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Abstract: Under the uniform Hoérmander hypothesis, we study the smoothness and expo-
nential bounds of the density of the law of the solution of a stochastic differential equation
(SDE) with locally Lipschitz drift that satisfies a monotonicity condition. We extend the
approach used for SDEs with globally Lipschitz coefficients and obtain estimates for the
Malliavin covariance matrix and its inverse. Based on these estimates and using the Malli-
avin differentiability of any order of the solution of the SDE, we prove exponential bounds
of the solution’s density law. These results can be used to study the convergence of implicit
numerical schemes for SDEs.
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1. Introduction

We use Malliavin calculus to study the smoothness and exponential bounds for the
density of the law of the solution of a stochastic differential equation (SDE) with a locally
Lipschitz drift that satisfies a monotonicity condition. These exponential bounds are impor-
tant, for example, to study the convergence rate of numerical schemes [1] for approximating
the solutions of the SDE. SDEs with non-globally Lipschitz coefficients appear in models
for financial securities and various models for dynamical systems [2—4].

We consider the SDE

dX(t) = b(X(t))dt +o(X(t))dW(t), X(0)=xeR%,te[0,T], T >0, (1)
where W(t) is an m-dimensional Brownian motion defined on the filtered complete proba-
bility space (Q, F,{F¢}+>0,P),and b : R 5 RY, o : RY — R We make the following
assumptions for the coefficients b and o

C: b and ¢ have derivatives of any order k with polynomial growth. More precisely,
for any order k > 1 and any multi-index & = (a1,...,a;) with |a| = a1+ -+ a5 =k,
there exist L, > 0, Ly > 0and Ny > 0, N, > 0, with N, 1 = 0, such that for any
x € R? we have

9ab ()] < Lk (14 x4 ), (800 (x)] < Lo (1 + |x[Nox ). @
M: There exists L, > 0 such that for any x1, x; € RY we have

< xp—x2,b(x1) = b(xp) >< Ly|x1 — x2|2 (3)
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P: Thereexist Ly > 0and N > 1 such that for any x1, x; € R? we have
b(x1) = b(x2)[> < Lyo(1+ |x1[™N 72 + |22 N 72) |21 — xof? (4)

Supposing that b and o are globally Lipschitz, C*, all their derivatives have polynomial
growth, and Hérmander’s hypothesis holds; in [5], it is shown that the strong solution of
(1) is Malliavin-differentiable for any order and it is non-degenerate at any fixed positive
time. Furthermore, an estimate for the Malliavin covariance matrix (Theorem 2.17 [5]) is
used to show that the law of the solution of the SDE is absolutely continuous with respect
to the Lebesgue measure, its density is infinity differentiable, and exponential bounds are
proven under the uniform Hérmander hypothesis.

There are several approaches to extend these results for SDEs with non-globally
Lipschitz coefficients. In [6], assuming that the coefficients of the SDE are smooth and
non-degenerate on an open domain D, estimations of the Fourier transform are used to
show that the law of the solution has a smooth density and upper bounds for this density
are given. In [7], the Sobolev regularity of strong solutions with respect to the initial value
is established for SDEs with local Sobolev and super-linear growth coefficients. For SDEs
driven by fractional Brownian motions, in [8] it is shown that the density of the law of the
solution is smooth and admits an upper sub-Gaussian bound in the rough case.

For SDEs with random coefficients with drifts satisfying locally Lipschitz and mono-
tonicity conditions, in [9] the concepts of ray absolute continuity and stochastic Gateaux
differentiability are used to prove Malliavin differentiability and absolute continuity of the
solution’s law. In [10], we extend this result and under assumptions C, M, and P we show
Malliavin differentiability of any order. Here, under assumptions C, M, and P we use the
results in [9,10] to obtain an estimate for the Malliavin covariance matrix similar to the one
in Theorem 2.17 in [5]. If, in addition, the uniform Hormander hypothesis holds, we prove
that the solution of the SDE is non-degenerate and we obtain exponential bounds for the
density of the law of the solution of the SDE.

Recently, Malliavin calculus was used to study the convergence of various numerical
schemes for SDEs with non-globally Lipschitz coefficients [11,12]. Without the global
Lipschitz assumption, the Euler numerical scheme is no longer convergent [2], but under
assumptions C, M, and P, the mean square convergence of a class of fully implicit methods
is proven in [13]. In [1], the exponential bounds of the density obtained in [5] for SDEs with
globally Lipschitz coefficients are used to find an expansion of the error for the explicit
Euler scheme. An application of the results presented in this paper is to extend these results
for fully implicit symplectic methods for stochastic Hamiltonian systems with coefficients
satisfying assumptions C, M, and P.

The paper is organized as follows. In the next section, we present some results regard-
ing the Malliavin differentiability of the solution of the SDE. Section 3 includes preliminary
results about the Malliavin matrix and the statement of the main result. In Section 4, we
include estimates for the Malliavin matrix, and based on these estimates in Section 5 we
prove the exponential bounds for the density of the law of the solution of the SDE (1).

2. Notation and Results About Malliavin Differentiability
We denote by V f the gradient of a differentiable function f : RY — R, and for a vector-
valued function v : RY — R let Vv denote the matrix with components 0v; i(x) = azgg) ,

i,j =1,...,d. For any multi-index « = (&, ...,a) withlength |a| = a1 + - - + ay, let 94

denote the partial derivative of order |a|. If ¢ is a smooth function, we denote by o5¢(t, x, )
the derivation with respect to the coordinates of x, where t and y are fixed.
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1
For a vector v € R/, we denote by [v] := (2521 vlz) ? the Euclidean norm, and if
2
ij
For two vectors u,v € R!, we denote < u,v >= Zf‘:l u;v;, and for two [; x I, matrices A, B,
< A,B>= 251:1 Z;f“:l a;ib;j denotes the Frobenius inner product.

