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Fourier transformable measures with weak
Meyer set support and their lift to the
cut-and-project scheme

Nicolae Strungaru

Abstract. In this paper, we prove that given a cut-and-project scheme (G, H, £) and a compact
window W ¢ H, the natural projection gives a bijection between the Fourier transformable measures
on G x H supported inside the strip £ N (G x W) and the Fourier transformable measures on G
supported inside A(W). We provide a closed formula relating the Fourier transform of the original
measure and the Fourier transform of the projection. We show that this formula can be used to re-
derive some known results about Fourier analysis of measures with weak Meyer set support.

1 Introduction

After the discovery of quasicrystals [39], it has become clear that we need to better
understand the process of diffraction. Mathematically, the diffraction pattern of a
solid can be viewed as the Fourier transform y of the autocorrelation measure y of
the structure (see [13] for the setup and the monographs and see [3, 4] for a general
review of the theory). The measure y is positive-definite, and therefore it is Fourier
transformable as a measure [1, 8, 31] with positive Fourier transform y. It is this
measure y, which models the diffraction of our solid.

Structures with pure point diffraction, that is, structures for which y is a pure
point measure, are now very well understood. Building on the earlier work of
Gil deLamadrid-Argabright [10], Solomyak [40, 41], Lee-Moody-Solomyak [20],
Baake-Moody [7], Baake-Lenz [6], Gouere [11, 12], Moody-Strungaru [30], and
Meyer [27], pure point diffraction was characterized in [22, 23]. The focus now shifted
toward models with mixed diffraction spectra, especially those with a large pure point
part.

The best mathematical models for Delone sets with a large pure point spectrum
and (generic) positive entropy are Meyer sets. They have been introduced in the
pioneering work of Meyer [26], and popularized in the area of Aperiodic Order by
Moody [28, 29] and Lagarias [18, 19]. They are usually constructed via a cut-and-
project scheme (or simply CPS) and can be characterized via harmonic analysis,
discrete geometry, algebra, and almost periodicity [26, 29, 46]. The basic idea behind a

Received by the editors July 19, 2022; revised December 27, 2022; accepted February 9, 2023.
Published online on Cambridge Core February 17, 2023.

This work was supported by NSERC with grant 2020-00038, and the author is grateful for support.
AMS subject classification: 52C23, 43A25, 43A60.

Keywords: Cut-and-project schemes, Fourier transform of measures, Meyer sets.

G) CrossMark
https://doi.org/10.4153/50008439523000164 Published online by Cambridge University Press


http://dx.doi.org/10.4153/S0008439523000164
https://creativecommons.org/licenses/by/4.0/
https://orcid.org/0000-0001-5833-5397
http://crossmark.crossref.org/dialog?doi=https://doi.org/10.4153/S0008439523000164&domain=pdf
https://doi.org/10.4153/S0008439523000164

2 N. Strungaru

CPS is to project points from a higher-dimensional lattice, which lie within a bounded
strip of the real space, into the real space (see Definition 2.8 for the exact definition).
If the cross section of the strip (called the window) is regular, then the resulting model
set is pure point diffractive [7, 14, 35, 38]. Recent work proved pure point diffractivity
for a larger class of weak model sets [5, 15-17, 48].

As subsets of regular model sets, Meyer sets still exhibit a large pure point spectrum
[43-47,49] and a highly ordered continuous spectrum [43, 45, 47, 49]. The long-range
order of the spectrum of Meyer sets can be traced to that of a covering regular model
set [47, 49], and can be derived from the Poisson summation formula for the lattice
in the CPS [3, 25, 34, 35].

One would expect it to be possible to relate the diffraction of a Meyer set (or more
generally a measure with Meyer set support) directly to the lattice £ in the CPS. It is
the goal of this paper to establish this connection. Let us briefly explain our approach.

