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A Note on Positive Bilinear Maps

Aaron C. H. Davey, Cristian Ivanescu, Adi Tcaciuc

Abstract

This paper concerns positive maps between C*-algebras, particularly when those positive maps are mul-
tilinear. We construct examples of positive bilinear maps that are not 2-positive, and therefore are not
completely positive bilinear maps. Paulsen and Smith showed that completely bounded bilinear maps
are in one-to-one correspondence with completely bounded linear maps. We show that a similar corre-
spondence does not hold for positive bilinear and positive linear maps. In particular, we observe that a
similar correspondence does not hold if we replace “completely bounded” with “completely positive”.
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1 Introduction

When describing the tensor product of vector spaces, we naturally identify bilinear maps defined on the
cartesian product of vector spaces with linear maps defined on the tensor product of the given vector spaces.
In fact, this correspondence is equivalent with the universal property of the tensor product. If we allow more
structure on the vector spaces, say C*-algebra structure, then it makes sense to discuss positive linear maps
and positive bilinear maps. It is then natural to ask whether this natural identification carries over between
positive bilinear maps and positive linear maps.

In this note we show that this is not the case. Furthermore, we notice that there is no correspondence
between completely positive maps and completely positive bilinear maps. This may be surprising in light
of a result from Paulsen and Smith which shows that the one-to-one correspondence between bilinear maps
and linear maps does carry over to a one-to-one correspondence between bilinear completely bounded and
linear completely bounded. This in turn shows that there are bilinear completely positive maps which are
not bilinear completely bounded. Finally, we shall construct examples of positive bilinear maps that are not
2-positive, and therefore are not completely positive bilinear maps.



2 Preliminaries

2.1 Cartesian - Tensor Product Correspondence

Let X and Y be vector spaces, then the cartesian product of X and Y, denoted X x Y, is the vector space
of all ordered pairs (z,y) such that 2 € X and y € Y. Note that addition will be component-wise and scalar
multiplication scales both elements in our pair:

(@, 9) + (v,w) = (x+ v,y + w) (2.1)

Az, y) = (Az, Ay) (2.2)

We say that a map ¢ : X XY — Z is bilinear if it is linear in each variable and we shall write that
B(X x Y, Z) is the vector space of bilinear maps from X x Y to Z.

The tensor product of X and Y, denoted X ® Y, can be constructed as a space of linear maps on
B(X xY,Z). Let x € X and y € Y, we can define a linear map f = 2 ® y, also called an elementary tensor,
to be the evaluation at the point (z,y). In other words, for each ¢ € B(X x Y, Z) we have the following:

flo) = (o, f) = (v, x®y) = o(x,y) (2.3)

We can now state a proposition found in [?], which is a well-known result. The proof is detailed below
so that it is more accessible to undergraduate students.

Proposition. There exists an isomorphism between the vector space of all bilinear maps from A x B — C
and the vector space of all linear maps from A ® B — C. In other words, we can say:

B(Ax B,C)~ L(A® B,C) (2.4)
We can also illustrate this proposition by the commutative diagram shown below:

AxB —*5 C

| A

A®B

Proof. Let us create a map ¢ : L(A® B,C) — B(Ax B,C). We define ®(f) = f ou where u is the universal
bilinear map from A x B into A ® B, u(z,y) = ¢ ® y. For the reader’s convenience, we will recall the
properties of the bilinear map u, shown below:

w(wy + a2, y) = (@1 +22) @Yy =21 @y + 22 ®y = u(z1,y) + u(w2,y) (2.5)
u(®, g1 +42) =T @ (Y1 +y2) =2 QY1 + T D ys = u(®, 1) + u(7, y2) (2.6)
u(Adz,y) =z @y=2Q Ay =AMz ®y) = \u(z,y) (2.7)

We shall verify that ® is a linear bijection. We need to check that for fi, fo € L(A® B,C), we have
O(fr+ f2) = 2(f1) + P(f2).