We consider the Banach space (C([0,T]), || - ||o), where C([0,T]) := {¢ : [0,T] —
R, ¢ uniformly continuous and bounded}, ||¢[lc = SUP.c(o,7] |p(x)|, and we denote
Co([0,T]) := {¢ € C([0,T]),9(0) = 0}. We define C;*(R') := {¢ € C®(R!), ¢ and all
its derivatives are functions with polynomial growth }.

For any open set E C R? and n € N, we denote C!'(E,R?) = {f € C*(E,R%),f
and all its derivatives of order at most n are bounded } with the norm ||f ”Cg( ERA) =
maXo<j<p SUPycr [0 f ()]

Let (O, F,{Fi}+>0,P) be a filtered probability space. For any separable Banach
space (E, || - ||), we denote LF((;E) = {X : Q — E, X is F-measurable and ||X||, =
E[||X|[P]"/? < oo}. Let L™ be the subset of bounded random variables with norm
Xl = ess sup, ey 1X(co)].

Let SP([0, T],RY) = {(Yt)se(o,1) stochastic processes, Y; € R?, that are {Fitep1)
adapted, and ||Y||sr = E[|Y|5]V? = E[suptE[O/T] [Y(£)|P]}/P < co}. Let ([0, T],RY) =
Np=>1SP([0, T], RY).

1
A = (a;;) is an Iy x I, matrix we denote by |A| := (251:1 Zj-z:l a )2 the Frobenius norm.

2.1. Malliavin Calculus

Let QO = Co([0, T|,R™) = {w : [0,T] — R™",w = (wy,...,wm) ", w; € Co([0,T)),
i=1,...,m} be the canonical Wiener space, and W := (th, e, W{")IE[O’T] be the canonical
Wiener process defined as Wf(w) = wi foranyw € Q,i =1,...,m. We set FO as the
natural filtration of W, PP the Wiener measure, and F = {F}},c[,r) the usual augmen-
tation (which is right-continuous and complete) of F°. In this setting, W is a standard
Brownian motion.

We denote by H := L?([0,T];R™) = {f : [0,T] — R™ Borel-measurable and
fOT |f(s)|?ds < oo}, and the canonical inner product is

T mo T
<fgu= [ <fGg) >ds =) [ Fe)F6)ds .5
i=1
Let H be the Cameron-Martin space:
. .
H :—{h : [0, T] — R™, h € Q, there exists h € H, such that h(t) = / h(s)ds,t € [0, T]}
J0

For h € H, we denote by /1 a version of its Radon-Nykodym density with respect to
the Lebesgue measure. For any Hilbert space K we define LP(K) = {f : QO — K, f is
Fr-measurable and ||f||zp(K) = (E[||f|IR)/P < co}. Let

T . m T .. .
W(h) ::/ hedWs = 2/ hidWE, b € H.
Following [14], we set
s ::{F QSR E= F(W(h), ..., W(h)), f € C2(R"),

h;eH,i=1,...,n, forsomen € N,n > 1}
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For any F € S we define the Malliavin derivative DF : () — H by
n
DF := Z alf(W(hl), ey W(hn))h,
i=1

We identify DF with the stochastic process { D;F }te[O,T]/ where D;F € R™ and

DiF(w) = Xn:aif(W(hl)(w),...,W(hn)(w))hi(t), (t,w) € [0,T] x Q.
i=1

D{F denotes the jth component of D;F. We denote by DlP, p > 1 the closure of S with
respect to the semi-norm

1/p
IFlh,p = (EIFIP]+ ELIDEI)

and we set D™ = N>, D7

The kth order Malliavin derivative DFF : Q — HF is defined iteratively and its
components are DﬁﬁF = Dﬁ ... DﬁF, with (t1,...,t)" €0, T, jy,..., jx € {1,...,m}.
For the Nth order Malliavin derivative, DN-?, p > 1is the closure of S with the semi-norm

1

N 4

sz@wm+24WMﬂD =<wm@+;mwmmmmmm>

i=1

[

We set D® = M52 Nixg DiP
The definition of Malliavin derivative can be extended to mappings G : () — E, where
(E, || - |lg) is a separable Banach space ([9]). We consider the family

F €S, qéEforsomekEN,kZl}

k
Sk ::{G O —EG= Zl—"je], j
=1

Sk is dense in LP(F; E;P) [9]. For any G € Sg we define the Malliavin derivative DG:
Q — H® E by

k
DG:=) DF®¢;
=1

We denote by DLp (E), p > 1 the closure of Sg with respect to the semi-norm

1/p
IGlhpx = (ENGIZ + ELNIDGHAIE) ",

2.2. The Solution of the SDE

Assumption C and N, ; = 0imply that b is locally Lipschitz and ¢ is globally Lipschitz.
Moreover, from assumptions C, M, and P we obtain that there exists C > 0 such that for
any x,y € R4,

y' Vab(x)y < Lylyl, (5)
lo(x)[* < C(1+[x[?), (6)
V2o(x)P <C, (7)
b(x)]* < C(1+ |x[*N), ®)

[Vab(x)[ < C(1+ [x[2Nor). ©)
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From assumption C, (6), and Theorems 3.6 in [15], we know that there exists a unique
global solution X(t,0, x) of the SDE (1). From Theorems 9.1 and 9.5 in [15], we know that
(X(t,0,x)); is a time-homogeneous {7} };>o-adapted Markov process and we have

E(/OT |X(t,o,x)|2dt> < oo. (10)

Moreover, from Theorem 4.1 in [15] we know that for any p > 2 there exists a constant
ap > 0 such that we have

-2
E[|X(t,0,%)P] <27 (1 + |x[P)eP™, te[o,T). (11)

From Theorem 2.2 in [9], we know that the map t — X(t)(w) is [P almost surely continuous,
and for any p > 2 we have X € S? := SP([0, T],R%) and there exists C > 0 depending on
p, b, and o such that

E

sup |X(t,0,x)|p] < C(|x|” +1). (12)
te[0,T]

From inequalities Equations (6)—(9), (12), and assumption C, for any multi-index
a = (a1,...,044) and any p > 2 we obtain

E[ sup |aab(X(t))|p] < oo, E[ sup [9,0(X(#))|P| < 0. (13)

te[0,T] te[0,T]

From Corollary 3.5 and Theorem 3.21 in [9], we know that X is Malliavin-differentiable
and DX € SP([0,T],L?([0,T])) for any p > 2:

T p/2
E[(sup |DSX(t)|2ds> ]<oo (14)

tefo,1] /0

Thus, from (12) and (14) we have X € DV (SP) for any p > 2, s0 X € DL*®(SP) =
N pZZ]D)LP (S7). Thus, similarly with the case in Theorem 2.2.1 in [16] of globally Lipschitz
coefficients, for any ¢ € [0, T] we have X(t) € D.