Fixa CPS (G, H, £) and a compact set W € H. It is easy to see that

Y= > &b = = > b

xeA(W) xeA(W)

establishes a bijection between translation bounded measures supported inside A(W)
and translation bounded measures supported inside £ N (G x W). We first show in
Proposition 3.6 that y is positive-definite if and only if # is positive-definite. Since each
Fourier transformable measure supported inside a Meyer set can be written as a linear
combination of positive-definite measures supported inside a common model set, we
establish in Theorem 4.1 that y is Fourier transformable if and only if # is Fourier
transformable, and relate their Fourier transform (see (4.1)).

We complete the paper by discussing in Section 5 how these results can be used
to re-derive the known properties of diffraction for measures with weak Meyer set
support, and potentially used to prove new results.

2 Definitions and notations

Throughout the paper, G denotes a second countable locally compact Abelian group
(LCAG). By C,(G), we denote the space of uniformly continuous and bounded
functions on G. This is a Banach space with respect to the sup norm |. | . As usual, we
denote by C,(G) the subspace of C,(G) consisting of functions vanishing at infinity,
and by C.(G) the subspace of compactly supported continuous functions. Note that
C.(G) is not complete in (Cy(G), |- o0 )-

In the spirit of [10], we denote by

K>(G) :=Span{g * y: 9,y € Ce(G) -

Given two LCAG’s G and H and two functions ¢: G — C, h: H » C, we denote
by g® h: G x H — C their tensor product

(g®h)(x,y) =g(x)h(y).

It is obvious that whenever ¢ € C.(G), y € C.(H) wehave ¢ ® y € C.(G x H). More-
over, if ¢ € K»(G) and y € K»(H), we have ¢ ® y € K, (G x H).
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Fourier transformable measures 3

In the rest of this section, we review some of the basic concepts which are important
for this paper. For a more general review of these, we recommend |3, 4].

2.1 Measures

In the spirit of Bourbacki [9], by a measure, we understand a linear functional
on C.(G) which is continuous with respect to the inductive topology. This notion
corresponds to the classical concept of a Radon measure (see [35, Appendix]). For
the case G = R9, a clear exposition of this is given in [3].

Definition 2.1 A linear functional y : C.(G) — C is called a Radon measure (or
simply a measure) if for each compact set K ¢ G there exists a constant Cg such that,
for all ¢ € C.(G) with supp(¢) < K, we have

(@)l < Cklo]oo -

We will often write [ ¢(t)du(t) instead of u(¢).
A measure y is called positive if for all ¢ € C.(G) with ¢ > 0 we have u(¢) > 0.

By the Riesz representation theorem [37], a positive Radon measure is simply a
positive regular Borel measure. Moreover, each Radon measure is a linear combina-
tion of (at most four) positive Radon measures [35, Appendix].

Next, we review the total variation of a measure.

Definition 2.2  Given a measure y, we can define [32, 33, 35] a positive measure ||,
called the total variation of y, such that, for all ¢ € C.(G) with ¢ > 0, we have

lul (9) = sup{|u(¥)] : y € Cc(G), with [y| < ¢}.

We are now ready to introduce the concept of translation boundedness for mea-
sures and norm almost periodicity.

Definition 2.3 Let A C G be a fixed precompact set with nonempty interior. We
define the A-norm of y via

[l a = sup |u] (x + A) .

xeG

A measure y is called translation bounded if || 4 < co.

Remark 2.4 ([7, 42]) Different precompact sets A;, A, with nonempty interior
define equivalent norms. Therefore, the definition of translation boundedness does
not depend on the choice of A.

This allows us to define

M= (G) := {u : pis a translation bounded measure} .
Then (M*(G), |.||4) is a normed space. It is in fact a Banach space [36].

Next, we review the definition of norm almost periodicity as introduced in [7].
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Definition 2.5 Let AC G be a fixed precompact set with nonempty interior. A
measure y € M*(G) is called norm almost periodic if, for each € > 0, the set

Pi(u) = {teG: | Top— plla<e}

of e-norm almost periods of y is relatively dense.

