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1 Introduction

Novikov groups were introduced in [8] as examples of finitely presented
groups with unsolvable conjugacy problem. It was Bokut [2] who showed
that each Novikov group has a standard basis and thus a solvable word
problem. Further, he showed [3] that for every recursively enumerable de-
gree of unsolvability d there is a Novikov group whose conjugacy problem
is of degree d. In the present work, we show that Novikov groups are also
right-orderable, thus exhibiting the first known examples of finitely pre-
sented right-orderable groups with solvable word problem and unsolvable
conjugacy problem. We further remark that this may provide a means for
producing a lattice-ordered group with the same properties, which would
answer one of the foremost open problems in the theory of lattice-ordered

groups.

2 Novikov Groups

It is known that for any recursively enumerable degree of unsolvability there

is a finitely presented semigroup of the form S = (a; | A; = B; 1 < i <



A, 1 < j < n) whose word problem is of that degree. It was shown by
Bokut that the degree of unsolvability of the word problem for S is equal to
the degree of unsolvability of the conjugacy problem for the Novikov group
Ap,p, defined below using the relations of S.

The group A,,,, is most easily dealt with when defined via an ascending

sequence of four groups, each an H.N.N. extension of the previous,

Go = (2o | o)

° G1:<EQU21|‘1>0U‘1>1>

G2:<20U21U22|@0U@1U@2>

Apipy = G = (UL%; | UL @)
Where

o o ={qtiq  t7, 1 <i <A}

o ¥ = {aj,a],1<j<n}

o Yo ={l;,l,1<i<)\}

e Y3 = {p1,p2}

e Oy=10

o &) = {qiaj = a;q, tia; = ajt;, “;rqf = (q;_)Qaj ) by a4y
o &y = {lijaj = ajl;, lja;r = ajlf}

o O3 = {(AN) V¢ lpr = prAig Y, (D)o = piti, B tilips =

7 7

B () Y)Y ¢ pe = pagit}



with A;’s and B;’s the distinct words in (aj,1 < j < n) such that A; = B;
are the defining relations of the semigroup S.
It bares noting that each Gj; is the free product of two anti-isomorphic

groups G and G7}.

3 A Standard Basis for A, ,

A group G has a standard basis if there exists a subset L of words in the
generators of G, and a bijection between L and G, such that each element
of the basis is equivalent to one and only one group element. Thus if we
assume the axiom of choice, then technically every group has a standard
basis. However, giving an explicit finite presentation of the basis is usually
not possible because of the dependence on the axiom of choice. Therefore
we reserve the term standard basis for those groups that have a finite, or at
least recursive, presentation.

Even in this stricter sense of the term, A4,,,, has a standard basis which
is defined in terms of the ascending sequence of groups Gog C G1 C G C
Gz = Ap,p, as follows:

Each of the sets Cy, C1, Co, and Cj is a standard basis for Gg, G1, G,
and G5 respectively.

Cy consists of all irreducible group words of the alphabet ¥g. A word is

said to be irreducible if it does not contain subwords of the form zz~! or

z .
(' consists of all words of the from

_ € € €k
(#%) w = w2 U’ . up T g1,

where k£ > 0, x; € X1, ¢ = £1, u; € Cy and w is irreducible and does not



contain the subwords:
€, . -2 -1 -1 2. -1 . e —1
1. ¢fa;, q; a; ", gqia; -, tiag, t;oaj, tia;

2. (g%}, (¢) 7 af, (¢ (@)™ (D)l tF (a)) ™Y, ()2 (af) !

where e =41, 1 <<\, 1 <j5<n.
C consists of irreducible words of the form of (%) in which k > 0, u; €

C4, x; € 39, ¢, = £1, and which do not contain the following subwords:

3. ajV(qga ts)lfa

4. afV(ar, (#5)%) (L) (@)~ WV (g2 ) 1)

S S (2
where e = £1, 1 < j <n, 1 <i < X and V(z,y) are irreducible words of
Gy in z and y.
C3 consists of irreducible words of the form (*x) in which k& > 0, u; €

Cy, x; € 33, ¢, = £1, and which do not contain the following subwords:

5. (tD)pr, o7t a5pe, (¢7)pyt

6. LIV (a )W )pr, 17V (a))W (t)pr*
7. LV (a;)W(q)p2, ()" V(a )W (g )y,
8. (1) "WV (a)C(gh) " ANW (ENpr, LV () C(aAT YW (t)pr ",

9. 17V (a))C(t; Bi)W (q5)p2, 1TV (a))C(tH(BH) YW (g )py*

where V' and W are reduced words and C(U) denotes a canonical word equal
to U.
We end this section with a statement of Britton’s Lemma with a prelim-

inary, explanatory excerpt from [1].



