l l MacEwan

UNIVERSITY

% e,
° . . l . i Research Online at MacEwan

On Quasinilpotent Operators and the Invariant

Subspace Problem

Adi Tcaciuc

NOTICE: This is the peer reviewed version of the following article: Tcaciuc, A. (2019). On quasinilpotent
operators and the invariant subspace problem. Journal of Mathematical Analysis and Applications

477(1), 187-195, which has been published in final form at
http://dx.doi.org/10.1016/j.jmaa.2019.04.026.

Permanent link to this version http://roam.macewan.ca/islandora/object/gm:2671

License © 2019 Elsevier. Licensed under a Creative Commons Attribution-NonCommercial-

NoDerivatives 4.0 user license http://creativecommons.org/licenses/by-nc-nd/4.0/

This document has been made available through RO@M (Research Online at Macewan), a service of

MacEwan University Library. Please contact roam@macewan.ca for additional information.



https://roam.macewan.ca/
mailto:roam@macewan.ca
http://www.macewan.ca
http://dx.doi.org/10.1016/j.jmaa.2019.04.026
http://roam.macewan.ca/islandora/object/gm:2671
http://creativecommons.org/licenses/by-nc-nd/4.0/

ON QUASINILPOTENT OPERATORS AND THE INVARIANT
SUBSPACE PROBLEM

ADI TCACIUC

ABSTRACT. We show that a bounded quasinilpotent operator T" acting on an infinite
dimensional Banach space has an invariant subspace if and only if there exists a rank
one operator F' and a scalar a € C, a # 0, a # 1, such that T+ F and T + oF are
also quasinilpotent. We also prove that for any fixed rank-one operator F', almost all
perturbations T+« F have invariant subspaces of infinite dimension and codimension.

1. INTRODUCTION

One of the most important unsolved problem in Operator Theory is the Invariant
Subspace Problem: Does every bounded operator on an infinite dimensional, separable,
complex Hilbert space have a non-trivial invariant closed subspace? Von Neumann
proved the existence of such subspaces for compact operators acting on a separable
Hilbert space, a result which was extended by Aronszajn and Smith [5] to separable
Banach spaces. Lomonosov [18] greatly increases the class of operators with invariant
subspaces by showing that every operator commuting with a compact operator has
an invariant subspace. Enflo ([8, 9], see also [6]) constructed the first example of a
bounded operator on a (non-reflexive) Banach space which has no non-trivial invariant
subspaces, followed by a construction by Read [23]. Later Read produced several such
examples: strictly singular operators, quasinilpotent operators, and operators acting
on [; (see [24], [26],[25]). All these examples are on non-reflexive Banach spaces, and
the Invariant Subspace Problem is still open for general reflexive Banach spaces. For
an overview of the Invariant Subspace Problem see the monographs by Radjavi and
Rosenthal [22] or the more recent book by Chalendar and Partington [7].

A very important special case for which the Invariant Subspace Problem is still open
is that of quasinilpotent operators on Hilbert spaces, or, more generally, on reflexive
Banach spaces. An operator 7' is called quasinilpotent if o(T") = {0}, where by o(T)
we denote the spectrum of 7. Substantial work has been devoted over the years to

ISP for quasinilpotent operators, in particular on Hilbert spaces. We mention several
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2 A. TCACIUC

important papers, without attempting to provide an exhaustive list: Apostol and
Voiculescu [4], Herrero [13], Foiag and Pearcy [10], Foiag, Jung, Ko, and Pearcy,[14,
11, 12].

In Section 2 we develop a method of investigating invariant subspaces for quasinilpo-
tent operators on complex Banach spaces by examining the resolvent function. In our
main result in this section, Theorem 2.3, we prove a necessary and sufficient condition
for a quasinilpotent operator to have invariant subspaces, a condition which is related
to the stability of the spectrum under rank-one perturbations.