As discussed above, different precompact sets define equivalent norms. This means
that while the set of e-norm almost periods on g depends on the choice of A, the
almost periodicity of y is independent of this choice.

Any norm almost periodic measure is strongly almost periodic [7], and the two
concepts are equivalent for measures with Meyer set support [7]. In general, norm
almost periodicity is an uniform version of strong almost periodicity [42, Theorem
4.7]. The class of norm almost periodic pure point measure was studied in detail and
characterized in [46].

Let us next recall positive-definiteness for functions and measures. For more
details, we recommend [8, 31].

Definition 2.6 A function f: G — C is called positive-definite if, for all n e N
and all xy, ..., x, € G, the matrix (f(xx —x1)); ;- ., is positive Hermitian. This is
equivalent to

.....

n

> af(xk—x1)ek >0 VneN,xp,...,xn €G,cpy...,cn €C.
k=1

A measure y is called positive-definite if, for all ¢ € C.(G), we have
ulp+9)20.

This is equivalent to y * ¢ * ¢ being a positive-definite function for all ¢ € C.(G)
8, 31].

We complete the subsection by reviewing the notion of Fourier transformability
for measures. For a more detailed review of the subject, we recommend [31].

Definition 2.7 A measure y on G is called Fourier transformable if there exists a
measure % on G such that, for all ¢ € K,(G), we have |¢| € L'(|7]) and

Lo dut = [5G0 dmo.

2.2 Cut-and-project schemes and Meyer sets

In this part, we review some notions related to the cut-and-project formalism. For
more details, we recommend [3, 28, 29].

Definition 2.8 By a CPS, we understand a triple (G, H, £) consisting of a second
countable LCAG G, an LCAG H, and a lattice £ € G x H such that:

(i) mp(L)isdensein H.
(i) 'The restriction 7| of the first projection 7 to £ is one to one.
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Given a CPS (G, H, £), we will denote by L := ng(£). Then, ng induces a group
isomorphism between £ and L. Composing the inverse of this with the second
projection 7y, we get a mapping

«:L > H,
which we will call the x-mapping. We then have
L={(x,x"):xeL}.
Given a CPS (G, H, £) and a subset W ¢ H we can define
AW):={xeL:x" e W}.

When W is precompact, we will call A(W') a weak model set. If furthermore W has
nonempty interior A(W) is called a model set.

Next, let us review the concept of a Meyer set, which plays a fundamental role in
this paper.

Definition2.9  Aset A C Giscalled a Meyer set if A isrelatively denseand A — A - A
is uniformly discrete.

For equivalent characterizations of Meyer sets, see [18, 19, 26, 28, 46]. Of impor-
tance to us will be the following result.

Theorem 2.10 ([46]) Let A C G be relatively dense. Then A is Meyer if and only if it
is a subset of a (weak) model set.

Moreover, if A is Meyer, it is a subset of a weak model set in a CPS (G, H, L) with
metrizable and compactly generated H.

We should emphasize here that the key for all results below is that fact that a Meyer
set is a subset of a model set, and relative denseness plays no role. Because of this, in
the spirit of [49], we will refer to an arbitrary subset of a (weak) model set as a weak
Meyer set. It is obvious that a subset of a weak Meyer set is a weak Meyer set and that
a measure is supported inside a Meyer set if and only if its support is a weak Meyer
set.

Given a CPS (G, H, L), the map

(2.1 Lyx—> (x,x")el

is a group isomorphism, and hence it induces an isomorphism between the spaces of
(bounded) functions on L and £, respectively. Since £ is a discrete group, the space of
(translation bounded) measures on £ can be identified with the space of (bounded)
functions on £. On another hand, L is typically dense in G, and many functions on L
do not induce pure point measures on G.