Let G = (X;®) be a group with generators ¥ and relations ®. The
lemma is a useful tool when dealing with H.N.N. extensions like A, p,.

Let G = (3; ®) be a group with generators ¥ and relations ®. The group
G=(%, B; ®, Aipm, =pn,Bi, 1 €1I)

where X () B is empty, pm,,pn, € B and A;, B; are ¥-words in the group with
stable letters B and base group G.

Lemma 1 (Britton’s lemma [1]) Let B be a regular system of stable let-
ters of the group G, with base group G and let W be a (X UB)-word. If
W = e in G then either W is a S-word and W = e in G or W contains a

subword of the form p, “Upy, where U is a ¥-word and for some U = Upe pe .

By a o-word, where o is an alphabet, we mean a group word constructed
from this alphabet. A system of stable letters B of the group G is a subset of
the defining alphabet of G such that no relation of G decreases the number
of occurrences of B-letters in any word in G, except the trivial relations
where stable letters are juxtaposed with their inverses. For example p;
and py are the stable letters of A, ,,, the [;’s are the stable letters of Go,
and the a;’s are the stable letters of Gi. A system of stable letters is
regular if for every relation A;p,,, = pn,B;i, B; = e if and only if A4; = e.
Finally, a word U = Uy ¢ is simply a product of A;’s and/or B;’s such that
P, UpS, = p,ps, U’ or p, <UpS, = U"p, <ps,, for some U’ or U”.

4 Ordered Groups

We assume a basic knowledge of right-ordered and lattice-ordered group

theory, and refer the reader to [5] and [6] for a more complete introduction.



We therefore state only the following previous results which are used directly

in the proof of our main result.

Theorem 1 [5] The free product Gx of right-ordered {G, | a € I} is a
right-orderable group, and for every group G, its right-order can be extended

to a right-order on the group Gx*.

Theorem 2 (corollary to Kurosh Subgroup Theorem [7]) Let G be
a free product of A, B, C' with amalgamations from the factor A, i.e., all
defining relations either involve one type of generator, or have the form
Ula,) = V(by) or Ula,) = W(ce). Then any subgroup H of G, whose

intersection with the conjugates of A, B, and C' is e, must be a free group.

Theorem 3 [5] A group G is fully-orderable (right-orderable) if and only if

every finitely generated subgroup is fully-orderable (right-orderable).

Theorem 4 [6] If G is an ordered group or a right-ordered group and H is
any subgroup of G then H is ordered or right-ordered respectively. If G is a

lattice-ordered group then H need not be a lattice-ordered group.

Theorem 5 [5] (Levi) Let N be a normal subgroup of a group G, Py be
a partial right-order on the group N, and P be a partial right-order on the
quotient group G = G /N. Then there is a partial right-order P on the group
G such that (G, P) is the lexicographic extension of (N, Py) by (G, P). If the
groups (N, Py) and (G, P) are partially-ordered and g~ Png = Py, for any
g € G, then the group (G, P) is also partially-ordered if P is a partial-order

on G.



5 A Right-Ordering of A, ,,

In this section we prove the main result, i.e. the existence of a finitely
presented group, which admits a right-ordering and has solvable word prob-
lem and unsolvable conjugacy problem. We do so by proving the following

theorem.
Theorem 6 The group A, p, is right-orderable.

We prove the above result by defining the normal series A4,,,, > HK >
K and constructing right-orders on A, ,,/HK, HK/K and K separately.
Theorem 12 then implies that A,,,, is right-orderable. First, however, we

need the following lemma.
Lemma 2 The subgroup Ga of Ay, p, s Tight-orderable.

To show that Gy is right-orderable, it is enough to construct a right-
order on G5 because (9 is the free product of anti-isomorphic subgroups G35

and G5 . We begin by labeling certain subgroups of G for easier reference.