O(fi+f2) =(fi+ f2)ou (2.8)

(fr+ f2) oulz,y) = fi(u(z,y)) + fo(u(z,y)) = frou(z,y) + f2ou(z,y); Y(z,y) € Ax B (2.9)



Therefore, we have that:

(fit+ fo)ou=fiou+t+ faou= ®(f1 + f2) = ©(f1) + 2(f2) (2.10)

Hence, we have that ® is a linear map.

Next, we shall check injectivity for ®. Assume ®(f) = 0. Then ®(f) = f o u = 0 which means that
fou(x,y) =0; V(z,y) € A x B. Therefore, we can say that f(z ®y) =0; Ve ® y € A® B. It follows that
we must have f = 0, and hence ® is injective.

We will now check that ® is surjective. We shall pick an element b € B(A x B,C) and we want a linear
map f such that ®(f) = b. Recall that the elements in A ® B are finite sums of elementary tensors; i.e.

DT D Y.

Define f as shown below:

f(Z(iEi ® yz—)> = b@i,y) (2.11)

In particular, f(x ® y) = b(z,y). Next we check f is linear:

flroy+z0w) =blx,y) +bz,w) = flz@y)+ f(z ®w) (2.12)
FA\z @y)) = Mb(z,y) = Af(z@y) (2.13)

We need to check f is well-defined, i.e., if we have > 2; ®y; = > a;®b;, then b( > xi®yi) = b( > ai®bi).
To confirm this we recall that the tensor product of vector spaces is the quotient of the free product of vector
spaces where two expressions are equal if and only if one can be simplified to the other using bilinearity. In
particular, we should mention that if z ® y = 0 then either x = 0 or y = 0. Hence, f is well-defined and
®(f) = b. Therefore, ® is surjective. Hence, we have that B(A x B,C) 2 L(A® B, (). QED

3 Basic C*-algebras Results

In this section we will review some well-known results that will be used later; for more details, see Chapter
4 in [?]. By a C*-algebra, we mean a Banach x-algebra which satisfies the so-called C*-norm identity:
|zz*| =||z||%; for any element z in the algebra. The set of all bounded linear operators T': H — H, where H
is a Hilbert space, is an example of a C*-algebra, denoted B(#). In fact, any C*-algebra is a closed x-algebra
of B(H), for some Hilbert space H.

If A is a C*-algebra, then we construct matrix algebras over A, which are then new C*-algebras, denoted
M, (A), obtained as the set of all square matrices n x n with entries in the given C*-algebra A. It is well
known, see [?], that M, (A) is isomorphic to the tensor product M, (C) ® A. We note that M, (A) has a
natural *-algebra structure extending to that on M, (C). For instance, there is a unique norm making M,,(A)
a C*-algebra. First, start with a faithful, non-degenerate representation 7 : A — B(#). Then, we have that:

Tn * Myp(A) = M, (B(H)) = B(H") (3.1)

is an injective representation. Pull back the norm from M, (B(H)):

(
[lai,4]]] :‘ o ([ag,)) H (3.2)

to get the norm on M, (A).



Forming matrix algebras has the functorial property that if A and B are C*-algebrasandif¢p: A — Bisa
k-homomorphism, then there is a natural *-homomorphism, called the n-amplification, ¢, : M, (A) — M, (B)
given by the following:

¢ (laig]) = [#(ais)] (3.3)

C*-algebras are vector spaces with additional structure; in particular, a partial order is present. First, we
say that an element = of a C*-algebra is positive if the element is self-adjoint (i.e., x = z*) and its spectrum
is contained in [0,00). Equivalently, x is positive if there exists y in the C*-algebra such that z = y*y.
The collection of all positive elements of a C*-algebra, which we denote as Ay, form a positive cone; i.e.
z,y € Ay, then z +y € A, and Az € Ay, if A > 0. The positive cone A defines a partial order on the set
of self-adjoint elements of the C*-algebra:

r<y<+—y—ze€A, (3.4)

The partial order allows us to define positive maps: ¢ : A — B is called positive if ¢(A44) C By. The
map ¢ is said to be completely positive if ¢,, : M,,(A) — M, (B) is positive for all n (in the order structure
induced by the C*-algebras M, (A) and M, (B)).

