidently induced by the
corresponding automorphism of Aut(Ag). ]

Example 9.8. Consider the variety V = V; U Vo C C? given by Vi = span{e;,ea}
and Vi = span{(ea + e3)/v2}. If U = [1l! #12] is any 2 x 2 unitary matrix, and
B € 0,27), the map

Uir U2 TUu12
A= |ug uzx P —ump
0 0 etf

is an isometric map of V onto itself. It is easy to see that these are the only
possibilities. Since spanV = C3, this does not coincide with any unitary map
except when it is unitary, which occurs only for the subgroup of the form

el 0 0
A=|0 €% 0|, fora,Bel0,2n).
0 0 €7

Since V; has codimension one, V is tractable. So Corollary[@applies. Zy = {0}.
So Aut(Z(I)) coincides with the linear maps described above, and the isometric
subgroup corresponds to the unitaries, and so is isomorphic to T2.

10. TOEPLITZ ALGEBRAS AND C*-ENVELOPES

In this section we consider the Toeplitz algebra of X, defined as Tx = C*(Ax).
We begin with some simple consequences of Section [4]
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Theorem 10.1. Let X and Y be subproduct systems.

(1) Every vacuum preserving isometric isomorphism ¢ : Ax — Ay extends to
a *x-isomorphism ¢ : Tx — Ty .

(2) If Ax and Ay are isometrically isomorphic, then Tx and Ty are x-isomor-
phic.

Proof. Assertion (1) follows from Theorem Il Assertion (2) then follows from
Proposition [£.7 ]

Example B4 shows that the converse of assertion (2) above is false. We do not
know whether an isomorphism that does not preserve the vacuum can be extended
to a x-isomorphism of the C*-algebras. In [40], Viselter studied (in greater gener-
ality) the problem of when a completely contractive representation of Ax can be
extended to a x-representation of Tx, but his results do not apply directly.

10.1. The C*-envelope of Ax, X commutative. In this subsection all our sub-
product systems will be commutative. Thus, below, X and Y will always denote
commutative subproduct systems and the algebras Ax, Ay will always be commu-
tative algebras. Recall that we denote Ox = Tx/K(Fx), where K(Fx) denotes
the compact operators on Fx.

A variant of the following lemma appears as [13] Proposition 6.4.6], where the
result is proven for arbitrary (not necessarily homogeneous) submodules of H3.
The situation in [13] is slightly different, but after a simple modification the proof
carries over to our case.

Lemma 10.2. If dim X (1) > 1 then the quotient map q : Tx — Ox is not a
complete isometry.

By [4, Theorem 2.1.1], the identity representation is a boundary representation
if and only if the quotient map ¢ : Tx — Ox is not a complete isometry. Thus the
above lemma gives immediately:

Corollary 10.3. The identity representation of Tx is a boundary representation

for Ax.

Since the Silov boundary ideal is contained in the kernel of any boundary repre-
sentation, we find that the Silov ideal of Ax in Tx is {0}. Thus we obtain:

Theorem 10.4. The C*-envelope of Ax is Tx.

This allows us to prove that all the completely isometric isomorphisms in the
commutative setting are unitarily implemented:

Theorem 10.5. Let ¢ : Ax — Ay be a completely isometric isomorphism. Then
there exists a unitary U : Fx — Fy such that

o(T) =UTU* , T € Ax.

Proof. By Arveson’s “Implementation Theorem” [4, Theorem 0.3], ¢ is imple-
mented by a *-isomorphism 7 : Tx — Ty. Since K(Fx) C Tx (see [38, Proposition
8.1]), m = mo @ m1, where my is a multiple of representations unitarily equivalent
to the identity representation and 7y annihilates the compacts. Since K(Fy) C Ty
and 7 is an isomorphism, 7 is irreducible and therefore has just one summand.
Thus either 7 is unitarily implemented, or 7 annihilates the compacts. But if 7 an-
nihilates the compacts it factors through Oy, that is, 7 = foq where 7 : Ox — Ty
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is a #-homomorphism and ¢ : Tx — Ox is the quotient map. Thus ¢ = 7 0 q|.4-
By Lemma [I0.2] this contradicts the assumption that ¢ is completely isometric. ®

The above result is interesting for the non vacuum-preserving case, as Theorem
[4T] shows that every vacuum preserving isometric isomorphism is unitarily imple-
mented (even for X not commutative).