For any fixeds € [0,T] and i = 1,...,m, from (6), (5), (10), and Theorem 2.5 in [9], we
have for any p > 2,

El sup [DIX(t)|P
te[0,T]

< CE[[o’(X(5,0,))["] < C(1+ E[|X(s)) "))

This and (11) imply that for any ¢ € [0,T] and any p > 2,

p/2

I1X(t,0,x)II7, = E[|X(t,0,x)|[P] + E < Cop(T) (1 + [x[7), (15)

T
‘/ IDsX(t,0, x)[2ds
0

where Cl,p(T) > (0 dependsonp, T, b, and o.

In [10], we extend this result and show that under assumptions C, M, and P, X' ()
belongs to D® for all t € [0,T], and i = 1,...,d. Moreover, for any t € [0,T], p > 2,
k=1,2,...,there exist Ck,p(T), ,Bk,p > 0 depending on p, k, T, b, and ¢ such that

1X(8,0,x) I}, < Crp(T)(1+ [x]Per). (16)
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3. The Main Result

From Theorem 4.9 in [9] we know that under assumptions C, M, and P the matrix-
valued SDE

t t
Tt = 1, + /0 Vb(X(s,0,x))] (s)ds + /0 V(X (s,0,%))](s)dW(s), (17)

t € [0, T], has a unique solution | € S? ([O, T], Rdx‘i) ,p > 2,and for any t € [0, T| the map
x — X(t,0,x) is differentiable P— a.s. and as € — 0,

X(t,0,x +€h)(w) — X(t,0,x)(w)
€

S hj(H)(w) Pas. (18)
We consider the matrix-valued SDE

K(t) = I - /OtK(s)[be(X(s,O, x))— < Vyo, Vo > (X(s,0,x))]ds

. /OtK(s)Vx(T(X(s, 0,x)dW(s), € [0,T]. (19)

From Theorem 2.5 and Propositions 4.13 and 4.14 in [9], we know that under assumptions C,
M, and P we have K(t)](t) = I; for all t € [0, T| P—a.s.. Consequently, the Jacobian matrix
J(t) is P-a.s. invertible for any choice of t € [0, T], and J(t) ™! = K(t) P—a.s.. In [9], it was
noted that since —y " Vb(X(s,0, x))y is not bounded from above by a constant P—a.s. for
any choice of y with |y| = 1, an explicit solution of Equation (19) can be written path-wise,
but it might not have finite moments.

Let Js(t) = J(t)](s)~!, t > s. Under assumptions C, M, and P from Proposition 5.1
in [9], we know that we have

t t
Jo(t) = Iy + /s Vb(X(r,0,%)) s (r)dr + /s Voo (X(r,0,0))Js(NdW(r),  (20)

and the Malliavin derivative of X can be expressed for t > s as D;X(t,0,x) = Js(t)o(X(s,0,x)).
The Malliavin matrix Q(t) is defined by

Qt,x) == /O DX (1,0, x)DX (1,0, %) Tds = [(HC(E x)] (1) @1)

C(t,x) := /OtI(S)_la(X(Srofx))U(X(SrOrx))T(I(S)_l)TdS (22)

The Lie bracket of the C! (]Rd,]Rd) vector fields V = 2?21 V"a%, u= 2?21 Uia%i is de-
fined as [V,U](x) = dU(x)V(x) —dV(x)U(x), where oU = (9;U);j—1, 4,
oV = (9;V/ )ij=1,.q are the Jacobian matrices of U and V, respectively. Let us denote

=b-iym, ?:1 a]’.’ajaf and let 0?, ..., 0™ be the corresponding vector fields:

oO(x) = Za?(x)a—m, ol (x) = ia{(x)axi, i=1,...,m

i=1

We construct by recurrence the sets Xy = {af,j =1,...,m}, 5 = {[07, V],j=0,...,m,
VeXiq}, k>1,and Zeo = Ure1Zk- We denote by Lk (x) the subset of R™ obtained by
freezing the variable x € R? in the vector fields of ¥. For x € RY we consider Hérman-
der’s hypothesis:

H(x): The vector space Span{¥e(x)} = R%.
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If we have the ellipticity condition at x € R?, i.e., for A(x) = o(x)c(x) " there exists
C>0such that y " A(y)y > Cly|? for any y € R?, then Héormander’s hypothesis H(x) holds.
The interesting applications appear when A(x) is degenerate at x.

Example 1. It is easy to check that assumptions C, M, and P hold for the coefficients of the

following stochastic version with multiplicative noise of the Ginzburg—-Landau equation [2] used in
the theory of superconductivity to describe a phase transition:

dX(t) = <;4 + <17 + ;&2>X(t) — AX(t)3>dt +aX(HdW(t), X(0)=x €R, (23)

where t € [0,T], n >0, u,A, & > 0. We have A(x) = ox2, so A(0) = 0. However, a simple
calculation shows that Hormander’s hypothesis H(x) holds for any x € R.

As in the Appendix in [5], let A = {?} UUR,({0,...,m}). Givena = (ay,...,&;) €
A\{D}, we define &, = «; and

' Q, ifi=1
QK =
(0(1,...,&1_1), 1f122

Givena € A, set

] 0 ifa=0 la 0 ifa =0
o = . all =
i ifae ({0,...,m}), || +card{j: a; =0} if |a] > 1.