Next we examine the existence of invariant half-spaces for rank-one perturbations
of quasinilpotent operators. By a half-space we understand a closed subspace which is
both infinite dimensional and infinite codimensional. A method of examining invari-
ant half-spaces for finite rank perturbations was introduced by Androulakis, Popov,
Tcaciuc, and Troitsky in [3], where the authors showed that certain classes of bounded
operators have rank-one perturbations which admit invariant half-spaces. In [21] Popov
and Tcaciuc showed that every bounded operator T acting on a reflexive Banach space
can be perturbed by a rank-one operator F' such that T+ F' has an invariant half-space.
Moreover, when a certain spectral condition is satisfied, F' can be chosen to have ar-
bitrarily small norm. Recently these results were extended to general Banach spaces
in [28]. In this line of investigation, Jung, Ko, and Pearcy [15, 16] adapted this theory
to operators on Hilbert spaces, where the presence of additional structure and specific
Hilbert space methods allowed them to prove important results regarding the matricial
structure of arbitrary operators on Hilbert spaces. For algebras of operators this type
of problems have been studied in [20], [19], and [27]. More control on the construction
of rank-one perturbation that have invariant half-spaces was achieved in [29]. In that
paper the authors showed that for any bounded operators T" with countable spectrum
acting on a Banach space X, and for any non-zero z € X, one can find a rank one
operator with range span{z} such that 7'+ F' has an invariant subspace.

In Section 3, we refine the method developed in the previous section to show that al-
most all (in a sense that is made precise in Theorem 3.3 below ) rank-one perturbations

of quasinilpotent operators have invariant half-spaces.

2. INVARIANT SUBSPACES FOR QUASINILPOTENT OPERATORS

For a Banach space X, we denote by B(X) the algebra of all (bounded linear)
operators on X. When T' € B(X), we write o(T), 0,(T),0ess(T"), and p(T) for the

spectrum of T, point spectrum of T, the essential point spectrum of 7', and the resolvent
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set of T, respectively. The closed span of a set {x,}, of vectors in X is denoted by

For T' € B(X), the resolvent of T is the function R : p(T') — B(X) defined by
R(z) = (2I — T)~'. When |z| > r(T), where r(T) is the spectral radius of T, the
resolvent is given by the Neumann series expansion

R(z)=(I-T)'= Z eril'

1=0

In particular, when 7' is quasinilpotent this expansion holds for all complex numbers
z # 0. The resolvent R is analytic on p(T"), hence on C\ {0} when T is quasinilpotent.
We first prove a simple lemma which gives sufficient and necessary conditions for

A € p(T) to be an eigenvalue for some fixed rank-one perturbation.

Lemma 2.1. Let X be a separable Banach space, T € B(X), and F :=e* ® f a rank
one operator. Fiz A € p(T) and o € C\ {0}. Then the following are equivalent:

(i) e((RN)f) =a".
(ii) A € o,(T + aF).

Proof. i)= ii) We are going to show that y := R(A\)f is an eigenvector for T + oF,
corresponding to the eigenvalue A\. Note that Ty = Ay — f. Then:
(T +aF)y=Ty+ac'(y)f =y~ f+ae’(y)f =y — f+aa™' [ =y
i)= i)
Let y € X be an eigenvector for 7'+ oF' corresponding to A\. Hence Ty + ae*(y) f =
Ay. Note that since A € p(7T), it follows that e*(y) # 0. We have:

Ty+ae'(y)f=lye M =Ty =ac'(y)f & y=ac(y)\N -T)"'f.
Applying e* to both sides of the last equality, we get that
e’(y) = ae’(y)e" (M = T)7"f),

and since e*(y) # 0 it follows that e*(R(\)f) = a™ .
U

Remark 2.2. Note that when e*(R(\)f) = a™!, from the proof of the previous lemma
it follows that R(\)f is an eigenvector for T'+ «F corresponding to the eigenvalue A.

We are now ready to prove the main theorem of this section.

Theorem 2.3. Let X be a separable Banach space and T € B(X) a quasinilpotent

operator. Then the following are equivalent:
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(i) T has an invariant subspace.
(ii) There exists a rank one operator F such that for any o € C, T + oF is
quasinilpotent.
(iii) There exists a rank one operator F' and o € C, a # 0, aw # 1, such that T + F

and T + oF are quasinilpotent.