Having brought C*-algebras into our discussion about universal operator alge-
bras, one might wonder whether our methods give any handle on the universal
unital C*-algebra generated by a row contraction subject to homogeneous polyno-
mial relations. Unfortunately, these universal C*-algebras are out of our reach. All
we can say is that Tx is not, in general, the universal unital C*-algebra generated
by a row contraction subject to the relations in IX. One can see this by considering
the case d = 1 and no relations. Then Ty is the ordinary Toeplitz algebra, which
is not the universal unital C*-algebra generated by a contraction.

10.2. The Toeplitz algebras and topology. It is a fact that, for any subproduct
system X, K(Fx) C Tx (see [38 Proposition 8.1]). Thus, there is always an exact
sequence
0 — K(Fx) — Tx — Ox — 0.

Arveson conjectured that, for any homogeneous ideal such that I C C|z], the al-
gebra Ox, is commutative [6]. This conjecture is still open; the most up-to-date
results can be found in [22]. There are several significant consequences of this
conjecture treated in the literature (see, e.g., [7]). We will see below that another
consequence is a connection between the x-algebraic structure of the Toeplitz al-
gebras Tx and the topology of the variety V(I*X). The “topological classification”
results in this subsection should be compared with the “geometrical classification”
results of Section [§

Given a homogeneous ideal I C C[z], let us say that Arveson’s conjecture holds
for I, if Ox, is commutative. Note that if Arveson’s conjecture holds for I and
X = X7, then the above exact sequence becomes

(10.1) 00— K(Fx) —Tx — C(V(I)NIBy) — 0.

Proposition 10.6. Let I, J C C[z] be two homogeneous ideals for which Arveson’s
conjecture holds. Let X = X; and Y = X ;. If Tx is x-isomorphic to Ty, then
V(I)NOBy is homeomorphic to V(J)NOB,, and consequently V(I) is homeomorphic
to V(J).

Proof. In the proof of Theorem it was observed that a *-isomorphism from
Tx onto Ty is unitarily implemented, and therefore sends the compacts onto the
compacts. Therefore, given that the exact sequence (I0LT]) holds for X and for Y,
every such #-isomorphism induces a #-isomorphism between C(V(I) N dB,) and
C(V(J) N 0Bg). The assertion follows. ]

Thus, the topology of V(I) is an invariant of the algebras Tx. Examples 3.3 and
B4 show that it is not a complete invariant (in both examples V(I) = {0}, but Tx
is either My(C) or M5(C)). This is not surprising, as the ideals arising in Examples
B3 and B4 are not radical. Does the topology of V(I) determine the structure of
the associated algebra Tx when I is radical? All we can say right now is that the
answer is yes in dimension d = 2 (when there is, in fact, not too much topology
going on). It is interesting to compare the following proposition with the discussion
in Example
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Proposition 10.7. Let I,J C Clz,y] be two radical homogeneous ideals. Let
X =Xr andY = X;. Then V(I) is homeomorphic to V(J) if and only if Tx is
x-isomorphic to Ty .

Proof. In dimension d = 2, Arveson’s conjecture holds for all ideals [25, Theorem
3.1] (see also [22}, [37]). For a nontrivial ideal I C Clz,y], V(I) is equal to a union
of lines Ui?:l&. If I; is the radical ideal corresponding to the line ¢;, then we have
I =nk | I;. Tt is easy to see that the Toeplitz algebra corresponding to I; is equal to
the ordinary Toeplitz algebra T, that is, the C*-algebra generated by the unilateral
shift. By [25] Proposition 5.2],

Tx = (To-0T)+K,

k times

and this C*-algebra is completely determined by the number k, which encodes also
the topology of V(I). [ ]

Similar assertions can be made in higher dimensions about unions of subspaces
intersecting at {0}, assuming that Arveson’s conjecture holds.