We define T(,) and I (@) (t) inductively on |a| by

\% ifoa =@
Ti(V) = o , VeC®R,RY)
[0, Ty (V)] if e # @,
1 if o =
I(zx)(t) _ . * ifa =@,
Jo I@)(s) o dW® (s) if |a > 1,

where we consider WO(t) = ¢t, t € [0, T).
Given L > 1, we define for any x, 7 € R4
m

Vo)=Y, ), < T(a)(crk)(x),n >2, Vi(x) = inf Vi (x,7) A 1.
k=1 ||a||<L-1 Inl=

Let
Up={xeR,V(x) >0}, U= |]JUL
L=1
Notice that for L € N* = {1,2,...}, the hypothesis
Hy (x): Span{¢(x), ¢ € u}zlzi} = R4

is equivalent with x € Uy. As in [1], we consider the following assumption:

UH: For some integer Ly > 0, we have Cy := inf, s Vi, (x) > 0.

Notice that assumption UH implies U = RY and Hérmander’s hypothesis H(x) is true for
any x € R%.
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Suppose that H(x), C, M, and P hold. Based on assumption H(x), (13), Formulas (21)
and (22) for the Malliavin matrix Q(t, x), and proceeding as in the proof of Theorem 2.3.2
in [16], we can show that the Malliavin matrix Q(t, x) is invertible almost surely. Thus,
since from (15) we also know that X(t,0,x) € D7 for any p > 2, this implies that the law
of X(t,0, x) is absolutely continuous with respect to the Lebesgue measure (Theorem 2.2.1
in [16]). Here, we replace assumption H(x) with assumption UH and we obtain an expo-
nential bound for the density of the law of X(t,0, x) with respect to the Lebesgue measure.

Theorem 1. Let X be the solution of SDE (1) and suppose that the assumptions C, M, P, and UH
hold. Then, for any t € (0, T] and any x € R? the law of the random vector X(t,0, x) is absolutely
continuous with respect to the Lebesgue measure, and for the density y — p;(x,y) the following
inequalities hold:

Ko(T)(1 + |x| x—y|A1)?
ity < RO o, Ed ), 1)
Ko (T) (1 + [x]9 x—y|A1)?

(ny)] < DEEEE o (e (E2HA), 25)
forany x,y € R%, t € (0,T], t < 1A (ly — x| A1)/(4M(x)), where N is as in (8) and
M(x) = sup {|lo(z)| Vv |b(z)|}. Here, the non-decreasing functions Ky and K, and the

z€B(x,1)

positive real numbers Cy, Cy, Qo, and Qn depend on L € N* such that x € Uy, and on the
coefficients b and o.

The proof is included in Section 5.

Example 2. For the coefficients of the SDE (23), a simple calculation shows that assumption UH
holds with Ly = 3. Thus, we can apply Theorem 1 and obtain the exponential bounds (24) and (25).

Example 3. The following SDE includes a family of nonlinear mean-reverting models for interest
rates [4]:

dﬁﬂ:(y—kﬂﬂﬂﬂ+ﬁXOMWUL X(0) = x9 > 0, (26)

wheret € [0,T], u,A,& > 0. We can easily check that the assumptions C, M, P, and UH are met,
so we can apply Theorem 1 and obtain the exponential bounds (24) and (25).

4. Results About the Malliavin Matrix

Notice that we can write Equations (1), (17), (19), and (20) in Stratonovich form
as follows:

du+2/ )) o dWi(u), 27)
@W+i/VM@@N

dsfsz 5V (X(5)) 0 dWi(s),  (29)
NAG dr—i—Z/ V.ol(X

(s) o dWi(s), (28)

)Js(r) o dW'(r). (30)
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Given V € C®(R?,R%), we use Ito’s formula and Equations (27) and (29) (Equation 2.10 in [5],
Equation 2.63, p. 130 in [16]) to obtain

FHUOVEE) = Vi) + [ 7600, VIK(s)ds

P31 [ 16l V1K) o awis) 61
i=1

Theorem 2. Suppose that assumptions C, M, and P hold. For any L > 1and 0 < € < 1 there
exist Cp e, A(L,€), up e > 0 such that forall x € R and V € C";"(]Rd,Rd) we have

JIOVEE) = Y Ty +Re(t 2, V) (32)
flaf <L—1

for K> Ko(L,x,V) > 1, with

1 /K ) 1 —A(L, e)KiLe
— > 1< [ A A—
sup IP’(tL /0 IRL(s,x,V)|*ds > KL+16) <Cre exp( 1 M(x))? ) (33)

0<t<1
with
M(x) = max{||‘7i||cg(3(x,l),Rd)’i =0,...,m}V max{||T(a)(V)||Cg(3(xll),Rd), la| <L+1}
The proof is included in Appendix A.
Theorem 3. Suppose that assumptions C, M, and P hold. For any L > 1 there exists C(L),

C(L) >0, A(L), A(L) > 0, and ur, jir € (0,1], all of them independent of ¢°, . .., o™, such that
forall t € (0,1] and all K > 1 we have

7\(4 x) 3 L2\ L
[UESL 1 ~ Ar (Ve (x)E2K)
P (tL < K) < C(L)exp (— MY (34)
A(; x) L+2p ) ML
K/ (L+1) 7 1 AL (VL(X) K)
P (tL < K) < C<L>exp<— TR ) (35)
where
Als, x) = |i?f1 <n,C(s,x)n >, Als,x) = ‘i‘nfl <1,Q(s,x)y > (36)
n= n=
M(x) = max{ | T® (@) 2 () ety k= 0oy, o] < L+1} (37)

The proof is given in Appendix B.
Let us denote

A(t,x) :=det(Q(t,x)), At x) :=det(C(t, x))

Equations (21), (22), and (36) imply that C(t, x) and Q(t, x) are positive semi-definite and
both A(t, x) and A(t, x) are non-decreasing with respect to ¢.