For us, of interest will be measures supported inside weak model sets A(W).
Since A(W) is uniformly discrete [28], the space of (translation bounded) measures
on A(W) can be identified with the space of (bounded) functions on A(W), and
corresponds via the above isomorphism with the spaces of (translation bounded)
measures or (bounded) functions on £, respectively, that are supported inside G x W.
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Our focus in this paper is on these two spaces. We will study them as spaces of mea-
sures, and we will be interested in the relation between the Fourier theory of these two
spaces, and the behavior of the Fourier transform with respect to the isomorphism
induced by (2.1). For this reason, let us introduce the following notations.

Given a CPS (G, H, £) and a compact set W, we denote by

M= (A(W)) = {p € M (G) = supp(p) € A(W)}5
MZ(L; W) ={veM>(Gx H) :supp(v) € (L n(Gx W))}.
The isomorphism (2.1) induces a bijection f: A(W) - £ n (G x W). This induces
a bijective map Lg g, 2w : M (A(W)) - M= (L; W), taking a measure on A(W)
into its pushforward via f, defined by
Lomew() = > #{x})8x,

(x,x*)el
with inverse Pg i o .w : M®(L; W) > M= (A(W))
Pemew(®) = 3 v{(x:x")})d.

(x,x*)el

Let us note here in passing that P y ¢ w is simply the pushforward via f~.

We will refer to these mappings as the lift operator and the projection operator,
respectively. When the CPS and window are clear from the context, we will simply
write L(p) and P(v), respectively, instead of L g, o, w () and P g, ¢, w (v), respec-
tively.

The main results in this paper are that these operators are bijections between the
subspaces of Fourier transformable (or cones of positive-definite) measures, and relate
their Fourier transforms.

To understand the connection between the Fourier transforms, let us recall the
notion of dual CPS. Given a CPS (G, H, £), we can define

L0:={(xv) e GxH: y(x)y(x*) =1VxeL}.
Then, (G, H, £°) is a CPS [5, 28, 29, 46]. We will refer to this as the CPS dual to
(G, H,L).

3 Positive-definite measures with weak Meyer set support

In this section, we show that L g, -, w and Pg g, o, w take positive-definite measures
to positive-definite measures.

Let us start with the following obvious lemma, which follows immediately from
Definition 2.6 and the fact that the function from (2.1) is a group isomorphism.

Lemma 3.1 Let (G,H,L) be a CPS, and let f:L — C be a function. Define
g:L - Cvia

glxx7) = f(x).
Then fis positive-definite on L if and only if g is positive-definite on L.

Let us recall now the following result of [24], which we will use often in the paper.
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Proposition 3.2 ([24, Proposition 2.4])  Let G be a LCAG, let u be a discrete measure
on G, and let

f(x) = p(ix}).
Then, the following are equivalent:

(i)  The measure y is a positive-definite measure on G.
(ii)  The measure y is a positive-definite measure on G .
(iii) The function f is a positive-definite function on G.
(iv) The function f is a positive-definite function on Gg.

Next, we prove a slight generalization of [24, Lemma 2.10] and [3, Lemma 8.4].

Lemma 3.3 Let y be a positive-definite pure point measure on G, and let L be any
subgroup of G. Then, the function g : L — C defined via

g(x) =y({x})

is a positive-definite function on L.

Proof Define f: G — Cyvia
f(x)=y({x}).

Then f is a positive-definite function on G Proposition 3.2. Definition 2.6 immediately
gives that the restriction g = f|;, to the subgroup L is a positive-definite function on
L. [

We will also need the following result.

Lemma 3.4 Let G be any group, and let H < G be a subgroup. Let f : H - C be a
positive-definite functions. Then, the function g : G — C defined via

g(x) = { f(x),  ifxeH,

0, otherwise
is positive-definite on G.
Proof LetneN,xp,...,x,€G and ¢,..,c, € C. Note that g(xx — x;) = 0 when-

ever x; — x; ¢ H.
On G define the standard equivalence (mod H) as

x=y (modH)<x-yecH.