11. THE CLASSIFICATION OF THE WOT-CLOSURES OF THE ALGEBRAS Ax

Let Lx be the woT-closure of Ax in B(Fx). In the commutative case we write
L7 instead of Lx, where, as usual, I = IX. In this section we will classify the
algebras Lx up to isometric isomorphism, and for I radical and V' (I) tractable,
we will classify the algebras £; up to isomorphism. We will also show that in
the radical commutative case, every isomorphism is automatically bounded and
continuous in the weak-operator and weak-* topologies.

It turns out that, just like in the norm-closed case, the Banach algebra structure
of Lx is completely determined by the the subproduct system X; the algebraic
structure of £; determines the geometry of V(I), and is determined by this geom-
etry when V(I) is tractable. The rigidity results obtained above also survive the
WOT-closure. Before proving these results, let us explain why they are not obvious.

Let V1,..., Vg be a set of isometries on a Hilbert space with pairwise orthogonal
ranges. The normed closed algebra Alg{Vi,...,Vy} is always isometrically isomor-
phic to the noncommutative disc algebra 24 = Alg{L1,...,Lq} (see the proof of
Theorem 2.1, [31]). On the other hand, the woT-closure of Alg{Vy,...,Vy} may
fall into several quite different isomorphism classes: it might be L4, it might be a
type I factor, and it might be something “in between” (see [16}, 17, 20} [33]).
On the other hand, the C*-algebras encountered in Proposition [[0.7] fall into infin-
itely many *-isomorphism classes, while their wOT-closures are all type I, factors.
These two examples show that taking the woT-closure of an operator algebra is
not as innocuous an operation as one might think.

As we have seen in Example[B.6] it can happen that the algebras Alg(S{, ..., S})
and Alg(Sy,...,S]) are isomorphic, but their norm closures are non-isomorphic.
It is plausible that the woT-closed algebras split further into more isomorphism
classes, or degenerate to fewer isomorphism classes. We will see below that this is
not the case.

The proofs of our results follow closely the proofs for the norm-closed case. We
will give complete details only where the proofs are significantly different.
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The main connection to geometry is made via the character space. We denote
the maximal ideal space of Lx by M(Lx). As above, we call elements of M(Lx)
characters. In general, M(Lx) can be a very wild topological space, and the useful
characters are the wWOT-continuous ones.

Proposition 11.1. The WOT-continuous characters of Lx can be identified with
Zo(I%).

Proof. For every A € Z°(I%), the vector vy is in Fx. Therefore the character py,
defined by

pA(T) = (Twa, vx)
is a WOT-continuous character.

On the other hand, there is a natural quotient from the free semigroup algebra
Lq onto Lx that is woT-continuous. Thus, if p is a WOT-continuous character of
Lx, then it gives rise to wWoT-continuous character on £4. Therefore, using [19]
Theorem 2.3], we find that p must be equal to the evaluation functional py at some
point A € B,. But since p restricts to a character of Ay, we must have A € Z°(I%).

The correspondence A <+ py is easily seen to be a homeomorphism of Z°(I%)
onto a subset of M(Lx). [ |

Every p € M(Lx) \ Z°(IX) restricts to a character of Ax. Thus, the corona
M(Lx)\ Z°(I*) is the union of fibers over Z(IX)\ Z°(I%). If A € Z(IX)\ Z°(I7¥),
p being in the fiber over A means that p(S;X) = \;, or, equivalently, that p| 4, is
equal to evaluation at .

11.1. The noncommutative case.

Theorem 11.2. Let X and Y be subproduct systems. Then Lx is isometrically
isomorphic to Ly if and only if X =Y.

Proof. One direction follows immediately from the classification of the algebras
Ax. Indeed, if X 2 Y, then there is a unitarily implemented isomorphism from
Ax onto Ay, and this isomorphism extends to the wOT-closures.

The proof of the other direction is similar to the proof in the normed closed case,
with small modifications. The proofs of Lemmas and .4l can be adjusted to this
case to show that for every isometric isomorphism ¢ : Lx — Ly, the restriction of
¢* is a biholomorphism of Z°(IY) onto Z°(I*X). Appropriate versions of Theorem
[41] and Proposition [£.7] are true for the woT-closed algebras, with basically the
same proofs. The result therefore follows just as in the norm-closed case. [

11.2. The commutative radical case. From now on we concentrate on the com-
mutative, radical case. In this case, the modifications of the proofs given in the
norm-closed case are more significant.