Theorem 4. Suppose that assumptions C, M, and P hold, and let L € N*. For any p > 1 there
exists K(L, p), u(L) > 0, also depending on the coefficients b and o, such that we have for any
t € (0,1] and any x € Up
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1+ [yt

p
} < K(L,p) (Vi (x)12/Lg)pdL (38)

| a7

Proof. We know from (22) that Q(t, x) is positive semi-definite, so that the smallest eigen-
value of Q(t, x) is equal with A(t, x), and we have (A(t, x))? < det(Q(t, x)). These imply
1

that forany p > 1,
EH] <E[1 } (39)
(At x))P At x)P |

Next, since t — A(t, x) is non-decreasing, from (35) we obtain for any t € (0,1] and
K>1,

P(“f,x) - 1) < IP’(A(”K”““),x) < 11<) < C(L)exp (‘AL(VL(X)LHK)%L),

tt — K tL (1+ M(x))?

where C(L),Ap > 0, up, € (0,1], and M(x) are as in Theorem 3. Using this, we obtain

1 o _ _ o 1 (A ) 1
pd—1 1 / pd—1 /
E{/\(t,x)l’d] —/0 pdy ]P’()t(t,x) > y)dy =/, pdy IP’( i < ytL>dy

_ /Ol/A pdy’”d_lp()\(:ix) < ;ﬂ)dij :A pdypd—w()\(:ix) < yltL)dy
< pd(iyd + /:A pdyP*~1C(L) exp(—m)dy

R O e O o
(3 ) o

where

IN

A=V (x)F2tE € (0,1], k= L’ﬂ +1>1.
L

By repeatedly applying integration by parts, we obtain

From assumption C and (6)—(9) we obtain
M(x)? < Cr(1+[x*N).
This yields

(1 + |x|2)2di/yL+N

(VL(x)lJrZ/Lt)F’dL

(1 + |x|2)di(2/yL+l)

(VL(x)l+2/Lt)PdL

K(L,p) <K(L,p)

1
El——| <
{A(t,x)r’d] -
Thus, substituting u;. € (0,1] into (39) we obtain (38). O

5. Proof of Theorem 1

Proof. From Theorem 4 we obtain that 1/A(t, x) € ,>1 LP(Q, R), and since X(¢,0,x) €
D>, X(t,0,x) is non-degenerate for any t € (0,T A1}, x € RY (see Definition 2.1.1 in
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[16]). Thus, we have the integration by parts formulas (Proposition 2.1.4 in [16]): for any
¢ < C;°(Rd), G € D* and any index &, there exists H,(X(t,0,x), G) € D® such that

E[0.¢(X(t,0,x))G] = E[p((X(t,0,x))Hu (X(t,0, %), G)].

Moreover, for any 1 < p < g1 < oo there exist constants Cp; > 0, 8,7 > 1 and kq, ko € N*
such that

kq
|Ho (X (t,0,x),G) ”P < Cpm

1
m DX(t,0, x)\||,xw\|G||\a|,q1- (40)
Using this, it can be shown (Proposition 2.1.5 in [16]) that the density p; belongs to the
Schwarz space S(RY) = {f : RY — R : f € C®°(R?), sup |x||9,f(x)| < oo for any k > 1,

x€RA
and any index a}. Moreover, forany y = (y1,...,y4) € R4 such that yi>0Vx,i=1,...,4d,

we have
d
pe(x,y) = E[1,(X(t,0,x))Hpy,.1)(X(£,0,x),1)], Iy = [ Tlyi, o0).
i=1
Using the Cauchy-Schwarz inequality, (40), (38) in Theorem 4, and (16) we obtain that for
any x € RY, t € (0,TA1],

pi(x,y) < E[Ly, (X(t,0,x))]"2E[|H, a4 (X(£,0,x),1) ]2
1 |k

e,

(P(X(t,0,x) € I,))"/?, (41)

< (P(X(t,0,x) € Iy))/*C

k
IDX(1,0,2)[2,

(1+[x]9)

< CKL(t) JaLh,

where L € N* is as in Theorem 4, K (-) is non-decreasing, C > 0, 8, > 1, and kq, k, € N*.
Let

T= 1[r6f]{|X(SOx)—x\>1/2}/\T ¢ = 1[nf {|X(s,0,x) — x| >1} AT
se

If |y — x| <1, we have

P(X(t,0,x) € L)) <ﬂ{x (t,x) > y; ) _P<ﬁ{xi(t,x) — X Zyi—xi}>

i=1 i=1
< P([X(,0,x) —x[ > |y — x])

SIP’(KSS%)M/ b(X(u,0,x)) du+2/ X (1,0, x))dW ()| > |y—x>
= P<O<Sslilt)/\g (/Os |b(X(M,O,X))|dM+I;1 ./05 |0'i(X(u,0,x))|dwi(u)> > |y B x|>

Fors < tA g we have |X(u,0,x) — x| < 1forany u € [0,s], so X(u,0,x) € B(x,1) and
|b(X(u,0,x))| < M(x), |o(X(1,0,x))| < M(x) for any u € [0, s]. This implies

/Os|b(X(u,0, 0))|du < IM(x) < |y — x//2,
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forany t < |y — x|/(2M(x)). We also have
s
/ 10 (X (1,0, %)) Pdu < M(x)%t, i=1,...,m.
0

Hence, for any t < |y — x|/(2M(x)) we obtain

e (oo & festuo o) 1o

ly —xP?
< 2dexp<_8dtM(x)2

Here, we have applied Lemma 8.5 from Chapter V, Section 8 [17] for each component of X.
Similarly, if |y — x| > 1

P(X(t,0,x) € Iy)) <P(|X(t,0,x) —x| > [y — x])

<P(r<t)=P| sup |X(s,0,x)—x>1/2
0<s<tAg

/b( (u,0,x) du+Z/ X(u,0,x))dW (1)

P( sup >1/2
0<s<IAE
<P[ sup /|b (1,0,x)) |du+2/ o (X (u,0,x))|dWi(u) | >1/2
0<s<tA