Recall
G5 = A1, ey Ay @1y ooy Gy L1y ey Ty L1y ey D)
Let
A= (ay,...,ap)
Q={q, -, a)
L={l1,...05)
T = (t1,...,t5)

Let B= (Q+Tx*L)" = (u'ou | u € Ajv € Q + T % L). Then by
definition A < Ng;(B) so B is normal in G3 with G5 = AB. Furthermore,

7



5/B = AB/B = A = F, so G3/B is right-orderable. Here F,, denotes
a free-group of rank n which is right-orderable by theorem.......... . By
theorem 12, to show G7 is right-orderable it is sufficient to show that B is
right-orderable.

Recall the relations of Gx9 are
a;lga; =q?, for 1<i<A 1<j<n,

ajtiajflzt?, for1<i< A 1<j<n, and

aj_lliaj:liforlgig)\, 1<j<n.

In light of these relations we can think of elements of B of the form u~!zu

where u € A and z € {q{,t{} as k-th roots of (r) because we will show
that for each u™'zu there exists a smallest positive integer k such that
(utzu)k € (x).

It is obvious, as there are no non-trivial relations which hold in (@, T, L),
that B = ({q1) * (q2) * ... % {qn) * (t1) % ... % (ty) * (I1) % ... % (I)))*. We now

show, using Britton’s Lemma, that in fact

B = (q) # (@) % o5 (@) 5 (0 o (8) A % (1) 5w (1),

In the definition of A ,,, the generators {l1,...,[\} are used as the stable
letters of G because I; 'a;l; = a; and {ay,...,a,} are used as the stable
letters of G} because aj_lqz-aj = ¢? and ajtiaj_l = t?. However we could also
i
we realize that the base group would then be (Q, T, L) instead of G7.

view {a1,...,an} as the stable letters of G because a; l;a; = l;, so long as
With this new set of stable letters, suppose that R = e is a relation that
holds in B. Then R is a word in the generators (and their inverses) of B

that is equal to e in B and hence in GG5. Therefore, by Britton’s Lemma,



either R is a word in the generators (and their inverses) of (Q, T, L), or there
exists a pinch of the form a;“Uaj where U is a word in the generators (and
their inverses) of (Q, T, L), ¢ = 1 and a; “Uaj = U'a; “aj. Therefore U is

generated by:
o [ 1<i< )\ ife=1
o {GFLIF [ 1<i< )\ ife=—1.

Since R = e, we can perform as many pinches of the above form as
necessary until we arrive at R = Rs where Ry is a word in {qiﬂ, liﬂ, tiil
and Ry = e. But {qgtl, llfﬂ, tz?tl} generates a free group so Ry freely reduces
to the identity, i.e., R = v1v2...v, such that for each v; there is a fixed z;

from {g;,l;,t;} such that v; is a word in powers of z;, with the sum of the

powers being 0. This proves that B is the free product we claimed because

[

R must be the word v} vj...v;, where v;

v; in G and so v} € ((2;))4 where
vj is a word in {z'}.

Therefore, Theorem 8 implies that, to show B is right-orderable, we
need only show that ()4 = (u"'quu | u € A) is right-orderable because
B is a free product of groups isomorphic to (¢;)?. Theorem ...... further
reduces the task to showing that all finitely generated subgroups of (g;)4
are right-orderable. For ease of notation, as it does not matter which ¢; we
demonstrate on, let ¢; = q.

We begin by showing that every subgroup of (¢)? generated by two ele-
ments is right-orderable. Fix uj,ug € A and consider the group (u; Lquq, Uy 1qug>.
In actuality the most general form of a subgroup of (¢)? generated by two
elements would be (uflqklul,ug 1qk2u2> where k1 and ko are integers but
<u1_1qk1u1, u;lqk2u2> is a subgroup of <u1_1qu1, uz_lun>, so right-orderability

of the latter implies right orderability of the former.



Lemma 3 There exist integers ni,na such that (uy 'qui)™ € (q), and (uy  qug)™ €

(q). We may assume that nq, na have the smallest magnitude possible.

Proof: Since u; = af‘ll aff...af;k, such that a; are integers and each a;; €

{a1,...,a,}, we set di = min{a1, a1 + az, ..., X8 a;}.