Proof. Note first that since o.s5(T") = {0}, and the essential spectrum is stable under
compact perturbations, it follows that for any a € C and any rank-one operator
F, 0ess(T + aF) = {0}. Therefore o(T + oF) is at most countable with 0 the only
accumulation point, and any A € o(T+aF)\{0} is an eigenvalue((see e.g. [1], Corollary
7.49 and 7.50). Hence, the condition that 7'+ aF' is quasinilpotent, is equivalent to
o,(T + aF) \ {0} = 0.

i) = ii)

Suppose Y is a non-trivial invariant subspace for T'. Pick f € Y, and e* € X* such
that e*(Y) = 0. Let F be the rank one operator defined by F' := e* ® f. Then, since
Y is T-invariant and f € Y, we have that the orbit (7" f) is contained in Y, hence for
all n € N, e*(T"f) = 0. It follows that, for any z € C\ {0} we have:

(1) S (R(2)f) = ¢ (Z ;{) -y e*gf )

1=0 1=0

Fix o # 0, arbitrary. From (1) and Lemma 2.1 it now follows that for any z € C\ {0}
we have that z ¢ 0,(T+aF). Therefore, for any a # 0 we have that o,(T+aF)\{0} =
(0, hence T + aF is quasinilpotent.

ii) = iii) obvious

iii) = i) We argue by contradiction. Assume that 7" has no invariant subspaces, and
fix F':=e* ® f an arbitrary rank one operator. Since 7" has no invariant subspaces it
follows that e*(T™ f) # 0 for infinitely many values of n. Indeed, otherwise there exist
k € N such that e*(T7 f) = 0 for all j > k. However this means that the closed span
of (T7 f) ;> is contained in the kernel of e*, thus it would be a non-trivial T-invariant
subspace, contradicting the assumption.

To simplify the notation, we denote by g : C\ {0} — C the analytic function defined
by g(z) = e*(R(z)f). Note that g has an isolated singularity at z = 0 and its Laurent

series about z = 0 is
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Since e*(T™ f) # 0 for infinitely many values of n, it follows that the Laurent expan-
sion of g will have infinitely many non-zero terms of the form Zi%e*(Ti f). Therefore
z = 0 is an isolated essential singularity for g. From Picard’s Great Theorem it fol-
lows that ¢ attains any value, with possibly one exception, infinitely often, in any
neighbourhood of z = 0. Hence, for all a # 0, with possibly one exception, the set
{z € C: g(z) = a~ '} is infinite. Note that this set is in fact countably infinite, as it
is easy to see that in Picard’s Theorem the values can be attained at most countably
many times. Therefore 0,(T + aF)\ {0} = {z € C: g(z) = a '} is countably infinite
for all «, with possibly one exception, so T+ «aF' is quasinilpotent for at most one
non-zero value a. Since F' was arbitrary, this contradicts iii), and the implication is

proved. U

The techniques employed in the proof of the previous theorem also gives the following

characterization of the spectrum of rank-one perturbation of quasinilpotent operators.

Proposition 2.4. Let X be a Banach space, T € B(X) a quasinilpotent operator, and
F :=¢e*® f a rank one operator. Then exactly one of the following three possibilities
holds:

(i) For all « € C, T 4+ oF is quasinilpotent.
(ii) For all non-zero o € C, with possibly one exception, o,(T + aF) is countably
infinite.
(iii) There exists K € N such that for all non-zero o € C, 0 < |o,(T'+aF)\ {0}| <
K.

Proof. From the proof of Theorem 2.3 the options (i) and (i7) hold when e*(7T"f) =0
for all n, and when e*(T" f) # 0 for infinitely many values of n, respectively. It remains
to examine the case when e*(T™ f) # 0 for finitely, non-zero, values of n. Let k > 0
be the smallest natural number such that e*(T%f) # 0 and e*(T7 f) = 0 for all j > k.
With the notations from Theorem 2.3 it follows that:

1 * 7
i+le (T f)

g9(z) =€ (R(2)f) =Y _

=0

z

Therefore z = 0 is a pole of order k£ + 1 for g. In this case it is easy to see that for any
a # 0, the equation g(z) = o' has at most k + 1 solutions, hence the cardinality of
the non-empty set 0,(T' + oF) \ {0} is at most k + 1, and (¢47) holds.