Fors < t A ¢ we have | X(u,0,x) — x| < 1 for any u € [0,s], so X(u,0,x) € B(x,1) and
|b(X(u,0,x))| < M(x), |o(X(1,0,x))| < M(x) for any u € [0, s]. This implies

S
/ Ib(X (11,0, x))|du < tM(x) < 1/4,
0
forany t < 1/(4M(x)). We also have
S .
/ 0 (X (11,0,%)) Pdu < M(x)%, i=1,...,m.
0

Hence, for any t < 1/(4M(x)) we obtain

<O<sslilt)/\§</ [b(X(u,0,x) |du+2/ ot (X (u,0,x))|dW (u )) > 1/2)

1
< -
<2 exP( 16dtM(x)2)

Here, we have applied Lemma 8.5 in Chapter V, Section 8 [17] for each component of X.
Thus, we obtain for t < (|Jy — x| A1)/ (4M(x))

2
P(X(t,0,x) € I)) < Zdexp(W) w

Notice that from (6) and (8) we obtain

Mx?<C sup (14 )N <C sup (14 |z — x| + x|}
z€B(x,1) z€B(x,1)

< CQ+ 1)V < 22NC(1 + |x|)?
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Substituting this into (42), we obtain, for t < (|ly — x| A1)/(4M(x)),
(ly —x A1)
P(X(t L)) < -G 4
(X(t,0,x) € y))_Clexp< C AT 2 (43)

This inequality and (41) imply (24) fort < 1A (ly — x| A1)/(4M(x)).
Next, we prove (25). From Proposition 2.1.5 [16] we know that for any index «, and for
anyy = (yq,...,y4) € R?suchthaty; >0V x;,i=1,...,d, we have

,-

3pi(x,y) = (=)™ E |11, (X(t,0,2)) Ha (X(£,0,%), Hy,_1)(X(£,0,5),1))],
where [, = H?Zl [y, 00). Using this formula, the proof is similar to the proof of (24). O

6. Conclusions and Future Work

We have proved exponential bounds for the density of the law of the solution of the
autonomous SDE (1). This result is based on the Malliavin differentiability of any order for
the solution of (1) with coefficients satisfying the assumptions C, M, and P.

Here, we obtain exponential bounds for the density p;(x,y) and for its partial deriva-
tives with respect to y. As future work, we plan to also find bounds for the partial
derivatives with respect to x and t. This would fully extend the results in [5] to SDEs
with non-globally Lipschitz coefficients. Moreover, as we have mentioned before, the ex-
ponential bounds for the density can be used to obtain an expansion of the error for
numerical schemes. Symplectic methods for general stochastic Hamiltonian systems are
fully implicit [18,19], and their convergence can be proved under non-globally Lipschitz
assumptions. This paper was motivated by our interest in obtaining an expansion of the
error for these symplectic schemes. In the stochastic case, there is no theoretical proof of
the better long term accuracy of the symplectic schemes compared with non-symplectic
ones, and the study of the error could be an important step in solving this problem.

Funding: This work was supported by the Natural Sciences and Engineering Research Council of
Canada under Grant DG-2018-04449.

Data Availability Statement: Data sharing is not applicable to this article. The article describes
entirely theoretical research.

Conflicts of Interest: The author declares no conflicts of interest.

Appendix A. Proof of Theorem 2

Proof. The proof is similar with the proof of Theorem 2.12 in [5]. By repeated application
of (31), we see that we have

FrOVEK®) = V) + L [0l VIKs) o i) = Vi)

m

+ Y [0, V](x) /;1odwi(s)+ f /Ot /; J7Ys) [, [0, V])(X(s)) 0 dWI (1) 0 AW (s)

i=0 i,j=0

m . t .
—V(x) + ;[UI,V](x)/O 1o dWi(s) +

m

Y [0l [0, V() /Ot /Oslode(u) o dWi(s)

i,j=0
+i,f,kio./()t./()s_/()”f1<s>[a",[of,[o%vm<X<s>>odwkw)odwf(u)odwf(s)
= Y ToW®IWHn+ Y s®W(t2zy) (A1)

o] <L—1 |a|=L
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where as in the proof of Theorem 2.12 [5], we set (see also Equation 2.63, p. 130 [16])

5(“)(15 Ziy) = Z(oc)(’{) ifa =0,
74 (w) fot S(’X)(S,Z(“))Odwa*(s) if o] > 1,

m t

Zw(t) = I_l(f)T(,x)(V)(X(t)) = T (V) (x) + Z/O 7)o, Ty (V)](X(5)) 0 W' (s)

+ /O ) (w, T (V)] + % f[a’; 0 Ty (V)] ) (X(5))s

Notice that S@ (¢,1) = 1@ (¢).
From (A1), we have expansion (32) with

Ry(t,x, V)= Y SW(tZu)+ Y Ty(V)()IW(t)
= L

For f € C([0,1]), we have forany t € (0,1] and K > 1,

t/K t/K B s 2 /K
[ tppas= [ (LD s swp (JOLY [ e,

0<s<1/K
2 L—e/2+1 2 L—e/2+1
s o B () e (Y
2L—€+2 g ii/k S K 2L —€ gic1/k S K

Hence, forany 0 < t <1, K > 1 we have

— € 0<s<1/K

2
2 2 R 1%
p 2 w >k?) <P -2 [ sup |LL(/52'7_X€’/4)| > K€/2
—€ O<s<1/K s 2L —€\p<s<1/k S

1/2
Ri(s,x, V)| _ (2L—e /K€/4
0<s<1/K sk/2=e/4 = 2

1 t/K 1 2 |RL(S/er)|2 1—e€/2 2
IP’(L/ IRy (s, x, V)[2ds > 1<L+1) <IP><2L sup EE 2 > K

IN

P

(s, Zqw) Ty (V)1 ()
< P —m o 2 Ki |+ P( sup — > Ky |,
= <0<s<1/K sb/2—e/4 H:x%L o SL/2—¢/%
[a]<L—1
2 1/21<e/4
where K; = ( > ) with N = card{a € A,|a| = L}+card{a € A, |a] < L —