This induces an equivalence relation on the set {xi,...,x,}, and hence we can
partition this set in equivalence classes Fi, ..., Fp,.
To make the computation clearer, definec: G - C

(x) = { ¢ ifx=x;

0, otherwise.
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Then,

En: g(xx —x1)exer = zn; g(xk = xp)e(xi)e(xr)

k,1=1 k,1=1

ZZ(Z Zg(x—y)c(xxm)

S s g(x—y>c<x>c<y>) |

i=1 \ x,y€F;

Now, fix some 1 < i < m, and let F; := {z, .., z4}. Then,

S gx-0)e®D) = 3 gz - z)e(z) @)
x,y€F; r,s=0
- i_lgm ~z)e(z)e(@)
q

3 f((z—21) - (zs—21)) c(z,)e(z) 2 0

r,s=1
by the positive-definiteness of f applied to m; y; := 21 — zi; y2 := 22 — 215 . .3 Y '= Zq —
zreHand ¢ = c(21),...,c; = c(zq)-

Therefore, for each i, we have ¥, ¢, g(x — y)c(x)c(y) 2 0, and hence

Enj g(xx = x1)exer = i( > glx —y)c(x)c(y)) > 0. -

k,1=1 x,y€C;

Remark 3.5 One can also prove Lemma 3.4 by using Fourier analysis. Indeed, since
f is positive-definite, the measure y := ffy, is a positive-definite measure on the
discrete group Hy [, Corollary 4.3]. Then, it is Fourier transformable on Hy and
its Fourier transform is positive [1, 8]. As Hq is closed in the discrete group Gy,
by [1, Theorem 4.2], the measure v := g0g, is Fourier transformable on G4 and has
positive Fourier transform. Then, y is positive-definite [1, Theorem 4.1]. Therefore, by
Proposition 3.2, g is positive-definite on G.

We are now ready to prove the following result.

Proposition 3.6 Let (G, H, L) be a CPS, let A(W) be a weak model set, and let f :
G — C be a function which vanishes outside A(W). Let

Y= Z f(x)(?x,

xeA(W)

n= > f(x)8xy=L(y).

(x,x*)el

Then vy is a positive-definite measure on G if and only if i is a positive-definite measure
on G x H.
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Proof =-:Denoteasusual L := g(L). Define g: L - C via

g(x) =y({x}),

thatis, g = f]..
Then, by Lemma 3.3, g is a positive-definite function on L and hence, by Lemma
3.1, the function h: L — C

h(x,x7) = g(x)

is a positive-definite function on £. Therefore, by Lemma 3.4, the function j: G x

H-C
.| h(z), ifzel,
i(2) = { 0, otherwise

is positive-definite on G x H. The claim follows from Proposition 3.2.
<=: Since 7 is positive-definite, by Lemma 3.3, the function h : £ — C defined by

h(xx7) = n({(xx")}) = f(x),

is positive-definite on £ and hence, by Lemma 3.1, the restriction g = f|;, is positive-
definite on L. As f is zero outside A(W) € L, it follows from Lemma 3.4 that f is a
positive-definite function on G. The claim follows now from Proposition 3.2. [ ]

Remark 3.7 (a) InProposition 3.6, the positive-definiteness of # and y is equiva-
lent to the positive-definiteness of the function f.
(b) Denoting by

PD(A(W)) = {p e M®(A(W)) : p is positive-definite },
PD(L; W) :={v e M (L, W) : v is positive-definite } .

Proposition 3.6 says that

L(PD(A(W))) = PD(L; W),
P(PD(L; W)) = PD(A(W)).

4 The lift of Fourier transformable measures

We can now prove that, given a CPS (G, H, £) and a compact set K, the lifting
operator induces a bijection between the space of Fourier transformable measures
supported inside A( W) and the space of Fourier transformable measures supported
inside £ N (G x W).

Theorem 4.1 Let (G,H,L) be a CPS, and let W € H be compact. Let y be a
translation bounded measure supported inside A(W), and let

n:= LG,H,L,W()’) .