First we show that if d; > 0 then ul_lqul € (q) and n; = 0. Proceeding
aq
i1
(a0t al? aj)—l aron oy 9% € (¢). Th —ajp1 9%im1% ay1
aglag’..a;l) T qaital e = q q). Thus a;{"'q a;1y =
J+1

Yo . .. . j
¢®> =" " which is in (g) since Zgillai > 0.

by induction, a; > 0 so a{lalqa = ¢*"' € (g). By the inductive assumption

Otherwise if d; < 0 then let n; = 2=% > (0. Then (uflqul)"l =

—1 9~ g1+ :
uy q¢ ur = q € @. We can find ny in the same manner so

the proof is complete.

To illustrate the method we use the following example. Let

3 -5
uyp = a1a2 as,

Uy = aZ3a5_2a6_2.

Then
dy = min{3, -2, -1} = =2,

dy = min{-3,-5,-7} = =7
sony =24 =922 and

1.5 3

-1 22 — —3 22 -5
(uy qui)™ = ag aza;°q" ajay

5

1.5 25 — -1 2
a3 = a3 G9¢" A9 A3 = A3 qaz = (¢ €(q>.

Similarly ny = 27% = 27 and

2

-1 27 2 3927 3 -2 2
(uy " qu2)® = agazaszq” a;

-2 -2 2 2 24 —2 _2 2 22 2

as “ag” = agazq” az ‘a5 = agq” ¢ = q € (q).
In the proof above we do not show that n; and n9 are of minimal magni-

tude, even though they are. Because the natural order on the positive (neg-

ative) integers is a well ordering, we are guaranteed that integers of smallest

10



magnitude exist so we can assume that m; and me are said integers. Clearly
(uy tqiun)™, (uy *qiug)™2 € (g;) and (g;) is cyclic so there exist smallest in-
tegers m/ and m) such that (u]'gui)™ = (uy'gsuz)™2. This implies that
every relation that holds in the group (z) * (y)/(z™1y~™2){@*®) also holds
in H= <u1_1qu1, u;lun) via the homomorphism x — ul_lqul, y— u;lun.
We now show that in fact these groups are isomorphic by showing that the
relations of (x) % (y)/(z™1y~2){@*W) are the only non-trivial relations that
hold in H.

First note that the element (uflqul)mll is a power of both u; 'qu; and
Uy Yqus so it generates a central subgroup of H that is identical to the
one generated by (uy 1un)mé. For ease of notation let ;1 = ul_lqul and
Ty = u;quQ. If R = e is a relation that holds in H, then we can express
Ras R = v’fv;?...vgﬁ where each i; is a non-zero integer except i1 and ig
either or both of which might be zero and such that v; = x1 if ¢ is odd
and v; = x9 if 7 is even. Note that if | igj41 |[> m) then we can rewrite

R as o™iyl o E M 0 and similarl if | i9; |> m,. Therefore we
Ty tvpvgtvg T vy and similarly if | dg; [> ms. refore w

can assume that R has the form q'Yvi1 v%z...v? where each | 941 |< m} and
| d2; |< mb.

We now apply Britton’s Lemma to R. Either R is a power of ¢ or we
have a pinch or the form aj_ﬁqa;. We can continue to apply pinches until we
have an expression equivalent to R written only in terms or powers of g, the
powers of which sum to 0. But m} and m} are the smallest integral powers
of ul_lqul and uy Lgug respectively, which lie in (g). Therefore, because each
| d9j41 |< m) and | i9; |< mb, we must have that they are all zeros; i.e.,

R = ¢q7 and v = 0. This proves that no other relations can hold in H.

Therefore,

I

H & (@) + {y) ™y ) @0

11



where (z™1y~™2) W) — (u"ou [ w € (z) * (y), v € (z™My~™2)).
Thus H is an amalgamated free product which we show is right-orderable,

by first considering the subgroup
I([H,H)) = (w e H | 3n #0,u" € [H, H))

called the isolator of [H, H|. Naturally H/[H, H| is abelian and [H, H] <
I([H, H]) so H/I([H, H]) is an abelian group. Furthermore, H/I([H, H]) is
torsion-free because if wI([H, H]) has finite order then 3i; such that w* €
I([H, H]) which implies that Jiy such that w®® € [H, H] which means w €
I([H, H]). Therefore H/I([H, H]) is torsion-free abelian and hence right-
orderable. To show that I([H, H]) is right-orderable, by virtue of Theorem
8, we need only show that it is a free group. Theorem 9 however, implies