Remark. On M, (C), we define the normalized trace tr : M, (C) — C by:

tr([ai]) = %Zam‘; V]a;,;] € Mn(C) (3.5)

j=1
To see that tr is positive linear functional, we do the following calculation:

n

tr(A*A) = tr({Zak 1a;w]) %ZZ ak,]’ >0 (3.6)
j=1k

If we have two normed algebras X and Y and ¢ : X — Y, then we say that ¢ is bounded if 3¢ > 0 such
that Vo € X, and therefore we have the following:

clellx =4y (3.7)

For each n € N, if 9/, is the n-amplification we define [|¢||,, =|[¢,,||. Then the completely bounded norm
is defined as||¢||., = sup,||*||,,- The linear map 1) is said to be completely bounded if||¢|| ., < oo.

If the reader wishes to know more about bounded and completely bounded maps as it pertains to this
paper, they should reference the paper by Paulsen and Smith [?].

4 Main Result

In Section 2, we showed that there is a one-to-one correspondence between bilinear maps and linear maps
defined on the cartesian product and the tensor product; respectively. We now show that the correspondence
?? does not carry over when considering positive bilinear maps and positive linear maps. Recall that a
linear map is one that preserves addition and scalar multiplication; a bilinear map is linear in each variable
separately while holding the other fixed.

Following [?], for k = 2, we say that the bilinear map

p: Ax A— B(H) (4.1)



is positive if
(A4, A") > 0;VAe A (4.2)

4.1 Positive maps that do not correspond to positive bilinear maps

In this section we consider the special case A = M3(C). For M>(C), the bilinear map, as per the definition
?? and ?7?, is the map ¢ : M(C) x M3(C) — M3(C) ® M2(C), where we identify Ms(C) @ M2(C) = M,(C)
using the Kronecker tensor of matrices. Next, we show there is a positive linear map whose corresponding
bilinear map is not positive.

We begin by establishing the following useful lemma.

Lemma. Let A = M3(C) be the C*-algebra of 2 x 2 matrices with complex entries. There exists A € A such
that A ® A* is not positive.

Proof. Let A € M5(C) where:

0 0 . o1
A= [1 0} ,then A* = [0 0} (4.3)

Next, we have the tensor of the two elements above to be the following:

0 01 0 0 1 00 0 0
00 00 0 0 0O
A8 A" = = (4.4)
0 1] o 1 0 100
1LO}OL J 0000
We will verify that this matrix is in fact not positive, i.e., not a positive definite matrix.
0 0 0 0] [~1 1 0 T
0 0 0 0] [z To B 0 T B e
< 0 1 0 O] |zg|  |zs3 > - < zo | |23 > = xax3; Va; € C (4.5)
0 0 0 O] |x4 T4 0 T4

Clearly, any two complex numbers multiplied together may not necessarily be positive, hence the element
A ® A* is not positive. QED

Now, let A € A (as above) where A ® A* € A® A is not positive. Since A ® A* is not positive there
exists a positive linear functional ¢ such that when evaluated on A ® A*, is not positive [?]; i.e. ¥ > 0 but
(A ® A*) # 0. Since the associated bilinear map has the property that p(A4, A*) = (A ® A*), then we
have that ¢ is not positive even though v is positive.

Therefore, we just proved the following proposition:
Proposition. There exists a positive linear map whose corresponding bilinear map (??) is not positive.
Furthermore, we are able to state the following:

Proposition. There ezists a completely positive map whose corresponding bilinear map (??) is not completely
positive.