Then vy is Fourier transformable if and only if  is Fourier transformable.
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Moreover, if 9 € Ky(H) is any function so that ¢ = 1 on W, then, for all y € C.(G),
we have y ® ¢ € L'(7]) and

(4.) YW) =7y e ¢) = ()(v).

Proof == By [47, Lemma 8.3], there exist a compact set W € K and four positive-
definite measures w;, w;, w3, w4 supported inside A(K) such that

Y =W — Wy +iws —iwy.
Then, we have

=L ucw(y)=Lewek(y) =Lonck(w —wy+iws—iwy)
=Le,u,c.x(w1) —Leu,c,k(w2) + il u, o,k (w3) — il m,c,k (wa) .

Now, by Proposition 3.6, for all 1< j <4, the measure L, u,c,x(w;) is positive-
definite. Therefore, as a linear combination of positive-definite measures, 7 is Fourier
transformable.

<. Our argument is similar to [34].

First, fix an arbitrary ¢ € K;(H) so that ¢ =1 on W. We split the rest of the
argument into two steps.

Step 1: We show that (7) is a measure.

Let us first note that for all y € K,(G), we have ¥ ® ¢ € K;(G x H). Therefore,
since # is Fourier transformable, we have

(42) i@ gl e L'(f7D) -
We now show that for all ¢ € C.(G), we have |¢ ® ¢
(M(9) =7(p© ¢)

e L'(|77]) and that

defines a measure.

Let K ¢ G be a fixed compact set. Then, there exists some ¥ € K;(G) such that
v > 1k [8, 31].

Now, for all ¢ € C.(G) with supp(¢) € K, we have

(4.3)
Ase o) = [ 186901 < 9l [ H)]- OIS ) < o

and hence (7) is well defined.
Moreover, for all ¢ € Cc(G) with supp(¢) < K, it follows from (4.3) that

()9 ()] < Cic[§] oo

where
Coi= [ WO O 1) < oo.

This shows that (7) is a measure.
Step 2: We show that for all ¢ € K,(G), we have |¢| € L'(|(%)]) and

(M¢(9) = ().
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Let ¢ € K»(G) be arbitrary.
Since G is second countable, so is G [33]. In particular, G is o-compact [33].
Therefore, there exists a sequence K, of compact sets with K, € (K,41)° such that

G = JK.,.

Lety, € CC(§) be sgthat I, <y, <Ig,.,-
Then, y,¢ € C.(G) and by the definition of (77);, we have

(M (¥ad) =T (W) © ) -
Now, for all #, we have by (4.2)
|(vud) ® 5| <|9| @161 < L' (1)
Therefore, by the dominated convergence theorem [33, Theorem 3.2.51], we have
(4.4) 7(¢@¢) =tim7((yud) ®§) = lim(@) (v ¢)
Next, by the monotone convergence theorem [33], we have
(@31 (191) = 1im |71 1y ) -
Note that for each #, we have
(@3l (1991) = sup{| @) (9] ¥ € C(G), ¥ < [y B}
= sup{[77 (¥ ® §) | ¥ € Cc(G), | ¥] < [y}
=sup{| [ WR0ITxy) |1¥ € C(G ¥ <yl
<sup{ [ WEOPOIAAICE ) ¥ € C(O). 191 < vl
< [ @Il y) < [ 18C)F(IA(x. )
~fil(1ge¢l) -
Since § ® ¢ € LI([7]), we gt
@l (191) < 71 (1@ 9l) < oo

This shows that |¢| € L'(|(7)4]). Therefore, ¢ is dominated by |§| € L'(|(7)¢]) and
converges pointwise to ¢. Thus, by (4.4) and the dominated convergence theorem, we
get

7(¢ed)=1im@g (vad) = M ($) -
Finally, by the Fourier transformability of #, we have

7($0¢)=n(9®9)=y(9).
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Therefore, we proved that for all ¢ € K,(G), we have ¢ ¢ L'(|(7)4]) and

@3 (%) = 1)
This proves that y is Fourier transformable and
7= (s>
completing the proof. |

Using the fact that IL is a bijection with inverse IP, we get the following corollary.