that I([H, H]) is free if

I([H, H)" (Vur qua) = I([H, H)" (Y(ug 'quz) = e

where I([H,H))! = (u='vu | v € H,v € I([H,H])). But I([H, H]) is a
normal subgroup of H so I([H, H])" = I([H, H]). Suppose there exists in-
teger i1 such that (uj'qui)" € I([H, H]). Then by definition, there exists
integer io such that (uy 'qui)"* € [H, H]. Therefore, ui—1lqu; € I([H, H]).
But there exist integers m; and my such that (uy'qui)™ = (ug 'qug)™
so (uy 'qug)™ € I([H,H]) and thus uy'qus € I([H,H]). This implies
H/I([H,H]) = e and that H has no non-trivial abelian torsion-free quo-
tients. But H/[H,H] = (z,y | [x,y] = e, 2™ = y™2) by virtue of the
isomorphism between H and (z) * (y)/(z™y~™2)@*W) Thus H/I([H, H])
has an infinite cyclic subgroup and so an infinite cyclic quotient group which
is a contradiction. Therefore, the supposition that there exists integer iy
such that (uy'qui) € I([H, H]) is false and I([H, H]) is free and hence
right-orderable.

12



This proves that every subgroup (zy,zs) of (¢)4 generated by two ele-
ments is right-orderable. We extend the proof to cover subgroups (z1, z2, ..., z;),
generated by 4 elements, by expressing H;’s iteratively as amalgamated free

products of the first j generators. That is, given the subgroup
(1, .2 | x5 = uj_lquj,uj € A)
we express the subgroup generated by (x1,x9) as
Hy = (1) * (x2) /(h) @V*%2) wohere hy = 27 5™

and in general we say

”

Hy = Hyy » (o) (R4~ ™) e,

Such a construction is always possible but may not yield a presentation
of the intended group, unless the z;’s are first arranged in non-descending
order with respect to the smallest positive integers k; such that " = q2ki
as the following example illustrates.

If (z1,29,23) = (uflqul,uglqu%uglqu@ such that

-2.5

Uy = aq Qaq,
2 4

U2 = a30y,
3.3

uz = as ~ag.

Then finding n1, no, and ng as before we have

5

-1 22 5292 25 5 §5_ 2
(U1 qu1) =Gy 19 a1 Qg = a9 qas =(¢

-1 1 —4 -2 2 4 —4 22 4 26
(ug "qua)” = ay az qazay =a; q" ay=q

-1 2% _ 33928 -33_ -3 3_ 23
(uz " qus)” = ag azq” a5 ag = ag qag = q~ .

13



Now if we keep the order z1 = ul_lqul, Ty = ’LL2_1QUQ, T3 = uglqug then
Hy = (w1) + {wa) oy 1)) and
Hy = Hy * (z3)/{(af 23 ") a5 ™)),
But note that 3:%5 # :13%2 in Hs but (ul_lqul)Q2 = ¢*" and (uglqug)25 =
((u5'qus)™)> = (¢*)* = ¢” in (g qur, uy ' quz, ug qus).
However we can remedy this problem by taking xz; = uglqug, To =

ul_lqul, and x3 = u;lqm. Then

H2 = <x1> * <x2>/<x%5x2_22>(x1)*<x2) and

5 _92 _ _ — —
Hy = Hy * (x3) /(2 25 Pz D)) = (urqua, g qua, ug ' qus)

. . 5 2 6 . .
because H3 has defining relations 22" = 22" and 22" = x3 which are precisely

the defining relations of (ul_lqul7 Uy Lqug, Uz 1QU3> under the above mapping.
It remains to show Hj is right-orderable. But this is done analogously to
the two-generator subgroup case. H;/I([Hj, H;]) is torsion-free abelian and
hence right-orderable. By Theorem 1, if I([H;, H;]) is not a free group then
there exists w # e such that w € H;j_; or w € (x;) and w € I([H;, Hj]).
To see that this is not possible, recall that every element of (¢)? has a
power in (g) so every element of H;_; and every element or (x;) must also
have a power in (g). Therefore if w € I([H;, H;]) then some power of ¢ is
in I([Hj, H;]) and thus every power or ¢ in Hj is in I([H;, H;]). But then
every element of H; is in I([H;, H;]) since every element or H; has a power
which is a power of q. But H; # I([H;, H;]) since H; has an infinite cyclic
quotient. Therefore I([H;, H;]) is a free group and hence right-orderable
and hence so is H;.
>A