Proof. Positive linear functionals are completely positive, see [?]. Hence, the linear functional used in the
previous proposition is completely positive. The corresponding bilinear map cannot be completely positive
since it is not even positive. QED

To better appreciate our results, we recall the following proposition of Paulsen and Smith [?]:

Proposition (Paulsen and Smith). Let E and F subspaces of B(H), where B(H) is the bounded linear
operators on a Hilbert space H. Let V : E X F — B(H) be a bilinear map and ¢ : E® F — B(H)
be the associated linear map. Then V is completely bounded if and only if ¢ is completely bounded and

Vllcs =1l -

Remark. The reader should be cautious since, a priori, there are many possible norms that can be defined
on E® F. With this in mind, the Paulsen and Smith result is true only when the matriz norm is selected
to ensure the tensor product is the same as the Haagerup tensor product. We briefly describe the Haagerup
tensor product below:

If E and F subspaces of B(H), then the algebraic tensor product E® F may be given a norm as follows.
Ifv=>3" e ® f; is an element of E® F then:

|v||H:inf< Zeief Zfif; ) (4.6)

where the infimum is taken over all representations of v as a finite sum of elementary tensors. Then
[lv]| ; is called the Haagerup norm, and is used on the algebraic tensor product to define the Haagerup tensor
product.

Remark. We see that the naive replacement of bounded and completely bounded by positive and completely
positive is not possible. This is interesting because the completely positive linear maps are completely bounded
and completely positive bilinear maps are not necessarily completely bounded, see [?]. Therefore, our result
is reinforcing the relation just described.

Finally, we finish with two examples of constructions showing that there exists positive bilinear maps
that are not completely positive.

4.1.1 Example of a Positive Bilinear Map that is not Completely Positive

It is well known that the transposition map ¢ : M, (C) — M, (C) given by ¢(A) = AT is a positive linear
map but not completely positive. It is natural to ask whether a similar statement can be made about bilinear
maps.

Lemma. We say ¢ : M, (C) x M, (C) — C, given by ¢(A, B) = tr(AB), is a positive bilinear map that is
not a 2-positive bilinear map and hence is not completely positive bilinear map. Here, by tr(A), we mean the
unique normalized trace on matrices; see Remark in Section 3.

Proof. Let ¢o : My (Mn((C)) x My (Mn(C)) — M(C) be the 2-amplification map.

If we have that:

A= (“” “12> and B = (b“ b”) (4.7)

a21 Aa22 bar  bao

then ¢o is positive as a bilinear map if ¢(A, B) is positive whenever A* = B; see equation 77 or [?].



The condition A* = B means that bi; = aj;, bi2 = a3, ba1 = a},, and bay = a3y, where a;5,b;; € M,(C).
Assume that:

$a(A, A*) = (cl 62) (4.8)

C3 (4

We will show that ¢o(A, A*) = (21 22> is not always positive.
3 C4

We shall note the following below:

c1 = ¢(a11,b11) + P(ai2, ba1) = ¢(a11,aly) + dlaiz, aly) = tr(aiial;) + tr(azajy) >0 (4.9)
cy = P(az1, bi2) + ¢(aze, baz) = d(aa1, a3;y) + ¢(aze, azy) = tr(agiay;) + tr(azzas,) > 0 (4.10)

Additionally, we note that:

ca = ¢(a11,b12) + d(ar2, ba2) = P(a11,a31) + ¢(aiz, azy) = tr(arras,) + tr(aizas,) (4.11)

c3 = ¢(az1,b11) + dage, ba1) = ¢(az1,ajy) + dlage, aly) = tr(azialy) + tr(azais) (4.12)

and observe by inspection that ¢3 = cs3.