1, | > L}.
To handle the terms of the first sum, let us define

Y (s) = 71 6) 0, Ty (MI(X(s)), i=1,...,m
Yé”‘><s>—f—1<>([a T (V)] +3 L loh o >H>

i=1

We obtain, forany a € A, |a| =L,
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s(s, 7 s@)(s, 7
]P’( sup 1St (s (“))|2K1>§IP’< sup 1S (s (oc))|2K1>

0<s<1/K sL/2—e/4 0<s<1/K S|\oc||/2—e/4

0<s<1/K 0<s<1/K

m o 1/K 1/2
—HP’( sup |Zg(s)| > K2> —I—P((Z/ Yi(“)(s)zds> > K2>
0<s<1/K =0

=: Pi(a) + Po(a) + P3(a),

50 (s, Zqo)| n, 1K 12
< IP’( sup W > Ky, sup |Zgy(s)] < Ky, (2/0 |yi(“) (s)|2ds> < K;

where K, = K{H“” > K%fZL for a K large enough because L < ||a|| < 2|a| = 2L. From
Theorem A.5 [5] we know that there exist C(L,e) > 0, A(L,€) > 0 such that

P(a) < C(L,e)exp(—A1(L,€)Kp) < C(L,€) exp(—)\l(L,e)K%izL)
Thus, there exist C1(L,€) > 0, A1(L,€) > 0, p1(L, €) > 0 such that

Y. Pi(a) <Ci(Le) exp(—)tl(Lle)Kﬂl(L,E)).
|a|=L

For K > 1, let

T=inf{s >0:||J 7 (s) — Ig|| V|X(s) —x| >1/2} A T
=inf{s > 0:||[J7'(s) = L4]| V |X(s) —x| > 1} AT

We denote F(s) = (X(s),]~'(s))". We have

P( sup  |Z(y)(s) — Z(w)(0)[ > Kz)
0<s<1/K

<Pl sup [Zy(s) = Z)(0)] =Ky, T >1/K | +P(t <1/K)
0<s<1/K

< IP’( sup [Z(y)(s) = Z(»)(0)] = K2> —HP’( sup |F(s) —F(0)| > 1/2)

0<s<1IAT 0<s<1/KA¢g

For a K large enough, we apply Lemma 8.5 in Chapter V, Section 8 [17] for each component
of Z(,) and F and we obtain

Py(a) < Crexp(—MK2/(1+ M(x))?) + Coexp(—AaK/(1+ M(x))?)

Notice that we have

<)P (/ (S)|2d5 > I;f) < ZP< sup |Y1.("‘)(s)|2 > I:;)

i=1 i=1 \0<s<1/K
2
m K2 m (a) Kz
Pl sup W96)1) =52 YR sup @)= 22
1; (<0<s<1/K l m z; 0<s<1/K vim
For Y( i=1,.. .,m, we have an SDE similar to the one for Z(,) but with [0, Tia)(V)]

replacmg T )(V), so we can treat P»(a) and the terms of P5(«) similarly.
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Finally, since $(*)(t,1) = I'¥) (t), we obtain forany a € A, || <L —1, ||a|| > L

IED< sup |T(,X)(V)(x)1(“)(s)| > Kl) < P( sup )] > - >

0<s<1 sb/2—e/4 0<s<1 SH/27€/4 T M(x)?
5@ (s, 1)) Ky
<P >
= (0‘251 slal/2=e/4 = 2M{(x)2

If K is large enough, using Theorem A.5 [5] we know that there exist C(L,e) > 0,
A(L,e) > 0and pq(L,e) > 0 such that

IT(K)(V)(X)I(”‘)(S)I A(L, €)Kr(Le)
> < P S A
.H(oi‘:% g 2K | Sceee| Ty

la|<L-1

O

Appendix B. Proof of Theorem 3

Proof. This proof is similar to the proof of Theorem 2.17 [5]. From (22) and (36), notice
that C(t, x) is positive semi-definite and both C(t, x) and A(t, x) are non-decreasing with
respect to ¢, so it is enough to prove (34) for K > 1 large enough. Since for any a,b > 0 we
have (a +b)? > a?/2 — b?, from (22) and (32) we have for anyt € (0,1, K>1andy € R,

nl =1,

m t/K
<, C(t/K, x)yp >= Z/O < J(s) ok (X(s)), 7 >2 ds
k=1

m t/K
B Z/ H Hg 1T<a) (@) (x)I®(s) + Ry (s, x,0), 7 >* ds

m

2
t/K
- 2/0 << Z T(oc)(o'k)(x)l(a)(S),ﬂ >+ < RL(s,x,o'k),q >) ds
k=1 lef<L—1

m t/K m t/K
> - Z/ < Y Tl ) ()1 (s), 5y >2 ds — Z’/o < Rp(s,x,0%),n >2ds

la||<L—1

1 t/K
252/ < 2 T(a)(ak)()n>1 ds—Z/ IRy (s, x,0%)|?ds
k=170 lafj<L—1
This implies
2
m .t/K
inf ) / < ¥ Tw(@) ), > 19(s) | ds
I|=14= /0 llaf| <L—1
<2‘1‘nf <1, (t/Kx17>+ZZ/ IRy (s, x, %) [*ds
hri
— 2A(H/K, x) +2 Z/O IRy (s, x,0%)|2ds (A2)
k=1
Let

M(x,m) == Y < Tiy(0")(x), 5 >

ol <L—1
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Since forany 7 € RY, |5 =1,

m r )
Vi(x,n) =Y Mi(x,n) > V() < Ty (05)(x), 77 >

=1
| ot Milxm)

we obtain

2
m t/K
in o) (x (@) (g s
|n|—flkzl/o (< Y Tw(@)()n>1 ()) d

el <L-1

m

2
= inf Y Mk(x,ﬂ)/t/K Y < Tia) (0) (), 7 Z 1@ sy | ds
O \Jal<-1

11=1 k=1, My (x,) >0 My (x, 7

t/K ?
> inf ZMk x, 1) inf / ) baIW(s) | ds: ) b =
=1 0 \Jali<z1

2
t/K
:inf/ ) b IW(s) | ds: Y bi=1;inf Vi(x,7)
O \llf<L—1 1=

t/K ?
> inf / Y b I (s) | ds - ) b2 =13V (x)
O \lall<L-1

Here, if My(x,17) = 0, then < T(a)(ak)(x),n >= 0 for any ||a| < L —1, so the term
corresponding to such a k is 0.