O
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We will show in the next example that the second option in Proposition 2.4 can

indeed hold, and that the one exception is in general unavoidable.

Example. Let H be a separable Hilbert space, denote by (e,), an orthonormal basis,
and define T' € B(H) to be the weighted shift defined by

1
Te, = —epyq, forn=12 ...
n

It is easy to see that T is a compact quasinilpotent operator. Consider the rank one
operator F' € B(H) defined by F(z) := (z, f)er, where f = > > Le,. We are going
to show that 7' — F' is quasinilpotent, and that for any o # —1 we have 0,(T' + aF') is
countably infinite. From the previous considerations this is equivalent to showing that
the function g(z) := (R(z)ey, f) is analytic on C \ {0}, has an essential singularity at
0, and g(z) # —1 for all z € C\ {0}. We have

.. 1 1
R(z)er = Z Lo = Z Al gy (il
n=0 =0
Therefore
= 1 1 =1 11
9(2) = (R(z)er, /) = O Znrd et > ﬁ€n> => o = exp(l/z) — 1.
n=0 ’ n=1 n=1

Clearly ¢ has an essential singularity at z = 0 and g(z) # —1 for any z € C\ {0}.

3. INVARIANT HALF-SPACES FOR RANK ONE PERTURBATIONS

We next turn our attention to the study of invariant half-spaces of rank-one perturba-
tions of quasinilpotent operators. First recall some standard notations and definitions.
A sequence (z,)7°, in X is called a basic sequence if any x € [z,] can be written
uniquely as x = Y ° | a,x,, where the convergence is in norm (see [17, section 1.a
for background on Schauder bases and basic sequences). As [z2,] N [xon41] = {0} it
is immediate that [z9,] is of both infinite dimension and infinite codimension in [z,,],
thus a half-space, and since every Banach space contains a basic sequence, it follows
that every infinite dimensional Banach space contains a half-space.

An important tool that we are going to use is the following criterion of Kadets
and Pelczyniski for a subset of Banach space to contain a basic sequence (see, e.g., [2,
Theorem 1.5.6))

Theorem 3.1 (Kadets, Petczynski). Let S be a bounded subset of a Banach space X

such that 0 does not belong to the norm closure of S. Then the following are equivalent:

(i) S fails to contain a basic sequence,
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(ii) The weak closure of S is weakly compact and fails to contain 0.

As mentioned in the introduction, Tcaciuc and Wallis proved in [29] the following

theorem:

Proposition 3.2. [29, Proposition 2.11] Let X be an infinite-dimensional complex
Banach space and T € B(X) a bounded operator such that o(T) is countable and
0,(T) = 0. Then for any nonzero v € X and any € > 0 there exists F € B(X) with
|F|| < e and Range(F) = [z], and such that T + F admits an invariant half-space.

When X is reflexive, a companion result, [29, Proposition 2.12] allows one to (sep-
arately) control the kernel of the perturbation. Our main result in this section shows
that for quasinilpotent operators we can control both the range and the kernel at the
same time, in a very strong way: with at most two exceptions, all perturbations by
scalar multiples of a fixed rank-one operator have invariant half-spaces. Also note that

this results holds in general Banach spaces. No reflexivity condition is needed.

Theorem 3.3. Let X be a separable Banach space and T € B(X) a quasinilpotent
operator such that o,(T) = 0,(T*) = 0. Then for any rank one operator F, and any

non-zero o € C, with possibly two exceptions, T + oF' has an invariant half-space.