Therefore, the matrix ¢o(A4, A*) is self-adjoint, i.e., pa(A, A*)* = ¢a(A4, A*). To say that the self-adjoint
matrix ¢o(A, A*) is positive is equivalent to saying that both eigenvalues are positive. The characteristic
polynomial of this matrix is A2 — A(c1 + ¢4) + (c1e4 — cac3) = 0. It is clear that having both a positive trace
and a positive determinant is equivalent to saying that the eigenvalues are positive.

We already said that c¢; and c4 are positive and hence then the trace is positive; however, the determinant
may not be positive. For instance, choose ¢z such that |c3| > max{|e1]|,|cs|}. Recall that ¢ = c¢3; hence the
eigenvalues are not both positive. QED

Remark. If we let n = 1 in the above Lemma, we obtain an example of a positive bilinear functional
that is not completely positive. This should be compared to the case of positive linear functionals which are
necessarily completely positive.

Remark. If we let n =1 and view C x C as an abelian C*-algebra, then we have an example of a positive
bilinear map that is not completely positive. This should be compared to the linear case, where if the domain
is an abelian C*-algebra, then any positive linear map is completely positive, see [?].

Remark. If we only know that the trace is positive, there is the possibility that one eigenvalue is positive
and the other is negative, summing to a value greater than or equal to zero. In this case, we would need to
look at the product of the eigenvalues and the determinant as a second criterion to determine if the matriz
1S positive.

4.1.2 Multilinear Example IT

This example is very similar to the one outlined above. The main difference is that the bilinear maps in the
previous are replaced by 4-linear maps here, however, the arguments follow the same strategy established in
the previous example. We will assume A and B to be any C*-algebras. However, to be able to apply the
normalized trace tr, we need to restrict A = M, (C) and B = C.

Let A and B denote C*-algebras and A* = A x A x A x A be the cartesian product. Let Ms(.A) be
the C*-algebra of all matrices of size 2 x 2 with elements in A and ¢ : A* — B be a 4-linear map where



0(A,B,C,D) = tr(ABCD); where A,B,C,D € A. We will consider the 4-linear map ¢y : Mo(A)* —
M (B), defined as follows:

2 2
©2(A1, Az, Az, Ay) = [ > @(a1i87a2€r7a3rt7a4tj)] (4.13)

O,rit=1 ij=1

where the following are elements of My (A):

A = |:a111 Cl112] 7 Ay = [61211 a212} 7 As = [a311 a312] , Ay = {azxn Cl412] (4.14)

@121  a122 a221 222 asz21 a322 421 422

Let us denote by C the matrix po(Aq, A, A3, A4) and by ¢, ¢o, ¢3, ¢4 the entries of this matrix:

p2(Ar, Az, Az, Ay) = [2 Zj =C. (4.15)

As described in [?], we say that a 4-linear map ¢ : A* — Bis completely positive if o, (A1, A, Az, Ay) > 0;
V(Ay, Az, A3, Ay) € M, (A)* with (Ay, Aa, A3, Ay) = (Af, A5, AS, A7). We will restrict our attention to the
case n = 2. Therefore, we have the following:

Ay = A%, A= A}, Ay = A3, Ay = A} (4.16)

Note that if A; = A} then Ay = A7 and if Ay = Aj then A3 = A%. Therefore, we have:

Ay = [a111 a112] _ {0211 a112] = A; (4.17)

ai21 122 Alo1  @hoo
where ai11 = a1, G112 = a1, G121 = Ao and @122 = ajes. Additionally, we have:
* *
a a a a
Ay = 0211 212|851 Ggia] g (4.18)
221 (222 321 (322

— % % % %
where @211 = G311, @212 = Q397, A221 = Q319 and 222 = Q399-

We can use this information to find out more about the entries of the matrix C. First, let us fully write
out what each entry is when expanded out.