Corollary 4.2 Let (G,H,L) be a CPS, and let W € H be compact. Let  be a
translation bounded measure supported inside L N (G x W), andlety = P u o, w(n).
Then n is Fourier transformable if and only if y is Fourier transformable.

Moreover, if 9 € K,(H) is any function so that ¢ =1on W, then, for all y € C.(G),
we have v ® ¢ € L'(7]) and (4.1) holds.

5 Applications

In this section, we will discuss the relation (4.1) and how can it be used to (re)derive
some results from [47].

To make the things easier to follow, we introduce the notion of strongly admissible
functions.

5.1 Strongly admissible functions for CPS

Let us start with the following definition.

Definition 5.1 Given a group H of the form H = R x Hy, with a LCAG H, a
function f: H — C is called strongly admissible if there exists g € C,(RY) and ¢ €
Cc(Hy) such that:

o [+ [xP)gloo < oo.
cf=g%9.

Next, given a CPS (G, H, L), we will denote by M, (G x H), the space of
L-periodic measures on G x H. Note that by [21, Proposition 6.1]
Mg (GxH)cM®(GxH).

We will see below that given a Fourier transformable measure y with weak Meyer
set support, Theorem 4.1 can be used to create a CPS (G, H = Rdf Hy, L), an £°-
periodic measure p(=7) and a strongly admissible function f on H = R? x H;, such
that, equation (4.1) yields

y=(P)s-

This motivates us to closely look at the properties of (p) s, fora CPS (G, H = R? x
Hy, L), p € M (G x H) and strongly admissible functions f.
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Let us start with the following simple observation which also explains the name
“strongly admissible”

Given a CPS (G,H =R? x Hy, L), a measure p € M (G x H), and strongly
admissible function f, it is obvious that the function f is admissible for (G, H, £, p)
in the sense of [21, Definition 3.1]. Therefore, by [21, Proposition 6.3], we can define a
translation bounded measure p; on G via

pr(9)=p(¢ef)  VoeCc(G).
This measure is strongly almost periodic by [21, Theorem 3.1]. In fact, the strong
admissibility of f immediately implies that p s is norm almost periodic.
Indeed, let (G, H =R? x Hy, L),let f=g® ¢ be strongly admissible, and let p €
M, (G x H). Pick any compact set supp(¢) € W € Hy, and let K, K; € G be compact

setsin Gwith K ¢ K7. Then, a standard computation similar to [47, Lemma 5.2] shows
that

‘X|2d

[(P) sl < Cllplloo |1+ [x[*)gloo o i1, 1705w >

where
C:= Z sup 1 < 00
neZd zen+[-1,114 1+ |z‘2d

This immediately gives the following stronger version of [47, Lemma 5.2].

Fact5.2 Let(G,H =R x Hy, L) beaCPS,let p e M (G x H),and let f € C,(H)
be strongly admissible. Then, p is a norm almost periodic measure.

5.2 Fourier transform of measures with weak Meyer set support

Fix an arbitrary Meyer set A and a Fourier transformable measure y with

supp(y) < A.
By Theorem 2.10 and the structure theorem of compactly generated groups, there

exists a CPS (G, R? x Z™ x K, £) with compact K and a compact W ¢ R? x Z™ x K
such that

AcA(W).
By eventually enlarging W, we can assume without loss of generality that

W=W, xFxK

for compact W, € R? and finite F ¢ Z".
Set Hy = Z™ x K. It is easy to see that we can find function ¢ € C°(R%) n K,(R¢)
and y € K;(Hy) with the following properties:

o ¢::¢®ls1onw.
] I//I\E CC(H()).
It follows that

(5.1) f:

i
=
I
Q<
®
<«
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is a strongly admissible function of H = R x Hj.