Therefore every finitely generated subgroup of (g;)** is right-orderable

and therefore (g;)? itself is right-orderable for every i € {1,2,...,A}. But

14



the groups <ti)‘4 are completely analogous if we replace each u with «~! in
the above proof so each (¢;)4 is also right-orderable. Now (;)* = (I;) which
is infinite cyclic and so definitely right-orderable. Thus the free product
of these groups is right-orderable so B is right-orderable. And A is free
and so right-orderable so G% = BA is right-orderable, and hence G is also

right-orderable. Finally Gy = G% * G3 so Gy is right-orderable.

5.1 A,,,,/K is right-orderable

Let
K = ([u,v] | uwe GaveP)

where P is the free group (p1, p2). Further, let H; be the subgroup generated

by the diagonal elements, 2~ 'zt and ztz !

as x runs over the generators
of G% and their inverses, and let H be the normal closure of Hy in A ,,. By
definition H is normal in A, ,,. To see that K is also normal in A, ,, we
note that Vg € Ga, g [u,v]g = [ug,v][g,v] ! € K and Vg € P, g~ [u,v]g =
[u, g]"'u,vg] € K. Thus to right-order A4,,,,, we can simply right-order the
groups Ay, p,/HK, HK/K, and K.

Note that Ay, ,,/HK is isomorphic to P x G4 because G = G modulo
H and elements of P and G commute modulo K. As shown earlier, Go and

, are right-orderable, P is a free group of rank 2 and so also right-orderable,
and so Ay, p,/HK is right-orderable.

Now HK/K = H/H () K is isomorphic to a subgroup of Gy because the
elements of H are conjugates of elements of G, which modulo K are only
conjugated by elements of Ga, i.e. Yw € (z7 'z ™), Vp € (p1,p2), p~lwpK =
wkK. Thus HK/K inherits from G2 a right-order.

15



5.2 K is right-orderable

Finally, we show that K is just a free group of countable rank and thus also

right-orderable.

Lemma 4 The subgroup K = ([u,v] | u € Ga,v € P) of Ay p,, is a free

group of countable rank.

The group A,,,, is finitely generated, and thus countable. K < A,
so it must be countably generated. To show K is free, we apply Britton’s
Lemma to the groups G3, G2, GG1, and Gy in turn to show that no non-trivial
relation of the form W = e holds in K.

Beginning our proof by way of contradiction, assume we have
W= [ub Ul]nl [UQ, U2]n2...[uk7 Uk]nk = e.

Applying Britton’s Lemma in K < G5 (recall Gg = A,,p, ), it is not possible
for the above presentation of W to be a g %1 |J ¥2-word since each v; is a
Yz-word. Thus W contains a subword pj Upj_6 where U is a word generated
by

o {(AN)1gr, ()1 <i<Ayifp§=py!

o {Aig it i1 <i < AYifps =py

-1 —1, . eoe o —1
o {B; tili, q; ;1 <i<A\} 1fpj = P2
(2

o {Bf (711 g1 <i < A ifp§ =po

Let us consider how such a subword pjU pj_e, also called a pinch, can occur
in W.
One possibility is that a pinch could be completely contained in a single

commutator [u;, v;]. In this case v; must equal py, pa, pl_l or py ! pecause if
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one of the subwords p;'U can be replaced, using the group relations, with
a subword of the form Up;' then p;?U can not be replaced using the group
relations in a similar way, unless p;'p;® = e, which is trivial. A similar
argument applies to subwords of the form Up;'. For example pit; can be
replaced by () ~'p; but p1 ()" and pF'(t7)~! can not be replaced using

the group relations.