Proof. 1t is easy to check that 0,(T) = 0 if and only if 7" has no non-trivial finite
dimensional invariant subspaces, and that 0,(7*) = () if and only if 7" has no non-
trivial finite codimensional invariant subspaces. Therefore we can conclude from the
hypotheses that any non-trivial invariant subspace of T" must be a half-space.

Let F' = e*® f be a rank-one operator, and consider the orbit (7" f). If there exists
k € N such that e*(7™f) = 0 for all n > k, then Y := [T" f],,~x is an invariant subspace
for T, contained in the kernel of F'. Therefore Y is a T-invariant half-space, and it is
also invariant for T' 4+ o F', for any o € C.

There remains to consider the situation when e*(7™ f) # 0 for infinitely many values
of n. In this case it follows from the proof of Theorem 2.3 that for all non-zero o € C,
with possibly one exception, 0,(T" + aF’) is countably infinite. Moreover, 0 is the only
accumulation point for o,(7+aF'). Denote by Cy the set of all these values «; in other
words, Cy does not contain 0, and at most one more other value, depending on F.

For any a € Cy, define the set S, as
So ={R(2)f:z€0,(T+aF)\ {0}} C X.

Note from Remark 2.2 that S, is a set of (linearly independent) eigenvectors corre-
sponding to all distinct eigenvalues from o,(T'+aF)\{0}. For any z € o,(T+aF)\{0}
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we have that e*(R(z)f) = o™ !, hence ||R(2) f|| > (|a||[e*]])~!. That is, for any a € C,
S, is bounded away from zero, therefore 0 does not belong to the norm closure of S,,.

Define the following sets:

A = {aeCy:S, is not bounded}
B = {a€Cy: S, is bounded and 5" is not w-compact }
C = {a€eCy: S, is bounded and S0 s w-compact }.

Clearly Cy = AU BUC, and the union is disjoint. We are going to show that for any
a € AU B, T + aF has an invariant half-space, and that |C| < 1.

Let first @ € A. Denote 0,(T + aF') = (\,)n, and note that we have that A\, — 0.
We are going to show that S, contains a basic sequence. Since S, is not bounded, by
passing to a subsequence we may assume that ||R(\,)f|| — oo. For any n € N, denote
by x, := R(\,) f/I|R(A) fl, and put W, := {z,, : n € N},

The set W, is bounded. If W," is not weakly-compact, we can apply Kadets-
Pelczynski criterion (Theorem 3.1) to conclude that W, contains a basic sequence.
Therefore, by passing to a subsequence, we can assume that (x,) is a basic sequence
in X. Then Y := [x4,] is a half-space which is invariant for 7+ aF.

If W," is weakly compact, then it is weakly sequentially compact by the Eberlein-
Smulian theorem, and by passing to a subsequence we can assume that z, — = € X.

It is easy to see that
1

RO A
Since Tz, 5 T, A\yzn 5 0, and IR fl % 0, it follows from (2) that

Tx = 0. However 0 is not an eigenvalue for 7', so we must have x = 0. Hence

0 € W,", and again by the Kadets-Pelczyniski criterion we have that W, contains a
basic sequence, and we finish up as in the case when W, is not weakly-compact.

When a € B, therefore S, is bounded and S, is not weakly compact, we can again
apply the Kadets-Pelczynski criterion to conclude that S, contains a basic sequence,
and again finish up as before. Therefore, we have shown that for « € AU B, T + aF
has an invariant half-space. There remains to show that |C] < 1.

Assume towards a contradiction that there exist o # 5 in C. Denote by (),) and
by (un) the eigenvalues in 0,(T + aF) \ {0} and o,(T + SF) \ {0}, respectively, and
note that both (\,) and (p,,) converge to 0. For each n € N, we define h,, := R(\,)f,
and by k, := R(u,)f. We have

(3) Thy, = A\phy — f and Tk, = pnk, — f.
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Since S, and S_gw are weakly compact, we can assume, by passing to subsequences,
that h,, — h and k, — k. Note that for any n € N we have that

e*(hn) = g(\y) = 7! and e*(hn) = g(pn) = 74
Therefore, e*(h) = a~! and e*(k) = 7!, and since a # f3, it follows that h # k.
Taking weak limits in (3), and taking into account that A, — 0 and u, — 0, we get
that Th = —f and Tk = —f. Therefore T'(h — k) = 0, and since h — k # 0 it follows
that 0 is an eigenvalue for 7', which is a contradiction since 0,(T") = (). It follows that
|C'| <1, and this completes the proof. O