Lemma 11.3. Let I and J be homogeneous radical ideals in C[z]. Then every
homomorphism ¢ : L1 — L is bounded.

Proof. By Proposition £.6, £; is the multiplier algebra of F;. Thus, if f € L,
satisfies f(A\) = 0 for all A € Z°(J), then f = 0. This shows that £; is semi-
simple. A general result in the theory of commutative Banach algebras says that

every homomorphism into a semi-simple algebra is automatically continuous (see
Exercise 3.5.23 in [26]). Thus ¢ is bounded. ]
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Remark 11.4. The same argument works for the norm closed algebras. In Corol-
lary [[.2] we deduced that every unital homomorphism ¢ : A; — A is bounded by
using the fact that every such homomorphism is given by a composition operator.
In the case of the woT-closed algebras, we will use the boundedness of homomor-
phisms to show that they preserve woT-continuous characters, which is crucial to
showing that they are implemented by composition.

Lemma 11.5. Let I and J be homogeneous radical ideals in Clz]. If ¢ : L — L
is an isomorphism, then ¢* maps Z°(J) onto Z°(I).

Proof. The proof of the lemma uses the notion of Gleason parts. Let B; be the
norm closure of the Gelfand transform £; = {T' : T € L;} of £; in C(M(Ly)).
Br is a function algebra. The algebra By does not really play an important role
below. It is introduced just for convenience of applying the theory of Gleason parts
in its usual setting: function algebras. For any function algebra, Gleason defined
an equivalence relation as follows.

For two characters p1, p2 € M(Ly), write p1 ~ po if

sup{[f(p1) = f(p2)| : f € Br, [ <1} < 2.

The relation ~ is an equivalence relation on M (Ly), and the equivalence classes are
called Gleason parts or just parts (see [8], Sections 1 and 2). Since by the previous
lemma ¢ : L — L is a bounded isomorphism, then ¢* will map a part into a
single part.

Since Z°(J) is a union of disks through the origin, and since M(L ) is the union
of Z°(J) with the fibers over Z(J) \ Z°(J), it follows from classical considerations
that Z°(J) is a part (see Example 1, p. 3, [8]). We need to show that the part
Z°(J) is mapped by ¢* into the part Z°(I). jFrom the remarks above, it suffices
to show that the vacuum state pg € Z°(.J) is mapped into Z°(I).

Assume for the sake of contradiction that ¢*pg = p, where p € M(Ly) \ Z°(I).
By applying a unitary transformation to the variables we may assume that p is in
the fiber over (1,0,...,0).

Put T = o(S]). Let X be any point in Z°(J), and define a function T on D by

Tx(t) = pia(T). From the discussion preceding Lemma B2} T} is analytic. Now,
A1) = |pir(T)] = " pia(ST) < 1 for t €D,

because ¢*p;y is contractive. On the other hand, T\(0) = p(S) = 1. By the
maximum modulus principle, T is constant 1 on D. Thus T, the Gelfand transform
of ¢(S7%), is constantly equal to 1 on the disc D-A C Z°(J). Since A was an arbitrary
point in Z°(J), it follows that 7" = 1 on Z°(.J). But the multiplier 7' and the
Gelfand transform 7" are the same function on Z°(.J), so T = 1. This contradicts
the fact that ¢ is injective and unit preserving. This contradiction shows that no
p € M(Lr)\ Z°(I) can be equal to ¢*pg, and this completes the proof. ]

Lemma 11.6. Let I and J be radical homogeneous ideals in Clz]. Let ¢ : L1 — L
be an isomorphism. Then there exists a holomorphic map F : By — C% such that
F|Z°(J) = ‘P*|Z°(J)-

The components of F are in Mult(H3). Moreover, ¢ is given by composition with

F, that is
e(f)=foF , [feLr
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Proof. The proof is very similar to the proof of Proposition [T} where the change
is that we have to restrict attention to Z°(J) and Z°(I). We must use the crucial
lemma above, together with Proposition We omit the details. [

Theorem 11.7. Let I, J C C[z] be radical homogeneous ideals.