Therefore we have

1

[wi, v;) = u; v;luivi = u;lv(ui)vfl

vi = u; ()
where « is the map defined by

vzl ot el

yiat a2l 2 e GY

The other possibility is that v; = v;41 for some ¢ and n;n;+1 < 0, and
the pinch occurs between [u;,v;] and [uit+1,vi41]. Assume, without loss of

generality, that n; < 0. We have

1, -1 -1, -1 -1, -1 —1
UZ- uwivi+1ui+1vi+1ui+1:ui ’UZ- uiui+lvi+1ui+1

[u;, vi] [ui+1,vi+1]_1 =u;
in which case v; € {p1,pa, py *, 5 '} and
[wi, V] [wit1, vis1] ™' = wiy(usugy) uis -
Thus, all of the pinches from G5 yield subwords of the form

Loy ()

2. ui'y(uiu;rll)uiﬂ
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where each wu; in 1 and u;u,_ +11 in 2, is generated by one of the bulleted
sets above. Note that each pinch can use one and only one bulleted set
in this way, but any and all of the bulleted sets may be used in different
pinches throughout the expression W. We can continue applying Britton’s
Lemma until we produce a g J X1 |J Xs-word equivalent to W. We label
this equivalent expression Ws. Note that Ws will be the product of subwords
of the form of 1 and 2. Furthermore note that each such subword can
be created in one and only one way, i.e. given the subword we can tell
exactly what the pinch was and recover the original commutator or pair of
commutators.

We again apply Britton’s Lemma, this time to Wa in Ga2. In Ga, {l;, 1] |
1 <4 < A} is the set of stable letters so either Wy is a ¥ |J ¥1-word or Wy
has a pinch of the form

Ul

or

()~ U)”

where U is a {a; | 1 < j < n}-word for [; and U is a {aj |1 <j <n}-word
for lj . However there is no way to produce such a pinch using a product of
words of the form of 1 and 2.

It is very easy to see that If and ;¢ in the same wu; or v(u;) or V(Uiui__h)
can not form a pinch because they are necessarily separated by a word of the
form (A])~'gS or A;g;* or By 't; or B (I;7)~" and in order for I;°UIS or
(IF)€U (1) to be a pinch, we must have U € (a;) or U € (a;") respectively.

Now consider the leftmost subword of the form 1. or 2. If the left most
1

subword is of type 1, then any [§ or [;¢ in u;

; ~ is not part of a pinch and

therefore not removable, since the pinches involving 7(u;) will not completely
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remove y(u;) and any pinch involving letters of wu; ! can not involve letters
of ¥(u;). The case for type 2 is the same for the I or I in v(usu;}).

Therefore W must already be a g JX1-word. But if the subwords of
the form of 1 and 2, do not contain I§ and (I])¢, then they can not contain
a;’s and aj’s either, which are the stable letters of GGy.

Therefore, W5 must be a Xg-word. But Gy is a free group so Wy must
already be the identity. This means that the subwords of the form 1 and 2 in
W5 must cancel one another out, so one the subwords must be adjacent to its
inverse. Since each of these subwords is created in a unique way, one of the
commutators of W must be adjacent to its inverse, yielding a contradiction.

We have shown that K is free and, therefore, right-orderable.

6 The Lattice-Ordered Group L(A4,,,,)

We end this chapter by showing how to construct a lattice-ordered group
L(Ap,p,) that may be a candidate to answer the question by A.M.W. Glass
affirmatively. The author plans to investigate this possibility in the future.
The method of embedding a right-ordered group into a lattice-ordered one
is not new. We have shown that A, ,, is right-orderable, so taking the right
regular representation of A, ,, yields a faithful homomorphism of A, ,,
into the group of order preserving permutations of the totally ordered set
App,- To avoid confusion between the group A ,, and the ordered set
Ap p,, we denote the latter Q. Then for g,h € A, p,, and =z € Q, we set
(9 V h)(x) = max{zg,xh} and (g A h)(x) = min{zxg,zh}. This gives a
lattice-ordered group generated by the generators of A, ,,, and such that
Ap p, is a subgroup. We denote this group L(Ay,p,)-

It is important to note here that under the logical signature {e,-, A,V}
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L(Ap,p,) is a finitely presented lattice-ordered group; the generators and

defining relations of L(Ay,p,) are just those of Ay, ,,. However, when viewed

strictly as a group L(Ap,p,) is not even finitely generated. Thus, it could

possibly be used to prove the existence of a group which is finitely presented

in the class of lattice-ordered groups which have solvable word problem and

unsolvable conjugacy problem. It would not be a group which is finitely

presented as a group.
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