While not explicitly stated in the previous theorem, note that, in particular, we
can obtain rank-one perturbations of arbitrarily small norms that have invariant half-
spaces. Indeed, since — for a fixed rank-one F' — almost all perturbations T" + o F
have invariant half-spaces, for any given € > 0 we can take a “good” a < ¢/||F|. We

summarize this in the following corollary:

Corollary 3.4. Let X be a separable Banach space and T € B(X) a quasinilpotent
operator such that o,(T) = 0,(T*) = 0. Then for any non-zero [ € X, e* € X*,
and € > 0, we can find rank-one F € B(X) with Range(F') = [f], ker F' = kere*, and
|F|| < e such that T+ F has an invariant half-space.

In the Hilbert space setting we get more specific information about the structure of

a quasinilpotent operator.

Corollary 3.5. Let H be a separable Hilbert space and T € B(H) a quasinilpotent
operator such that o,(T) = 0,(T*) = 0. Then for any rank one operator F, and any
non-zero o € C, with possibly two exceptions, there exists an orthogonal projection of
infinite rank and co-rank such that PXTP = aP+FP.

Proof. Fix a rank one operator F' € B(H). From Theorem 3.3 we have that for all
non-zero o € C, with possibly two exceptions, T'— aF' has an invariant half-space. Fix
such an « € C, let Y be an invariant half-space for T'— oF, and let P € B(H) be the
orthogonal projection onto Y (which clearly has infinite rank and co-rank). Since Y
is invariant for T — o F it is easy to see that P+(T — aF)P = 0, and the conclusion

follows. O

4. OPEN QUESTIONS

In light of Theorem 2.3, the behaviour of the spectrum of a quasinilpotent operator

under rank one perturbations is related to a solution for the invariant Subspace Problem
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for quasinilpotent operators. This suggests a natural and very important open question
in this direction.

Question 1: Given 7' € B(X) a quasinilpotent operator acting on an infinite
dimensional, separable, complex Banach space, can we find a rank-one operator F

such that T+ F' is quasinilpotent?

Note that a positive answer to this question is not sufficient to conclude a positive
solution to the Invariant Subspace Problem for quasinilpotent operators by applying
Theorem 2.3. Indeed, from i7i) in Theorem 2.3 we would need one more perturbation
by a scalar multiple of the same rank one operator that is also quasinilpotent. On
the other hand, a negative answer to the Question 1 will provide a counterexample to
ISP for quasinilpotent operators. As we mentioned before, Read [26] already provided
such a counterexample on [y, therefore it would be a natural starting point to examine
Question 1 for Read’s operator.

The requirement that F' has rank one is very important, as we can always find F
of rank two such that 7"+ F is quasinilpotent. Indeed, let N be a rank one nilpotent
operator (thus N? = 0) and put S := (I — N)T(I + N). Then S is similar to T,
therefore S is also quasinilpotent, and an easy calculation shows that 7" — S has rank
at most two.

In Section 2 we constructed an example of a quasinilpotent operator T' € B(ly), and a
rank one operator F' such that T+ F is quasinilpotent, but T+ aF' is not, for all o # 0,
a # 1. Therefore F' does not satisfy ii) in Theorem 2.3, but of course there are other
rank one operators that do, as T in that example has plenty of invariant subspaces.
Whether a positive solution to Question 1 already implies a positive solution to ISP
for quasinilpotent operators is another important open question:

Question 2: If T € B(X) is a quasinilpotent operator with the property that there
exists F' € B(X) rank one such that 7'+ F' is quasinilpotent, does T" have an invariant

subspace?

Note that if Question 1 has a positive solution for Read’s operator, then Read’s

operator provides a negative answer to Question 2.
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