2
€= Z @(a11e, azer, azre, darn) (4.19)
L,rit=1
= ¢(a111, 211, as11, aa11) + o(a112, a1, asi1, aai1)
+ 90(@111, a212, a321, a411) + @(6111, a211, a312, a421)
+ 4,0(&112, a222, 4321, a411) + 90(@112, a221, 4312, a421)
+ 90(&111, (212, A322, a421) + QO(GMQ, (222, A322, a421)



2
C2 = Z @(a11e, azer, azre, dara) (4.20)

O,rt=1
= sﬁ(a111, a211, 311, a412) + SD(G112, a221, @311, 61412)
+ <P(CL1117 (212, A321, a412) + @(01117 a211, 4312, a422)
+ 90(@112, (222, a321, a412) + 90(@112, (221, 4312, a422)
LP(alll, a212, a322, (l422) + %0(&112, (222, 4322, a422)
2
C3 = Z ¢ (a0, azer, e, asn) (4.21)
=1
90(@121#2117(1311,&411) =+ 90(@12270221@3117&411)
+ SD(a121, (212, 4321, a411) + SO((Z121, a211, A312, 0421)
+ 90(61227 222, a321, a411) + 90(61122, a221, 4312, 0421)
+ 90(0«1217 0212, 322, a421) + tp(auz, 0222, 4322, a421)
2
Cq = ¢(a12¢, ager, azre, aara) (4.22)
L,rit=1

= (a1217 G211, a311, 412 (a122, @221, a311, @412

v )+ )
+ 4,0(61121, a212, @321, Cl412) + 90(&121, az11, @312, Cl422)
+ 90((1122, (222, A321, a412) + SO(G122, (221, A312, a422)
+o( ) + ¢ )

@121, 4212, G322, @422 122, 4222, 4322, @422

We recall that ¢ is given by the normalized trace. This in turn shows that ¢; can be written as:

Cc1 = tr(anlagua;uahl) + tr(aluaggla;ua*{u) (423)
+ tr(a 1a212a§12a*{11) + tr(a 1a211a’2‘21a’1‘12)
+tr( )+ tr( )
+tr (a111a212a222a112) + tr (a112a222a222a112)

= l‘T’( 1116211 (a111a211)*) —|—tr((0111a212)(a111a212)*)

1120222031071 1120221059141 12

+ tr((a112a221) (a112a221)") + tr((a112a222) (a112a222)")
+ tr(a 2@222&2120,111) + tr(a111a212a222a112)

+ tr(ai2a221a511a31,) + tr(aiiasinasy alyy)

We will use the fact that an element y can be expressed as y = xz* if it is positive. Note that in our
case x = ab and x* = (ab)* = b*a*. Therefore, we deduce that some of the terms comprising ¢; and ¢4 are
positive because they may be expressed as ¢(a,b,b*,a*) = tr(abb*a*) = tr((ab)(ab)*). Since (ab)(ab)*
positive and trace tr is a positive map, we can conclude that those components of ¢; and ¢4 are positive.
However, the last four terms in the equation 4.23 are not necessarily positive since the product within the
trace may not be positive. Similar calculations show that c4 is also not necessarily positive. This in turn
shows that the sum of the eigenvalues is not positive.



Finally, we see from the last four terms of equation 4.23, the following below:

*

p(a112, as21,a31,afp;) = (w(auhazu,a’égl,a’{lz)) (4.24)
*

@(a112aa222aa§127a1<11) = (<P(a111,a212,a§22,af12)) (4~25)

Hence, it is clear that co = ¢j in our matrix C. Therefore, we have that ¢2 is not a positive map, and

therefore we have that ¢ is not a completely positive map.

5

Conclusion

Based on our results, we conclude that the one-to-one correspondence between linear and bilinear maps does

not

carry over to a one-to-one correspondence between completely positive linear and completely positive

bilinear maps. Furthermore, having a positive linear map does not imply that we would have a positive
bilinear map as it pertains to the commutative diagram. Finally, the examples we provided show the
existence of positive bilinear maps which are not completely positive bilinear maps, a fact that is familiar to
us when speaking of positive linear maps.
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