Thus, for any L > 1, (A2) yields forany € € (0,1),t € (0,1],and K > 1,

2
A(t/K, x) 1 Vi(x) . t/K « )
IP’( T gKme)gP( étL inf /0 Y bd®W(s) | ds: Y pE=1

laf<L—1 flaf <L—1

K 1 t/K 1
= / |RLsx(7)|ds<KL+1 €><]P’<tLZ/ |RLsx0)|ds>KL+1€>
2

t/K
+P<VL(Lx) inf / Yo bI®(s)| ds: Y BE=1; < L+215>
2t 0 | <L—1 flaf <L—1 K

mo 1 K o2 1
S]{_Zl]:[})(tll/o |RL(S,x,U )l dS 2 m[(L-H—€>

2
L
+P<<It<> inf /ot/K<la|<2leaI(“>(S)) * i SVL(SKH)

la[[ <L-1

By Theorem A.6 [5], there exist C1 (L, €), pt1(L,€) > 0 such that for all t € (0,1],

2
K L t/K 4
P( (=) inf boIW(s) | ds: =1 g)
<<t> /0 (|a|§ZL—1 U) uaHsZL_l VL(x)Ki=e
1—e Hl(Lre)
< C1(L,e)exp<— <VL(x31K) )
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By Theorem 2, there exist Co(L,€),A2(L,€), pa(L,€) > 0 such that for all t € (0,1] and
K > 1large enough,

m 1 m t/K 2 1
ZP(thZ/O |RL(S,X,(7 )| dSZ ]/nI<L+1€)

k=1 =1"

Le
Aa(L,€) (ml/(L-H_e)K) t2(Lse)

(1+ M(x))?

<mCy(L,€)exp| —

Replacing K with K1/ (E+1) and then taking € = 1/(L 4 2) and using V; (x)) < 1, we obtain
that there exist C(L) > 0, A(L) > 0, and fi; > 0, all of them independent of ¢*,...,¢™,
such that for all t € (0,1] and any K > 1 large enough,

3 1/(L+1) 3 1/(L+1)
P(/\(t/K ,x) <11<> <P<A(t/[< xX) _ 1 )

L L — K(L+1—e)/(L+1)

YRS
S Cl(L,G) exp (_(VL(X)K ; )

/\Z(L, €) (ml/(L+1—e)K1/(L+1)) ua(Lje)
(1+ M(x))2

1/(L+2)\ ()
S

Ax(L) (m(L+2)/(L2+3L+1)K1/(L+1))Hz(L)

+mCy(L, €) exp

(1+ M(x))2
1 V; (x)) 2K u1(L)/(L+2)

< Ci(L)exp (_4M1(L) (Ve ()1)+M2x))2 )
o)Lk 2L/ (L+1)

+mGCy(L) exp (_M(L)((Vﬁ _|)_)M(f)§2 )

- AL (Vi (x)L2K) ™
< C(L)exp(— Lglil\i[(x))z) )

For K > 1 large enough we can consider ji;, € (0,1].
Next, notice that for any 7 € R?, || =1,

<1,Q(s,x)y >=<J(s)"1,C(s,x)](s) 'y >

s)" s)T x
=|J(s)"n* < |§ES;TZ|,C(s,x) J(s) 1 > |J(s) "y |?A(s, x)

Let

T=inf{s>0:||J(s) = Li|| >1/2} AT, m=inf{s>0:|J(s)—I;| >1}A T
C=inf{s >0:|X(s) —x| >1/2} AT, & =inf{s>0:|X(s) —x| >1} AT.
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Notice that for s < T we have

JION

\/

g2 = 106) = 1) g+ 4> 2P = 1(7(s) — 1) T2
() — LRl =

1=

1
4

N\H

Hence, for s < T and forany 7 € R?, || =1,

<n,Q(s,x)y >> i?x(s,x)

Thus, there exist C(L) > 0, A(L) > 0,and py > 0, all of them independent of g0 . .., o™
such that for all t € (0,1) and all K > 1 large enough we have

t 3 t
P A(K1/<L+l>’x> < <P /\(Kl/““)’x) <4 !
i = = tiL—E’T>W

tL
+P<rs > 1) +P<€§ 1)
K1/(L+1)7 K1/(L+1) K1/(L+1)

R =

Mt ) _ 4 1
<P ML <2 | 4P sup ||I(S)—Id||21/2/€>m
0<S<T1/\m
+P sup ‘X()—X|21/2
0<s<EIA 17171y L+1
Ao(L) (V. (x)b+2K) o ®) Aq1(L)KY/(L+1)
< Co(L exp( 1+M( 72 ) + Ci(L) exp (11(+)Z\/I(Jc))2
/\ Kl/ LJrl)
+ (L) exp 1 T M(x
Ao x)Lr2g)rolt) A (L L2py /()
L) exp of ) +Ci(L)exp| — 1B (Vi) )2
1+M( ))? (1+M(x))
ol L+2K)1/(L+1)
+Ca(L) exp 1 +M< )2
)lL L+2K)#L
exp 1 + M )

Here, we have used V. (x) < 1, and for the first probability in the third inequality we have
used (34) (we have 4/K instead of 1/K but we can adjust the constants from the beginning
of the proof of (34)). For the second and third probabilities in the third inequality for a

K > 1 large enough, we have applied Lemma 8.5 from Chapter V, Section 8 [17] for each
component of X and J. O
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