Next, define # :=Lg gaxy, o w(y). Then, by Theorem 4.1, # is Fourier trans-
formable. Moreover, since supp(7) € £, the measure p =7 is £%-periodic by [10,
Proposition 6.1]. Finally, (4.1) gives

52) 7= (p)s-
Fact 5.2 then gives the following result.

Corollary 5.3 ([47, Theorem 71]) Let y be a measure with weak Meyer set support.
Then, ¥ is norm almost periodic.

5.3 Generalized Eberlein decomposition

In this subsection, we show a pseudo-compatibility of the mapping p — (p) s of (5.3),
for £ periodic p € M (G x H) and strongly admissible f, with respect to the Lebesgue
decomposition. We explain this, as well as our meaning of “pseudo-compatibility”
below.

First, it is easy to see that the map satisfies:
» if p is pure point, then (p) is pure point;
« if p is absolutely continuous, then (p) s is absolutely continuous;
» if p is singular continuous, then (p) s can have all three spectral components;

and hence does not preserves the Lebesgue decomposition. On another hand, for each
« € {pp,ac,sc}, one can defined an operator P, on the space M7 (G x H) with the
property that for all strongly admissible f and all p e M (G x H), we have

(5.3) (Pu(p)) s = ((P)s),
This can be done simply by first showing that

m
Ly (ZCJ%@‘/’J Z;CJ (P¢,) (vj)
=
forallcy,....,cm €Coyn, .o, Wy € C(G), Gryees P € Cc(H) is well defined, linear,
and continuous with respect to the inductive topology. Therefore, L, can be uniquely
extended to a measure P, (p), which is £ invariant and satisfies (5.3).
Now, exactly as above, let y be a Fourier transformable measure supported inside a
Meyer set A, and let (G, H, L), #, ¢, ¢, ¢ be as in Section 5.2. Let f be as in (5.1), and

let p =7.

Then, for each a € {pp, ac, sc}, the measure P, (p) is the Fourier transform of some
measure y supported on £° [36].

Define

vi= 3, ¢(x)u({(x,x7)})ds .

xeL

Then, supp(v) € A(supp(¢)) and, exactly as in the proof of Theorem 4.1, we get
T (@), = (Bul@); = (D) = P

https://doi.org/10.4153/50008439523000164 Published online by Cambridge University Press


https://doi.org/10.4153/S0008439523000164

Fourier transformable measures 15
Therefore, we get the following corollary.

Corollary 5.4 ([47, Theorem 4.1]) Let y be a Fourier transformable measure sup-
ported inside a Meyer set A. Then, there exist a model set I' 2 A and three Fourier
transformable measures ys, yos, Yoa supported inside I such that

Ys = (’y\)pp 4
yOS = (5/\)5(; >
)’Oa = (’y\)ac .

5.4 Discussion

We have seen in this section that the Fourier transform of a measure y with weak
Meyer set support can be describe via (5.2) as the projection in the dual CPS of
a L£%-periodic measure via a strongly admissible function. We used this result to
(re)derive properties of 7, and we expect that this connection will lead to some new
applications in the future. Indeed, while now we know quite a few properties of the
Fourier transform of measures with weak Meyer set support [2, 43-49], we know
much more about fully periodic measures in LCAG (see, for example, [36]). Moreover,
the strong admissibility of f is likely to transfer many properties from p to p. It is also
worth pointing out that, while the strong admissibility of f was sufficient to derive the
conclusions in this section, in fact f can be chosen of the form

f=g®Poy:RIxT"xK-C,

where g =¢ e 8(R?) is the Fourier transform of some ¢ € C°(R9); P is a
trigonometric polynomial, that is, a sum of characters, that is, P = 7', y; for some

Xt > xj € T and y € Cc(K) is the characteristic function of {0}. These properties
are much stronger than strong admissibility, and have the potential to lead to nice
applications in the future.
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