(1) Then L; is isometrically isomorphic to Ly if and only if L; is unitarily
equivalent to Ly, and this happens if and only if there is a unitary mapping
Z(I) onto Z(J).

(2) If Ly is isomorphic to Ly, then there is an invertible linear map mapping
Z(I) onto Z(J). Conversely, if V(I) and V(J) are tractable, and there
exists an invertible linear map mapping Z(I) onto Z(J), then Ly is similar
to ,CJ.

Proof. Part (1) follows from Theorem and the Nullstellensatz.

If V(I) and V(J) are tractable, and there is an invertible linear map mapping
Z(I) onto Z(J), then by Theorem [(I7] A; and A; are similar. This extends to a
similarity of the woT-closures £; and L.

Conversely, assume that £; and £ are isomorphic. By an analogue of Proposi-
tion [£7] there exists a vacuum preserving isomorphism between the two algebras.
By Lemma [IT.6 there exists a holomorphic map F : By — C? sending Z°(J) onto
Z°(I) that fixes the origin. By Theorem[[:4] one can assume that F is an invertible
linear map. [

A consequence of the geometric classification of the algebras Lr is that they are
as rigid as the varieties that classify them. The proof is identical to the proof in
the norm-closed case.

Theorem 11.8. Let I and J be two homogeneous radical ideals in Clz1,. .., 24,
and assume that V(I) is either irreducible or a nonlinear hypersurface. If L; and
Ly are isomorphic, then L; and Lj are unitarily equivalent. If o : L — Ly is a
vacuum preserving isomorphism, then it is unitarily implemented.

11.3. Automatic continuity in the weak-operator and weak-* topologies.
In this section we show that if I and J are radical homogeneous ideals, and if
@ : L; — Ly is an isomorphism, then ¢ is continuous with respect to the weak-
operator and the weak-* topologies. Note that the above results only imply this
for vacuum preserving isomorphisms.

Lemma 11.9. Let I C C[z] be a radical homogeneous ideal. The weak-+ and weak-
operator topologies on Ly coincide.

Proof. By [2] Proposition 1.2] (see also [15, Theorem 5.2]), £ has property A;(1).
This means that for every p in the open unit ball of (L), there are x,y € F; with
[lz]lllyll < 1 such that

p(T) = <T$7y> ’ Te ACI-

The conclusion immediately follows from this. [

To avoid confusion, in the next two results we will distinguish between a function
f on Z°(I) and the multiplication operator M, on F; that it gives rise to.

Lemma 11.10. A bounded net {My, } in L; converges in the weak-operator topol-
ogy to My if and only if for all z € Z°(I), fn(z) — f(2).
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Proof. If My, ~2% My, then for all z € Z°(I),

fn(2) < 7 f(z)

5 — Vzvfn(z)yz> = <anV27Vz> — <MfVZ7VZ> = T .2
1—lz|? 1—|lz]?
Conversely, suppose {My,} C L; is a bounded net such that {f,} converges
pointwise to f. Since {My,} is bounded, it suffices to show that (My, va,v,) —
(Myvy,v,) for all A\, p € Z°(I), because span{vy : A € Z°(I)} is dense in F;. But
fn(p) f(w)

(Mg, va,v,) = — = (M, v,). ]
S T (7D VR I D VA
Theorem 11.11. Let I,J C C[z] be radical homogeneous ideals. If o : L — L
is an isomorphism, then ¢ is continuous with respect to the weak-operator and the
weak-x topologies.

Proof. By Lemma together with the Krein-Smulian Theorem (Theorem 7,
Section V.5, [21]), it is enough to show that ¢ is WOT-continuous on bounded sets.

Let {M;,} be a bounded net in L£; converging to M, in the weak-operator
topology. By Lemma [IT.3] {¢(My,)} is a bounded net in £;. By Lemma [IT.6
there is some holomorphic F' such that ¢(My) = Mgop. Therefore, by Lemma
[ITI0 it suffices to show that f, o F' converges pointwise to f o F. But since f,
converges pointwise to f (by the same lemma), this is evident. ]
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